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PREFACE 


This text book on TRIGONOMETRY with Problems & Solutions for JEE Main and Advanced is meant for aspirants preparing 
for the entrance examination of different technical institutions, especially NIT/IIT/BITSAT/USc. In writing this book I 
have drawn heavily from my long teaching experience at National Level Institutes. After many years of teaching I have 
realised the need of designing a book that will help the readers to build their base, improve their level of mathematical 
concepts and enjoy the subject. 

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has 
eight chapters. Each chapter has a large number of worked out problems and exercise based problems as given below: 


Level — I: Questions based on Fundamentals 

Level — II: Mixed Problems (Objective Type Questions) 

Level — II: Problems for JEE Advanced Exam 

(0....... 9): Integer type Questions 

Passages: Comprehensive link passages 

Matching: Match Matrix 

Reasoning: Assertion and Reasoning 

Previous years papers: Questions asked in past ITT-JEE Exams 


Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy. 
So please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are 
confident in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually 
require advanced thinking. 

I hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type 
of problem easily and skilfully. 

My special thanks goes to Mr. M.P. Singh (IISc. Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B. 
Tech.), Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Iqbal, who have helped, inspired and motivated me to accomplish 
this task. As a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most 
for writing this book. 

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with 
patience my neglect during the period I remained devoted to this book. 

I also convey my sincere thanks to Mr Biswajit of McGraw Hill Education for publishing this book in such a beautiful 
format. 

I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and to 
all my learned teachers— Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya, 
who instilled the value of quality teaching in me. 

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions 
toward the improvement of the book. 


REJAUL MaAksHuD 
M. Sc. (Calcutta University, Kolkata) 


Dedicated 10 
My Belwed Mem and Dad 
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CHAPTER 


The Ratios and Identities 


1.1 INTRODUCTION 


Trigonometry (from Greek trigonon ‘triangle’ + metron 
“measure”’) is a branch of mathematics that study triangles 
and the relationships between the lengths of their sides and 
the angles between those sides. 

Trigonometry defines the trigonometric functions which 
describe those relationships that have applicability to cyclical 
phenomena, such as waves. This field was evolved during the 
third century Bc as a branch of geometry used extensively for 
astronomical studies. It is also the foundation of the practical 
art of surveying. 

Trigonometry basics are often taught in school either 
aS a Separate course or as a part of a precalculus course. 
The trigonometric functions are pervasive in parts of pure 
mathematics and applied mathematics such as Fourier 
analysis and the wave equation, which are in turn essential 
to many branches of science and technology. 


1.2 APPLICATION OF TRIGONOMETRY 


There are an enormous number of uses of trigonometry 
and trigonometric functions. For instance, the technique of 
triangulation is used in astronomy to measure the distance 
nearby stars, in geography to measure distances between 
landmarks, and in satellite navigation systems. The sine and 
cosine functions are fundamental to the theory of periodic 
functions that describe sound and light waves. 

The fields that use trigonometry or trigonometric 
functions include astronomy (especially for locating 
apparent positions of celestial objects, in which spherical 
trigonometry is essential) and hence navigation (on the 
oceans, in aircraft, and in space), music theory, acoustics, 
optics, analysis of financial markets, electronics, probability 
theory, statistics, biology, medical imaging (CAT scans and 
ultrasound), pharmacy, chemistry, number theory (and hence 


cryptology), seismology, meteorology, oceanography, many 
physical sciences, land surveying and geodesy, architecture, 
phonetics, economics, electrical engineering, mechanical 
engineering, civil engineering, computer graphics, 
cartography, crystallography and game development. 


1.3 TRIGONOMETRICAL FUNCTIONS 


In mathematics, the trigonometric functions (also called as 
the circular functions) are functions of an angle. They are 
used to relate the angles of a triangle to the lengths of the 
sides of a triangle. Trigonometric functions are important 
in the study of triangles and modeling periodic phenomena, 
among many other applications. The most familiar 
trigonometric functions are sine, cosine, and tangent. In 
the context of the standard unit circle with radius 1, where 
a triangle is formed by a ray originating at the origin and 
making some angle with the x-axis, the sine of the angle 
gives the length of the y-component (rise) of the triangle, 
the cosine gives the length of the x-component (run), and the 
tangent function gives the slope (y-component divided by 
the x-component). More precise definitions are given below 
in detail. Trigonometric functions are commonly defined as 
ratios of two sides of a right triangle containing the angle, 
and can equivalently be defined as the lengths of various line 
segments from a unit circle. More modern definitions express 
them as infinite series or as solutions of certain differential 
equations, allowing their extension to arbitrary positive and 
negative values and even to complex numbers. 
Trigonometric functions have a wide range of uses 
including computing unknown lengths and angles in 
triangles (often right triangles). In this case, trigonometric 
functions are used, for instance, in navigation, engineering, 
and physics. A common use in elementary physics is 
resolving a vector into Cartesian coordinates. The sine and 
cosine functions are also commonly used to model periodic 
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function phenomena, such as sound and light waves, the 
position and velocity of harmonic oscillators, sunlight 
intensity and day length, and average temperature variations 
throughout the year. 

In modern usage, there are six basic trigonometric 
functions tabulated here with equations that relate them to 
one another. Especially, with the last four, these relations are 
often taken as the definitions of those functions, but one can 
define them equally well geometrically, or by other means, 
and then derive these relations. 


1.4 MEASUREMENT OF ANGLES 


1. Angle: The measurement of an angle is the amount of 
rotation from the initial side to the terminal side. 

2. Sense of an Angle: The sense of an angle is +ve or —ve 
according to the initial side that rotates in anti-clock- 
wise or clockwise direction to get the terminal side. 

B 


>A 


ie) 


+ve angle 


O —ve angle 
@ 


>C 


D 


3. System of measuring angles: 
There are three systems of measuring angles such as 
(i) Sexagesimal system 
(ii) Centisimal system 
(iii) Circular system 
In sexagesimal system, we have 
1 right angle = 90° 
1° =60' 
|' = 60" 
In centasimal system, we have 
1 right angle = 100° 
18 = 100' 
1' = 100" 
In circular system, the unit of measurement is radian. 
Radian: One radian is the measure of an angle sub- 


tended at the centre ofa circle by an arc of length equal 
to the radius of the circle. 


Here, ZAOB = | radian = 1°. 
B 


he, 


Notes: 
(i) When an angle is expressed in radians, the word 
radian is omitted. 


(ii) Since 180° = mradian = 22 ) 
7x180 


radian = 0.01746 radian 
1 radian = LSD = (x7) 
1 22 
= 57° 16' 22' 


The angle between two consecutive 


(iii) 


(iv) 
digits is 30° (= radians 
(v) The hour hand rotates through an angle of 30° in 


1 hour (i.e., (5) in | minute). 

(vi) The minute hand rotates through an angle of 6° in 
1 minute. 
Therelation amongst three systems of measurement 
of an angle is 

DG _2R 

90° ~—- 100 t 
The number of radians in an angle subtended by 

Arc 


Radius 


(vii) 


(viii) 


an arc of a circle at the centre is 


. KY 
le., O= — 
r 


1.5 SOME SOLVED EXAMPLES 


Ex-1. If the radius of the earth is 4900 km, what is the 
length of its circumference? 

r= 4900 km 

Circumference = 27r 


=2™x = x 4900 


Soln. Given 


= 44 x 700 
= 30,800 km 


The angles of a triangle are in the ratio 3: 4: 5. 
Find the smallest angle in degrees and the greatest 
angle in radians. 

Let the three angles be 3x, 4x and 5x, respectively 
Thus, 3x + 4x + 5x = 180° 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


12x = 180° 
x= 15° 
Therefore, the smallest angle 
= 3x =3 x 15° =45° 
and the greatest angle 
= 5x=5 x 15° =75° 


=> 
=> 


= (1s x radians 
180 


= ($5 )raians 
12 


The angles of a triangle are in AP and the number 
of degrees in the least is to the number of radians in 
the greatest as 60 to 7, find the angles in degrees. 
Let the three angles be a+ d, a, a—d 

Thus, a+d+a+a—d= 180° 


=> 3a = 180° 
> a= = = 60° 
It is given that, 
T 60 
oe Ors + SO Sa 
(a—d)°:(a+d) io 
(a-d) 180 6 
=> Oe yet 
(a+d) @ 
(a-d) 1 
= (at+d) 3 
=> a+d=3a-—3d 
> 4d =2a 
=> -£ = 30° 
2 


Hence, the three angles are 90°, 60°, and 30°. 

The number of sides in two regular polygons are 

5 : 4 and the difference between their angles is 9. 
Find the number of sides of the polygon. 

Let the number of sides of the given polygons be 5x 
and 4x, respectively. 

It is given that, 


(Ra ee) x90 =9 
5x x 

— a=) 1 
=> — — 
5x x 10 
— 1 
=> = ee 
5x 10 

oe 

=> pee ee 
x 2, 

=> x=2 


Hence, the number of sides of the polygons will be 
10 and 8, respectively. 


Ex-5. 


Soln. 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


Ex-8. 


Soln. 
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The angles of a quadrilateral are in A.P. and the 
greatest is double the least. Express the least angles 
in radians. 

Let the angles of the quadrilateral be 
a-—3d,a—d,at+d,a+3d 


It is given that, a+3d=2(a-3d) 
> a+ 3d=2a-6d 
=> a=9d 
Also, a+ 3d+a-—dtat+d+a+t3d=360 
> 4a = 360 
=> a=90 
and d=10 
Hence, the smallest angle = 90° — 30° 
= 60° 


Find the angle between the hour hand and the 
minute hand in circular measure at half past 4. 


1 
Clearly, at half past 4, hour hand will be at 4— 
and minute hand will be at 6. 2 
In 1 hour angle made by the hour hand will be 30° 


In 4 hours angle made by the hour hand 


aes x 30° =135° 
2 
In 1 minute angle made by the minute hand = 6° 
In 30° minutes, angle made by the minute 
hand = 6 x 30° =180° 
Thus, the angle between the hour hand and the 
minute hand = 180°— 135° 
= 45°. 
Find the length of an arc of a circle of radius 10 cm 
subtending an angle of 30° at the centre. 
Angle subtended at the centre 


=30°= (30% z\=% 
180) 6 


ie == 
6 3 
The minute hand of a watch is 35 cm long. How far 
does its tip move in 18 minutes? 
The angle traced by a minute hand in 60 minutes 
= 360° = 27 radians 
Thus, the angle traced by minute hand in 18 minutes 


= 21x ae — SU eee 
60 5 


Hence, 


Hence, the distance moved by the tip in 18 minutes 


= ae Rees cm 
5 7 
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Ex-9. At what distance does a man, whose height is 2 m 
subtend an angle of 10'? 


Soln. Let AB be the height of the man and the required 
distance be x, where BC = x 
A 
10’ 
B x Cc 
Therefore, eee = uy 
x 2 60 
> x= 2 x it x 60 
10 
12x180 
> x= 
1 
12x180 12x180x7 
> x= = 
22 22 
7 
= gE ear 


11 
Ex-10. Find the distance at which a globe si cm in 
diameter, will subtend an angle of 6’. 
Let the required distance be x cm 
According to the question, 


Soln. 


,. Il 180 
6'= x — 
2Xx 
6 11 180 
= = x 
60 2Xx 
11 180 60 
= x= —x—x— 
2 1 6 
= pale ONT iG 
2 22 
> x= 45x7x10=3150 


Hence, the required distance will be 3150 cms. 
Ex-11. The radius of the earth being taken as 6400 km and 
the distance of the moon from the earth being 60 
times the radius of the earth, find the radius of the 
moon which subtends an angle of 16' at the earth. 


Soln. Let the radius of the moon be x km 
ee 16 2x 180 
It is given that, — x 
60 60x6400 Zz 
16 x 6400 x 
=> = 
180x2 


12. 


13. 


14. 


15. 


4x 640 x 70 
> x= ———- 
9 
4x 640 x 22 
> x= —— 
9x7 
— x = 894 


Hence, the radius of the moon be 894 km. 


EXERCISE 1 


. Find the length of an arc of a circle of radius 5 cm. 


subtending a central angle of measuring 15°. 


. Inacircle of diameter 40 cm. the length of a chord is 


20 cm. Find the length of minor arc corresponding to 
the chord. 


. Ifthe arcs of same length in the circles subtends angles 


of 60° and 75° at their centres. Find the ratio of their 
radii. 


. Ahorse is tied to a post by a rope. If the horse moves 


along a circular path always keeping the rope tight and 
discribes 88 meters when it has traced out 72° at the 
centre, find the length of the rope. 


. The Moon’s distance from the Earth is 36,000 kms. 


and its diameter subtends an angle of 31° at the eye 
of the observer. Find the diameter of the Moon. 


. The difference between the acute angles of a right 


: ate F . 
angled triangle is a radians. Express the angles in 
degrees. 3 


. The angles ofa quadrilateral are in A.P. and the greatest 


angle is 120°. Find the angles in radians. 


. The angles ofa triangle are in A.P. such that the greatest 


is 5 times the least. Find the angles in radians. 


. A wheel makes 180 revolutions per minute through 


how many radians does it turn in 1 second? 


. Find the distance from the eye at which a coin of 2 cm. 


diameter should be held so as to conceal the full moon 
whose angular diameter is 31". 


. The interrior angles of a triangle are in A.P. The small- 


est angle is 120° and the common difference is 5°. Find 
the number of sides of the polygon. 

A wheel makes 30 revolutions per minute. Find the 
circular measure of the angle described by a spoke in 
1/2 second. 

Aman running along a circular track at the rate of 10 miles 
per hour travels in 36 seconds, an arc which subtends 56° 
at the centre. Find the diameter of the circle. 


At what distance does aman 5 - ft in height, subtends 
an angle of 15"? 2 

Find the angle between the hour hand and minute hand 
in circular measure at 4 O’ clock. 


1.6 TRIGONOMETRICAL RATIOS 


1.6.1 Definitions of Trigonometric Ratios 


Cc 
h p 
0 
A b B 
: 2) h 
1. Sin O= — 2. cosec O= — 
h P 
3 0= e 4 got 
. Cos O= ih . sec O= b 
b 
5. anes 6. cot d= — 
b P 


1.6.2 Signs of Trigonometrical Ratios 


The signs of the trigonometrical ratios in different quadrants 
are remembered by the following chart. 
A 
sin and cosec are 
+ve and rest are 
—ve 
~ > 


tan and cot are cos and sec are 
+ve and rest are +ve and rest are 
-ve -ve 


Y 


All t-ratios are 
+ve 


It is also known as all, sin, tan, cos formula. 
1.6.3 Relation between the Trigonometrical 
Ratios of an Angle 


StepI (4) sin@.cosec 0= 1 
(ii) cos 8. sec 0= 1 
(iii) tan 8. cot 0=1 
«. dane'= sin@ 
Step (a) Bano 
cos@ 
ii) cotO= 
) sin@ 


Step TI (4) sin@.cosec 0=1 
(ii) cos@. sec@=1 
(iii) tan@.cot @=1 
StepIV (i) sin’ 0+ cos? O=1 
(ii) sec? 9= 1+ tan’ 6 
(iii) cosec? = 1 + cot” @ 
Step V Ranges of odd power /-ratios. 
(i) —1<sin*"*'@, cos*"*1 <1 


(ii) —co < tan?”*'@, cot?”*! @< co 
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(iii) cosec””*"@, sec?”*!@>1 
cosec?”*!9, sec2”*!@ < -1 


where ne W 
Step VI Ranges of even power /-ratios. 


(i) O<sin?” 0, cos*"@<1 
(ii) O< tan?” @, cot?” @<o 
(iii) 1< cosec”"@, sec”” 0 < co 

where ne N 


1.7 LIMITS OF THE VALUES OF 
TRIGONOMETRICAL FUNCTIONS 


-l<sin@<l 

-l<cos@é <1 

—oo < tan @ < co 

—oo < cot @ < co 

cosec@= 1 andcosec@< —1 
sec@> 1 andsec@< -1 


1.8 SOME SOLVED EXAMPLES 


Ex-1. Ifsec 0+ tan @=3, where @ lies in the first quadrant, 
then find the value of cos 0. 
Given sec@+ tan@ =3 (i) 
1 1 a 
(secO+tan@) 3 @ 
Adding (i) and (ii), we get, 
1 10 


2 secO=3+-=— 
3: 3 


Oye ee NS 


Soln. 


= (sec @-tan@)= 


> sec 0 = 


— cos@ = 


5 

3 

5 

3 
Ex-2. If cosecO-—cot@= - , then find the 


value of sin 0. 


Soln. Given cosec@—coté = : (i) 


cosec@ — cot @ = ———_————-=5_ (jj 
= cosec@ + cot (ii) 
Adding (i) and (ii), we get, 
1 2 
2 cosec @= eeearee 
5 65 


1 
> cosec 9= — 
5 


> sages 
13 
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Ex-3. If a=ccos@+dsin@ and b=csin@—dcos@ such 


= r* cos” @(cos* p+sin? 9) + (7? sin? 6) 
that a” +b" =c? +d%, where m,n, p, ge N 


then find the value of m+n+p+q+42. = r* cos’ @+r* sin? @ 
Soln. Given a=ccos@+dsin@ (i) ; ; ; é 
and b=c sin@—dcos@ (ii) =r (cos 6 +sin @)=r 


Squaring and adding (1) and (ii), we get, ee ee 
i > x+y +z =r 
a7 +b? = (ccosé+dsin@) 


+(csin@—d cos) i ee a 


Thus, the value of (m+n+p—4 tonnes) 
=> a+b = (c? cos* @ +d? sin’ @) ( pod) 
+ (c? sin? @ +d? cos” 6) = 2'° = 1024 
2272 2 Ex-6. If x= eeu then find th 
ath =co+d =a l+cosat+3sina@’ 
=> m=2,n=2, p=2,q=2 Sauacr sina —3cosa+3 
Hence, the value of m+n+p+q+42=50. 2—2cosa 
Ex-4. If 3 sin@ + 4cos@ =5, then find the ; 2 sina 
value of 3 cos@ — 4sin@. Soins: Given t= l+cosa~+3 sing 
Soln. Let x=3 cosO-—4sin0@ (i) : 
: 7 sina —3cosa +3 
and 5=3 sin@—4cos@ (ii) We have, 


2-—2cosa 
Squaring and adding (1) and (ii), we get ; 
sina +3(1—cosa) 
+57 = (3 cos@+4sin@)” = 2(1— cosa) 


+(3 sin@ —4cos0)* 


sin a 2 
= x° + 5° = (9 cos” @+16sin 6 + 24sin  cos6) ~ 2(1-cosa) | 2 
+(9 sin’ 6 +16cos” 6 — 24sin @ cos) sin@(1+cosa@) | 3 


= (9 cos” 6+ 16sin” 0) + (9 sin? 0+ 16cos” 0) 2(1-cos? a) 2 


sina(l+cosa) 3 
= 9(cos? 6 + sin? 0) ae 16(cos” 6+ sin? 0) = ( Me 


2sin? a 2 
2 = 
Sc oa (1+cosa) 3 
2 = - + 
= x =0 2sina 2 
a x=0 (1+ cosa +3sina) 
=> 3 cos 0—-4sin 0=0. 2sin a 


Ex-5. Ifx=rcos@ sing, y=rcos@ cos@ and z=rsin@ 
such that x” + y" +2? =r’, where m,n,peN, 
then find the value of (m+n+p—4)"*"*?*4, 


Ex-7. If P=sec° 6 —tan® 0 —3sec’ @ tan” 0, 
Soln. We have, x7 + y? +2? 


OQ= cosec°@ — cot® @ — 3cosec”@ cot” 6 and 
= (r cos @cos@~)’ +(r cos@sing)” R=sin° 0 + cos° 0 +3sin” @ cos” @, then find 
ee ae the value of (P+O+ Pees 

=> x+y +z - 2 3 5 
Soln. We have, P=sec’ @— tan’ 6 —3sec* @ tan“ 0 
= (7? cos” @ cos” p)+ (7? cos 7@sin 9) _ (sec? eee: @)° 24 
+(r? sin? 6) 


O= cosec°@ — cot® @ —3.cosec’@ cot” @ 


=> 7 4y? 427 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ex-10. 


Soln. 


= (cosec*@ —cot? a) =! 


and R = sin® 0 +cos° 6 + 3sin” @ cos” @ 


3 
(sin? 6+ cos” 0) =] 
Hence, the value of (P+Q+ R)?*2*®) 
=3°=97, 

If 3 sinx +4 cosx =5, for all x in (0. =) then find 
the value of 2 sinx+ cosx+ 4 tanx 
We have 3 sinx + 4. cosx =5 
Let y=3 cosx—4 sin x 
Now, y’ + 57 = (3 cos x —4 sin x) 

+ (3 sinx +4 cos x) 
=> y° +25 =9 cos’ x + 16 sin’ x — 24 sin x cos x 


+9 sin? x + 16 cos’ x + 24 sinx cos x 


y? +25 =25 (cos” x + sin’ x) = 25 
y=0 
y=0 


3 cosx—4sinx=0 
3cosx=4sinx 


tan x = 3/4 


YUdeuedry 


Hence, the value of 2 sinx+ cosx+ 4tanx 


“Q)(S)e42) 209-8 


If sin A + sin B + sin C + 3 = 0, then find the value 
of cos A + cos B+ cos C+ 10. 
Given sin 4A + sin B + sin C=—3 


=> sind = -1, sin B=-1, snC =-1 


Wy 2. HE 


-* p=-4,c=-% 
2 2 2. 
Hence, the value of cos A + cos B+ cos C+ 10 


=0+0+0+10=10. 


— = 


If (1+ sin 9)(1+cos 0) = >, then find the value of 
(1—sin 6)(1—cos 9). 


We have (1+sin@)(1+cos@)= ; 


> 1+sin8 + cos6+sin6 cos == 


pe 


ee) 
a Lr }-3 (sin 6 + cos @ =f, say) 


Ex-11. 


Soln. 


Ex-12. 
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=> 
2 1 
> t+ 2¢-1l=— 
=> 2° +4t-3=0 
-4+J16+24 
=> t = ——_____ 
4 
—4+ 
_ HEIN ail ae 
4 2 
1 
=> t=-1+5VI0 
1 
> sin6 + cos = -1+-Vi0 


Now, (1-sin@)(1—cos@) 
= 1-sin@-—cos@+sin@cosé 
= 1—(sin@+cos@)+sin@cosé 


= 1-[-14-2]42( 2-0) 


Find the minimum value of the expression 
9x? sin? x+4 


f (x)= : , for all x in (0, 7). 
x sin x 
Dee5 
4 ; 
Given fge Se 9xsin x +—— 
x sin x x sinx 


Applying, A.M 2 G.M, we get, 


9 xsin x + — 
x sinx : 
5 = ps sin x X 


x sinx 


=[9ssinxs 2 ) 12 
x sinx 


Hence, the minimum value of f(x) is 12. 


If cos + sin@ = V2 cos@, than prove that 
cos @—sin@ = V2 sin@ 
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Soln. 


Ex-13. 


Soln. 


Ex-14. 


Soln. 


We have, cos @+ sin 0 = V2 cos 6 
=> sin =(V2-1) cos@ 
(v2-1) 

=> cos6 =(V2 +1)sin@ 


=> cos@ = 


> cos@—sin@ = V2 sin@ 


If tan? @=1-e* then prove that 


3/2 
sec @ + tan? @.cosec @ = (2 - e*) 
We have, tan? @=1-e” 


=> Ilt+tan*?@=141-2=2-2 
=> sec?@=2-e7 
=> secO=V2-e 


Now, sec @ + tan? 6 .cosec 0 


sin? @ 1 
= secO+ eer 

cos’ @ sin@ 

sin? @ 
= secO+ : 

cos’ @ 

er) 

sin“@ 1 
= secO+ a 

cos’ @ cos@ 


sec@ + tan’ @. secO 
= secO (1 +tan? 0) 
sec’ 0 

_ 52 i 


If sin@ + sin? @ +sin? 6 = 1, then prove that, 
cos® @ —4cos* @+8cos*@=4.- 
Given sin@ +sin” @+sin° 0 =1 


(sin@ +sin? 0) =1-sin? @ = cos’ @ 


(sind + sin?) =(cos”6) 

(sind + sin?) =(cos” 6) 

(1-cos* )(2-cos*@) = cos*@ 

1—cos* @)(4—4cos* + cos* @) = cos* 
4—4cos” @ +cos" 6 — 4cos* 6+ 4cos* @ 


—cos° @=cos* @ 


cos® @ —4cos* @ + 8cos* @=4 


YUudds dt dQ 


2sin@ 
1+cos@+sin@ 
1—cosO+sinO _ 

l+sin@ 


Ex-15. If x= , then prove that 


2sin8 
1+cos@+sin@ 
2 sin@ 
~ (1+sin0@)+cosé 
7 2 sin @((1+ sin @)—cos@) 
((1+sin @)+cos@)((1+ sin @) —cos@) 
_ 2 sin@((1+sin@)—cos@) 
((l +sin@)° — cos” 8) 
2 sin @((1+sin 6) — cos@) 
(1 +sin? @+2sin@—cos” Q) 
_ 2 sin @((1+ sin@) —cos@) 
(sin? 6+2sin0+ (1 —cos” @)) 


Soln. Given x= 


_ 2 sin@((1+sin@)—cos@) 
(2 sin @ + 2sin’ 6) 


_ 2 sin@((1+sin@)—cos@) 
2sin @(1+sin@) 

_ ((1+sin@)—cos6) 
(1+ sind) 

_ (l—cos@ +sin@) 
(1+ sin 6) 


sin‘ a " cos" a 7 
a b a+b 


Ex-16. If 


, then prove that 


cos® a 
~ (a+b) 


sin’ ~ 
a b 


sin’ o A cos’ a ied | 


b a+b 


ad Sn (=) 4 
> sin” a+ cos a=1 
a b 


Soln. We have, 


=> +2) sintor+(142) cos*a=1 
a b 


b. a P 
— _ Sim! @ + cos! +(sin* @+cos* a) =1 
a 


bi. a : 
> _ Sim G+ = COS" OF +(1-2sin” @.cos” or) =1 
a 


b. a ; 
> _ Sin @ += cos! O—2sin” a.cos” o =0 
a 


Ex-17. 


Soln. 


=> 
sin? OC cos” Ot 
a b at+b 
=> sin?a= ‘ cos’ @ = 
at+b at+b 
sina cos® a 
Now, 3 B 
a 
(sin? a) (cos* a) 
3 ou 3 
a b 
[ Po bot 
_ +) 75) 
a - b 
a bt 
= 4 3 4 
a (a+b) b’(a+b) 
ee b 
(a+b) (a+b) 
a a+b 
(a+b) 
eyes) oat 
(a+b) 


Prove that 3(sin x — cos x)* + 6(sin x + cos.x)° 

+ 4(sin® x+cos° x) =13. 

We have, 3 (sin x — cos x) + 6 (sin x + cos xy +4 

(sin 6x + cos 6x) 

=3 (sin* x —4 sin? x cos x + 6 sin’ x cos” x 
—4 sin x cos? x + cos* x) 

+ 6(sin” x +cos’? x +2 sin x cos x) 

+ 4{(sin? x)° + (cos? x)3} 


= 3(sin* x +cos* x —4 sin x cos x 


(sin? x+cos* x)+6 sin’ x cos” x) 


Ex-18. 


Soln. 


Ex-19. 


Soln. 
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+ 6(1 + 2 sin x cos x) 
+ A(sin? x + cos” xy 
— 12 sin’ x cos’ x. 
= 3-6 sin’ x cos’ x— 12 sin x cos x 
+18 sin? x cos? x +6 + 12 sin x cos x 
+4 —12 sin? x cos” x 
=3+6+4 
=13. 
If sin x + sin? x = 1, then find the value of 
cos® x + 2 cos® x + cos* x. 
We have, sin x + sin’ x = 1 


* x= cos? x 


=> sinx=1-sin 
Now, cos® x + 2 cos®° x + cos’ x 
= (cos* xy +2.cos*x. cos” x + (cos? xy 
= (cos* x + cos” xy 
7 (sin? x+sin xy 
=) = 1: 
If OS, <180° and 81% 9 +g 1%" 9 
the value of 0. 


= 30, then find 


We have, 815 ® +.g1°°s°9 — 30 
ay g sin’ @ 4 gyl-sin’@ = 36 
. 1 
= ge, 8! __ 39 
gysin (7) 
= a+ %=30, a=s1i"8 
a 
=> a’ —30a+81=0 
=> (a-27)(a—-3)=0 
=> a=3,27 
When a= 3 
=> gine .3 
= 34sin? 6 _ 3 
=> Asin? @=1 
wton(5) 
=> sin d=| — 
2 
= sin? @=sin? (=| 
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When a = 27 tanat+seca—-1 1+sina 
3. Prove that = 
a gysin’ 8 _ 97 tana —seca +1 cosa 
; 4. Prove that sin®4 — cos®4 
—> 3 4sin’@ _ 33 2 2 “i 2 
= (sin“A — cos*A) x (1 — 2sin* A cos“A). 
=> 4sin?@=3 5. If U,, =sin” 8+cos” 6, prove that 
2 2U, —3U,+1=0. 
F _ (=) 6 4 

=> ~~ sin’ @=| — l 

2 6. Prove that -—= 

cosecO—cot@ sin@ 
=> sin’ @=sin? (=) Ds l 
3 sin@ cosec0+cot@ 

X 2 

=> O= G 7 *) 7. Prove that the equation (arb). = sin? @ is 
a 
a a Be possible only when a= b. 
i ia es 8. Prove that sin? @ + cosec”@>2. 
3° 3 
Hence thewalessork oe 2n Sn 9. Prove that sec? @+cosec’@ > 4. 
bs 6 b 3 2 3 2: 6 . 


10. If sec@+tan@ =3, then find the value of cos 0. 
Ex-20. Let /, (0) =sin* (@)+cos* (0), 


11. If cosec@-—cot@= : , then find the value of sin 0. 


then find the value of af (6)- of (@). 


12. If x=acos0+bsin@ and y=asin@—bcosé, then 


Soln. We have f;(0)=sin® 6 + cos® @ 


prove that et y =a +b’. 

= 1—3sin? @cos @ 13. If 3sin 8+ 5 cos @=5, then prove that 

5sin 0— 3cos @= 3. 

14. Ifx=rcos 6cos ¢, vy=rcos Osin ¢, z=r sin @, then 
prove that rt ye +7=Pf. 

15. If cos 9+ sin @= V2 cos @, than prove that 
cos @— sin = V2 sin 6. 

16. If tan? 4 =1+2 tan’ B, then 

prove that cos” B = 2 cos7A. 
. If tan* @= 1 —e”, then prove that 


3/2 
sec @ + tan? @.cosec@ = (2 - e*) 


Also, f;(0)=sin* @ +cos* @ 
= 1—2sin? @cos” @ 


Now. 


£5(8)- 5 f4(8) 


’ 


=(1=3sin? Bos? 6) -=(1=2sin? dos” 0) 17 


= De atti paa sin Ooo 0 
6 2 4 2 18. If sin? 6+ sin O= 1, then 
prove that cost 9+ cos” 0= 1. 


ee 19. If sin’ @+ sin @= 1, then find 
the value of cos!” @+3 cos!® 6+ 3 cos® 6+ cos 6. 
1 
= Sa 20. If cos’ @+ cos” @= 1, then 


prove that tan’ 6+ tan? O= 1. 


21. If sin*@+sin? 6 =1, then 
prove that cos® @+2cos° @+cos*@ =1. 


EXERCISE 2 


cot @ — tan@ 22. 
——— _ = sec Ocosec 0. 
1—2sin“ 0 


fi —sin@ a 
2. Prove that tan 0+ - = sec 0. 
1+sin0 


If sin@ + sin? @+sin? 6 = 1, then prove that, 
cos° 0 —4cost @+8cos’@=1. 

If sind, +sin8, +sin@; =3, 

then prove that, cos@, + cos@, +cos0;, =0. 


1. Prove that 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. If 


2sin@ 


If x = —————_ , then 
1+cos@+sin@ 
1—cos@+sin0@ 
prove that, ——————_——_ = x 
1+sin@ 
- 2 : 
1 
mosedhab ic sin“ 0 088 0 sin 0 
1+cos@ sin@ l1—cos@ 
Prove that, 


3(sin x —cos.x)* + 6(sin x + cos.x)” 
+ 4(sin® x+cos° x) =13 
If a> =cosecO—sin@ and 


b* =sec@—cos 0, then 
prove that a7b? (a? + b’) =1. 


If xsin? a+ycos° a =sina cosa and 


xsina@ = ycosa@ then prove that ae y? =1. 


If tan 0+ sin @=m, tan O- sin 0=n, 
then prove that m” — n° =4 Jmn . 
4 4 
cos'x | sin’ x 
ge 
cos’ y sin’ y 


cos‘ y eS sin’ y _ 
cos x sin? x 


then prove that 1 


4 4 
sin"@ cos a@ 1 
If + = , then 
a b atb 


sin’ @ a cos® a 7 1 
a b (a+b) 


prove that 


_ 4 4 
if Oe 00s al ian 
2 3 5 
sin" @ | cos’ @ _ 1 
oF: 195. 


prove that 


Let f, (0) =sin* (@)+ cos‘ (6). Then prove 
1 1 1 

that — f,(@)-— f,(0)=-—. 

at 2 f,(0)- 2 fi(0)=-4 

If f,, (0) =sin” 6+ cos" 0, prove that 

2f;(0)-3f,(@)+1=0. 


sin A cos A 


=o) =q , prove that 
sin B ss cos B cen 


D 
tan A.tanB=2 4 : : 
q\l-p 


=cos0. 
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1.9 MEASUREMENT OF THE ANGLES 
OF DIFFERENT T-RATIOS 


1.9.1 Recognization of the quadrants 


We have introdcuced six ¢-ratios. P 
Signs of these f-ratios depend 

upon the quadrant in which the r y 
terminal side of the angle lies. 

We always take the length of OP 4 

vector denoted by ‘7’, which is r 2 M 


always positive. 


Thus, sin @ = ~ has the signofy, cos@ = ~ has the sign of x 
r r 


and tan@ =~ depends on the signs of both x and y. 
x 


Similarly, the signs of other trigonometric functions can 
be obtained by the signs of x and y. 
(A) In first quadrant, we have x >0,y>0 


A P 


y 
(i) sing =~ > 0, cosecO=— >0 
r Jy 


(ii) cos@=~ >0, sec@=~ >0 
r JY 


(iii) tan@=~ >0, cota@=2 >0 
xX xX 


Thus, in the first quadrant all trigonometric ratios are 
positive. Due to this reason, first quadrant is represent- 


ed by ‘ALL’. 
(B) In the second quadrant, we have 
x<Oandy>0 
Y 
P A 
6 
~< > xX 
M oO 


12 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


(i) sing =~ > 0, cosecO=~ >0 
r r 


(ii) cos@=~ <0, sec@=~ <0 
r x 


(iii) tan@=~ <0, cot@=~ <0 
x x 


Thus, in the second quadrant all f-raios are negative 
other than sin and cosec. Due to this reason, second 
quadrant is denoted by ‘SIN’. 

(C) In the third quadrant, we have 


x<Oandy <0 
Y 
A 
KM QO x 
0 
P Y 
y’ 


(i) sing =~ <0, cosecO=— <0 
ig y 


(ii) cos@=~ <0, sec@=~ <0 
r x 


(iii) tan@=~ >0, cot@=~ >0 
x x 


Thus, in the third quadrant all t-raios are negative other 
than tan and cot. Due to this reason, third quadrant is 
denoted by ‘TAN’. 

(D) In the fourth quadrant, we have 


x>Oandy<0 
Y 
A 
; M 
x’« oNe > xX 
Y P 
y’ 


(i) sing =~ <0, cosecO =~ <0 
r JY 

(ii) cos@=~ >0, sec@=~ >0 
r x 


(iii) tan@=~ <0, cot@=~ <0 

x x 
Thus, in the fourth quadrant all ¢-raios are negative 
other than cos and sec. Due to this reason, fourth 
quadrant is denoted by ‘COS’. 


(E) Rotation 


180 < > 0, 360 
Y 
270 
— 270 
A 
-180 < (1\ > 0, -360 


1.9.2 T-ratios of the angle (-6), in terms of 0, 
for all values of 0. 
1. (i) sin (—@) =-sin 0 
(ii) cos (—0) = cos 8 


(iii) tan (-@) =-tan 0 

(iv) cosec (-@) =— cosec 0 
(v) sec (—0) = sec 8 

(vi) cot (-@) =—cot 0 


1.9.3 T-ratios of the different angles in terms of 6, 
for all values of 0. 


2. (i) sin (90- 6)=sin (90° x1-@) = cos@ 
(ii) sin (90 + 8) =sin (90°x148) = cos0 
(iii) sin (180 — 6) = sin (90°x 2-6) = sin@ 
(iv) sin (180 + @) = sin (90°x 2 +6) =-sin@ 
(v) sin (270 — 6) = sin (90° x 3-6) =—cos@ 
(vi) sin (270 + 6) = sin (90°x3+0) =—cos@ 
(vii) sin (360 — 6) = sin (90°x 4-6) =—sind 
(viii) sin (360 + 6) = sin (90°x 4+6) = sin® 


3. (i) cos (90 — @)= cos (90° x 1-8) = sin@ 
(ii) cos (90 + 8) = cos (90° x1+6@) =—sin@ 
(iii) cos (180 — 6) = cos (90° x 2—@) = —cosé 
(iv) cos (180 + 6)= cos (90°x 2+0) =—cosé 
(v) cos (270 — 6) = cos (90° x 3-6) = —sin@ 


cos (270 + 8) = cos (90° x 3+ @) = —sin@ 
cos (360 — 6) = cos (90° x 4-6) = cosO 
cos (360 + 8) = cos (90° x 4+) = cosé@. 


(vi) 
(vii) 


(viii) 
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4. (i) tan (90 — 6)= tan (90°x1—6) = cot@ (iii) sin 210° 
7 5 (iv) sin 225° 
(ii) tan (90 + 6) = tan (90° x1+0) =—coté (v) sin 300° 
(iii) tan (180 — 6) = tan (90° x 2-6) =—tan@ (vi) sin 330° 
(iv) tan (180 + 6) = tan (90°x2+6) = tand (vii) sin 405° 
: (viii) sin 650° 
(v) tan (270 — 6) = tan (90° x3-—@) = coté (ix) sin 1500° 
(vi) tan (270 + 6) = tan (90° x3+0) =—coté (x) sin 2013° 
(vii) tan (360 — 6)= tan (90° x 4-6) = —tan@ Soln. 
(viii) tan (360 + 6) = tan (90°x 446) = tand. (i) sin (120°) = sin (90 x1+ 30°) 
Note: All the above results can be remembered by the = cos(30°) = v3 
following simple rule. 2 


1. If @be measured with an even multiple of 90° by + or 
— sign, then the 7-ratios remains unaltered (i.e. sine re- 
mains sine and cosine remains cosine, etc.) and treating 
Oas an acute angle, the quadrant in which the associated 
angle lies, is determined and then the sign of the 7-ratio 
is determined by the All — Sin — Tan — Cos formula. 

2. If @be associated with an odd multiple of 90 by +ve or 
—ve sign, then the 7-ratios is altered in the form (i.e. sine 


(ii) 


(iii) 


(iv) 


sin (150°) = sin (90 x 2 — 30°) 
1 
= sin (30°) = — 
sin (30°) 5 
sin(210°) = sin (90 x 2 +30°) 
1 
= —sin(30°) = —— 
sin (30°) 5 


sin (225°) = sin (90 x 2+ 45°) 


becomes cosine and cosine becomes sine, tangent : 7 1 

becomes cotangent and conversely, etc.) and the sign = —sin (45°) = ~ a 

of the ratio is determined as in the previous paragraph. : ee ‘ 
3. If the niultiple of 90 is more:than 4, then divide it by (v) sin (300°) = sin (90 x3 + 30°) 

4 and find out remainder. If remainder is 0, then the 4 V3 

degree lies on the right of x-axis, if remainder is 1, =—cos(30°) = Ee 

then the degree lies on the +ve y-axis, if remainder (vi) sin(330°) =sin(90 x3 + 60°) 


is 2, then the degree lies on the —ve of x-axis and if 
the remainder is 3, then the degree lies on the —ve of 
y-axis, respectively. 


=—cos(60°) = -5 


For examples: (vii) sin(405°) = sin (90 x 4+ 45°) 
(i) sin (570°) = sin(45°)=-E 
= sin (90 x 6 +30°) V2 
(viii) sin (660°) =sin(90 x 7+ 30°) 
=—sin 30° = -= 1 
2 = sin (30°) = 5 
(ii) tan (1950°) 1s 
= tan (90 x 22 -30°) (ix) sin (1500°) = sin (90 x 16 + 60°) 
1 cathe OO, 
=— tan (30°) =— —. = sin (60°) = — 
(iii) cos (2310°) (x) sin(2013°) =sin (90 x 22 +33°) 
= cos (90 x 25 + 60°) = —sin (33°). 
=— sin (60°) =— v3 Ex-2. Find the value of 
2 cos(1°).cos(2°).cos(3°)......cos(189°). 


Soln. 


We have, 


13 


1.10 SOME SOLVED EXAMPLES 
Ex-1. Find the value of 
(i) sin 120° 
(ii) sin 150° 


cos(1°).cos(2°).cos (3°)... cos(189°). 
= cos(1°).cos(2°).cos(3°)........ cos(89°) 
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Ex-3. 


Soln. 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


cos (90°) cos (91°)... cos (189°). 
= cos(1°).cos(2°).cos(3°).....cos(89°) 
OX COSI) ccs ecanas cos(189°). 

=0. 
Find the value of 
tan (1°). tan (2°). tan (3°).......tan(89°) . 
We have, 
tan (1°).tan (2°). tan (3°)..... tan (89°) 
tan (1°).tan(2°).tan(3°).......tan (44°) 
tan (45°) tan (46°)... tan (87°) tan (88°) tan (89°) 
{tan (1°) x tan (89°)}.{tan (2°) x tan (88°)}. 
moe {tan (44°) x tan (46°)}.tan (45°) 


Find the value of 
tan 35°.tan 40°. tan 45°. tan 50°. tan 55° 
We have, 


tan 35°. tan 40°. tan 45°. tan 50°. tan 55° 


= {tan35° x tan 55°} {tan 40° x tan 50°} 
x tan 45° 


= {tan35° x cot 35°}. {tan 40° x cot 40°} 
x tan 45° 


=1. 
Find the value of sin (10°) +sin (20°) + sin (30°) 
+sin (40°) +... + sin (360°). 
We have, sin (10°) + sin(20°)+ sin (30°) 
+sin (40°) +... + sin (360°) 
= sin(10°) + sin (20°) + sin (30°) 
+sin(40°) +... + sin(150°) 
+sin (340°) + sin (350°) + sin (360°) 
sin (10°) + sin (20°) + sin (30°) 
+sin(40°) +... + sin(80°) 
+sin (90°) + sin (100°) 
+sin (360° — 40°) + sin (360° — 30°) 
+sin (360° — 20°) + sin(360° — 10°) 
+sin (360°) 
sin (10°) + sin (20°) + sin (30°) 
+sin(40°) +... + sin(80°) 
+sin (90°) + sin (100°) 
—sin (40°) — sin (30°) 
—sin(20°) — sin (10°) + sin (180°) 


Ex-6. Find the value of 
cos(10°) + cos(20°) + cos (30°) 
+c0s (40°) +... +cos (360°). 
We have, cos(10°) + cos(20°) + cos (30°) 
+c08 (40°) +... + cos (360°) 
= cos 20° + cos 30° + cos 40° + 0... 
+ cos 140° + cos 150° + cos 160° + cos 170° 
+ cos 180° + (cos 190° + cos 200° + 
cos 210° + cos 220° 4..........0 + cos 360°) 
= cos 10° + cos 20° + cos 30° + cos 40° +...... 
— cos 40° — cos 50° — cos60 
—cos70° + cos 180° + (cos 190° 
+ cos 200° + cos 210° + cos 220° + 
eveebebiaws + cos 360°) 
= cos 180° + cos 360° 
=-1+]1 
= 0. 
Find the value of 
sin? 5°+ sin? 10°+ sin? 15°+....... +sin? 90° 
We have, 


Soln. 


Ex-7. 


Soln. 
sin* 5° + sin? 10° + sin? 15° +....+ sin? 90° 
= sin? 5°+ sin? 10° + sin? 15° + 
Bedi +sin? 40 +sin? 45 
+sin” 50 + sin” 80+sin? 85+ sin” 90° 
7 (sin? 5°+ sin? 85°) 
+(sin? 10°+ sin? 80°) 
+(sin? 15°+ sin? 75°) 
Paccensde + (sin? 40° + sin? 50°) 
+(sin? 45° + sin? 90°) 
= (sin? 5° + cos” 5°) 
+(sin? 10° + cos” 10°) 
+(sin? 15° + cos” 15°) teu cas 
wee + (sin? 40° + cos” 40°) 
+(sin? 45° + sin? 90°) 


= (lL aetcsets 8 times) + (++1] 


= (s+1+5] 
2 


= 94, 
2 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ex-10. 


Soln. 


Find the value of 


sin? (=) + sin? (=) + sin? (=) + sin? (=) , 
18 9 9 18 
We have, sin” (=) +sin? (=) 
18 9 


ll ll ll 
2. 2 a 
i=) i=) i=) 
i} NR NR 
ara a —— 
— — 
o| 8 | oo | 8 
KS Sy Sere 
+ + + 
Q n n 
g g g 
S iS tw 
—_ or aN 
~ N/a oo | 
x | | ela 
en, 
eee, ese 
oja 
eee, 


eo 


Find the value of 
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°) . 
We have 
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°) 
= tan (20°) tan (25°) tan (45°) 
tan (90° — 25°) tan (90° — 20°) 


= tan (20°) tan (25°) tan (45°) cot (25°) cot (20°) 


tan (45°) 
=1. 


Find the value of cos(@,)+cos(@, )+cos (0; ) 
if sin(0,)+sin(@,)+sin(0,)=3. 


Given sin(6,)+sin(0,)+sin(0;)=3 
It is possible only when each term of the above 
equation will provide the maximum value 
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Thus, sin(0,)=1,sin(@,)=1,sin(@,)=1 


<2 

Hence, the value of cos(0,)+cos(@,)+cos(0;) 
z)e(z)e(3) 

= cos} — |+cos| — |+cos| — 
(5 2 2 

=0. 


EXERCISE 3 


1. Find the values of 


(i) sin (135°) (ii) cos (150°) 


(iii) tan (120°) (iv) sin (225°) 
(v) sec (240°) (vi) tan (300°) 
(vii) sin (330°) (viii) tan (315°) 
(ix) cos (315°) (x) sin (405°) 


2. Find the values of 
(i) sin (675°) 
(iii) tan 1020° 
(v) sec (-1035°) 
(vii) sin(1410°) = (viii) cos (1450°) 
(ix) tan (2010°) (x) sin (1950°) 
3. Express in terms of ratios of smallest +ve angles. 
(i) sin 240° (ii) cos 780° 
(iii) sin(—1358°) — (iv) cosec (-1150°) 
(v) tan (—1750°) 


. If 0= = then find the value of sec 0— tan 0. 


(i1) cos (1230°) 
(iv) cosec (1305°) 
(vi) tan (-1755°) 


ow 


sin(270 + A)cos(90 — A) 
sin(180— A)cos(180— A) 


5. Simplify: 


6. Simplify: tan 25°. tan 35°. tan 45° tan 55°. tan 65° 
7. Prove that 


19H 1.53 1. 55K . 7K 
sin* — + sin? + sin? + sin? =). 
8 8 8 
8. Prove that 
19H 1.53 1.55 . 7K 
sin? 4 + sin? + sin? + sin? 4 = 2. 


9. Find the value of 
sin’ 5° +sin? 10° +....+sin? 90°. 
10. Find the value of 
sin? 6° + sin? 12°+....4+ sin? 90° 
11. Find the value of 
sin? 10° + sin? 20° +....+ sin? 90° 
12. Find the value of 
sin? 9° + sin? 18° +....+ sin? 90° 
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23. 


Gra 
1 


. Find the value of 
tan1°.tan 2°.tan3°....tan 89° 
. Find the value of 
cosl°.cos 2°.cos 3°......cos189° 


. Solve for 6; 2sin? @+3cos@ =0 
where 0< 0 < 360°. 


. Solve for 6; cosé + V3 sin@ =2 ; 
where 0<@< 360°. 


. If 4n a=, then prove that 
tan o tan 2a tan 3q@....... tan(2n — 1l)a= 1. 

. If A, B, C, D be the angles of a cyclic quadrilateral 
ABCD, then prove that 


. cos 4+cos B+cos C+cos D=0 
. tanA+tan B+ tan C+ tan D=0. 
. sin2A + sin 2B + sin 2C + sin2D=0 
. Find the value of 
cos (18°) + cos (234°) + cos (162°) + cos (306°). 
. Find the value of 
cos(20°) + cos (40°) + cos (60°) +....+ cos (180°) 


Find the value of 
sin (20°) + sin (40°) + sin (60°) +....+ sin (360°) 


ph of Trigonometric functions: 
. Graph of f(x) = sin x. 


Characteristics of sine function: 


1 
2 


3; 
4. 


5. 


Gra 


. Itis an odd function, since sin (—x) = — sinx 
. Itis a periodic function with period 27 


sinx=1> x= (4nt1)5, nel 
sinx=0>5 x=nn, nel 
sinx =-1> x=(4n-1)5, nel 


ph of f(x) = cos x: 


>< 


<< 


Characteristics of cosine function: 


1. It is an even function, since 

cos(—x) = cosx 
2. It is a periodic function with period 27. 
3. cosx=1l>x=2nn, nel 


4. cosx=05x= (Qn+1)>, nel 
5. cosx=-l > x= (2n+l)z, nel 


3. Graph of f(x) = tan x. 


Y 
1 1 A 1 1 1 
HE en 
y’ 
Characteristics of tangent function: 
1. It is an odd function, since 
tan (—x) =-tan x 
2. Itis a periodic function with period z 
3. tnx=1> xa(4nt)4, nel 
4. tnx=O0>x=n7, nel 
5. tanx=-l>x= (4n—1)7,, nel 
4. Graph of {(x) = cot x 
Y 
A 
| 
y’ 


Characteristics of cotangent function: 


1. It is an odd function, since 
cot (—x) =-cot x 
2. Itis a periodic function with period z 


3. cotx= 1S xa (4ntl)t, nel 


4. 


3% 


cotx=0>x= (2n+1)>, nel 


cotx=-l>x= (4n—1)7,, nel 


Graph of f(x) = sec x 


MAL NAL NAL. 


> xX 


Characteristics of secant function 


BRwWNe 


5 


. It is an even function, sec(—x) = sec x 
. Itis a periodic function with period 27 
. sec x can never be zero. 


secx=1> x=2nr, nel 
secx=-l => x=(2n+l)a, nel 


Graph of f(x) = cosec x 


-b-- yer 


Characteristics of cosecant function: 


1. 


2i 
3. 


It is an odd function, since 
cosec(—x) = —cosec x 
It is a periodic function with period 27 


coscex = he x=(4nt)>, nel 


. cosec x can never be zero. 


. cosecx=—-1 => x=(4n—1)7 nel 


EXERCISE 4 


Q. Draw the graphs of 
1. f(x) =sinxt+1 
2. f(x) =sinx—-1 
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3. f(x) =-sin x 

4. f(x)=1-sinx 

5. f(x) =-l-sinx 

6. f(x)=sin2x,sin3x 


7. f (x)=sin? x 
8. f(x)=cos* x 
9. f(x)=max {sinx,cos x} 
10. f(x)=min {sin x,cosx} 
Lf (x)= min sin,>. cos, 
12. f(x)=max {tanx,cot x} 
13. f(x)=min {tan x,cotx} 
Q. Find the number of solutions of 


LW xe(0, 6] 


l. sinx=— 
2 


a 


2. cosx= ae V xe[0, 10] 


3. 4sin?x-1=0, V xe[0, 10] 
4. sin? x-3sinx+2=0, V xe[0, 10] 
5. cos? x—cosx—2=0, Vx €[0, 10] 


1.11 T-RATIOS OF COMPOUND 
ANGLES 


1.11 Definition 

The algebraic sum or difference of two or more angles is 

called a compound angle such as 
A+B,A-B,A+B+C,A+B-Cete. 


1.11.1 The Addition Formula 
1. sin(4 + B)=sin A cos B+ cos A sin B 
2. cos (4+ B)=cos A cos B—sin A sin B 


tan A+tanB 
3; m4 
1-tan A.tan B 
Proof: 
Y 
A Q 
<>P 
Dd A > xX 
O Ss M 
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Let ZPOX =A & ZPOQ=B 
Draw PM and QS perpendicular on OX and 
PR is parallel to OX. 
Clearly, ZPOR= A. 
1. sin(4 + B) 
_ OS _SR+OR 
00° 00 
PM+OR 
OQ 
seu. 


OO OO 


PM OP | OR PO 
OP OQ PO OO 


sin A cos B+ cos A. sin B. 
2. cos(A+B) 


OP OQ PO OQ 
=cos A .cos B— sin A. sin B. 
3. tan(A + B) 
_ OS _QR+RS 
OS OS 
OR+RS 
OM — SM 
OR RS 


_ OM OM 


= tan A+tanB 
1-—tan A.tan B 


Subtraction formulae: 
1. sin(A —B)=sin A cos B—cos A sin B 
2. cos (A—B)=cos A cos B+ sin A sin B 


tan A — tan B 
Stan = Ry ee 
1+tan Atan B 
Proof: 
Y 
‘i P R 
Q 
A 
B 
6 M S mie 


Let ZPOX = A and ZQ0OX =B 
Clearly, ZPOQ = A-B 


Draw PM, RS perpendicular on OX and PR is parallel 


to OX. 
From geometry, we can say that, ZPOR = A 
In AQOS , 


1. sin(A-B) 
_ QS RS-RQ_ PM-RO 
0Q- OQ OQ 
a ee 
OQ OQ 
_ PM OP_ RQ PO 
OP OQ PQ OQ 


=sin A.cos B—cos A.sin B. 


2. cos(A-B) 
_ OQ OM+MS _OM+PR 
OQ OQ OQ 
_ OM | PR 
OQ OQ 


_ OM OP , PR PQ 
OP OO PO'OO 


=cosA.cosB+sinA.sin B. 


3. tan(A-B) 


_ QS RS-OR _ RS-OR 
OS OM+MS OM+PR 
PL OR 
OM OM 

PR 


tan A —tan B 
1+ tan 4.tan B 


Note: 
1. tan( 44 4) = 7 tn 
4 1-—tan A 
4 1+ tan A 


1.12 SOME IMPORTANT DEDUCTIONS 


Deduction 1. 
sin (A + B) sin (A — B) 
= sin’ A — sin? B = cos’ B 
Proof: We have sin(A+ B) sin(A— B) 
= {sin AcosB+cos Asin B} 


x {sin A cos B— cos Asin B} 


cos’ A 


= {sin Acos* B—cos* Asin? Bi 

= {sin? A(l —sin? B) = (1 —sin? A) sin? B} 

{sin? A-sin? Asin* B—sin* B—sin* Asin” B} 
sin? A—sin* B 

(1 —cos” A) = (1 —cos” B) 


cos’ B—cos” A 


Deduction 2. 
cos (A + B) cos (A — B) 
= cos’ A — sin’ B= cos” B 
Proof: We have, cos(A + B)cos(A-— B) 


= {cos Acos B+ sin Asin B} 
x {cos Acos B—sin Asin B} 


sin? A 
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= {cos* Acos? B-sin? Asin? Bi 
= {cos” A(l — sin? B) - (1 — cos” A) sin? Bi 
{cos” A-—cos? Asin* B —sin? B + cos” Asin” Bi 


cos’ A-sin? B 


Deduction 3. 
cot (4 + B)= cot Acot B-1 
cotB+cot A 
Proof: We have, cot(4A+ B) 
_ cos(A+B) 
= sin(A+ B) 
_ cos Acos B—sin Asin B 
sin AcosB+cos Asin B 
cosAcosB sinAsinB 
_ sin AsinB ~ sin Asin B 
sin AcosB cosAsinB 
sn AsinB sinAsinB 
_ cot AcotB-1 
cot B+ cot A 
Deduction 4. 
reg cot AcotB+1 
cot B—cot A 
Proof: We have, cot (A — B) 
_ cos(A-B) 
7 sin(A— B) 
_ cosAcosB+sin AsinB 


sin AcosB-—cos AsinB 


cosAcosB sinAsinB 


_ sinAsinB sinAsinB 
sinAcosB cosAsinB 
sin Asin B a. sin Asin B 

_ cotAcotB+1 

cot B—cot A 


Deduction 5. 
sin(4+B+C) 
= cos Acos BcosC|[tan A + tan B + tanC 
—tan Atan BtanC]| 
Proof: We have sin(A+B+C) 
sin(A + B)cosC + cos(A+ B)sinC 


{sin 4.cos B + cos A.sin B} cos C 


+{cos Acos B —sin Asin B}sinC 
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= sin A.cos B.cosC' + sin B.cos A.cosC 
+sinC.cos Acos B — sin A.sin B.sin C 
= cos A.cos B.cosC [tan A+ tan B+ tanC 
—tan A. tan B.tan C] 
Deduction 6. 
cos (4+ B+C) 
= cos Acos BcosC 
x[1— tan A tan B — tan B tan C — tanC tan A] 
Proof: We have, cos(A+B+C) 
= cos(A+ B)cosC —sin(A+ B)sinC 
= {cos Acos B -sin Asin B}cosC 
—{sin Acos B+ cos Asin B}sinC 
= cos Acos BcosC — sin Asin BcosC 
{—-sin Asin Ccos B —cos Asin BsinC} 
= cos Acos BcosC 


x [1— tan A tan B — tan B tan C — tanC tan A] 


Deduction 7. 
tan(A+B+C) 
_ tan A+tan B+ tanC — tan Atan BtanC 
1— tan Atan B— tan B tan C — tan C tan A 
Proof: We have, tan(4+ B+C) 
sin(A+B+C) 
cos(A+B+C) 
cos Acos BcosC {tan A+ tan B+ tanC 
—tan Atan B tan C} 
cos Acos Bcos C{l— tan A tan B — 
tan B tan C — tan C tan A} 
_ { tanA+tanB+tanC—tan Atan BtanC 
[an nee 


1.13 SOME SOLVED EXAMPLES 


Ex-1. Find the values of 
(i) sin (15°), 
(ii) cos (15°), 
(iii) tan (15°) 
Soln. We have, 
(i) sin(15°) = sin(45° — 30°) 
= sin(45°)cos(30°) — cos(45°)sin(30°) 
1 V3 1 


7S 


a5 
oe 


Sl 


jase 
2V2 
(ii) cos(15°) = cos(45° — 30°) 
= cos(45°) cos(30°) + sin(45°) sin(30°) 


Ene eae ae 
2-2 N22 
_ 341 
22 


(iii) tan (15°) = tan (45° — 30°) 
— tan 45°- tan30° 


1+ tan 45°. tan 30° 


_ 3+1-2v3 
2 


_ 4-23 
2 
SDs, 
Note: 
1 


1 
( tan(15°) 2-3 


wa 


cot (15°) = 
=24+3 
(ii) tan (105°) = —cot(15°) = -(2 + V3) 
(iii) cot (105°) = —tan(15°) = -(2 — V3) 
Saas 


Ex-2. Find the value of tan (75°) + cot (75°) 
Soln. We have, tan(75°) + cot(75°) 

= cot(15°) + tan(15°) 

= (2+ 3)+(2- 3) 

=4, 
Ex-3. Prove that cos(9°) + sin(9°) = J2 sin(54°) 
Soln. We have, cos(9°) + sin(9°) 


= {00s (9°) + sain | 


Ao, (sin (45°) cos (9°) + cos (45°)sin (9°)) 
= J2(sin(45° +9°)) 
= ¥2sin(54°). 

Ex-4. Prove that tan(70°) = 2 tan(50°) + tan(20°) 


Soln. We have, tan(70°) = tan(50° + 20°) 
=> tan(70°) = tan 50° + tan 20 
1— tan 50° tan 20° 
=> tan (70°) — tan(70°) tan (50°) tan(20°) 
= tan 50° + tan 20° 
= tan(70°) — tan(70°) tan(50°) cot(70°) 
= tan50° + tan 20° 
= tan(70°) — tan(50°) = tan 50° + tan 20° 
= tan(70°) = 2 tan 50° + tan 20° 
Ex-5. If 4+ B= 45°, then find the 
value of (1 + tan A)(1 + tan B) 
Soln. We have, A + B= 45° 
=> tan(A + B) = tan(45°) 
=> tan(4 + B)=1 
tan 4+ tan B 
=> aba i ene eee 
1-tan A.tan B 
=> tan 4 + tan B= 1 —tand.tanB 
=> tan A + tan B+ tan A.tan B= 1 
=>1+tandA+tan B+ tand.tanB=1+1=2 
= (1 + tan A) + tan BCI + tan A) = 2 
=> (1 + tan A)(1 + tan B) = 2 
Ex-6. Find the value of 
(1 + tan 20°)(1 + tan 24°) 
(1 + tan 25°)(1 + tan21°) 
Soln. We have, 
(1 + tan 20°) (1 + tan 24°) (1 + tan 25°) (1 + tan 21°) 
= {(1 + tan 20°)(1 + tan 25°)} 
x {(1 + tan24°)(1 + tan 21°)} 
=2x2 
=4, 
Ex-7. Find the value of 
(1 + tan 245°)(1 + tan 250°) 
(1 + tan 260°)(1 — tan 200°) 
(1 — tan 205°)(1 — tan 215°) 
Soln. We have, (1 + tan 245°)(1 + tan 250°) 


(1 + tan 260°)(1 — tan 200°) 
(1 — tan 205°)(1 — tan 215°) 


Ex-8. 


Soln. 


Ex-9. 


We have, tan(a — B) = 
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= {(1 + tan 245°)(1 + tan (—200°))} 
{(1 + tan 250°)(1 + tan (—205°))} 
{(1 + tan 260°)(1 + tan (—215°))} 
= 2x22 
= 8. 
If tan w+ tan B=a, cot a+ cot B= b and tan(a+ 
B) =c then find a relation in a, b and c 
We have, tan (a + B)=c 
tana + tan B 
1—tano tan B = 


a 
ee 
1—tano tan B 


a a=¢ : 
= tanatanB=—-1= (i) 
c c 


Now, cota+cot B =b 
1 1 
tana tan B 


tana+tanB 
tana. tan B 


= tana. tanB= (ii) 
From (i) and (ii), we get, “—° = 
=> actbc=ab 
Which is the required relation. 

if an p= se EOS 

l—nsin* a 
then prove that tan (a — 8) = (1 — 7) tan o Soln. 

tan a — tan B 

1+ tana. tan B 


sina [=nac) 


cosa 1—nsin? a 
sina nsinad cosa 
1+ x = 
cosa 1-nsin* a 


sin or(1— nsin~ or) n sina cos’ a 


cosa (1 —nsin* ar) +nsin? 0t.cosa 


sing —nsina (sin? al +cos” cr) 


cosa@ —nsin’ a. cosa +n sin’ a.cosa 
sina —nsina 
cosa 
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Ex-10. 


Soln. 
Then, 


Ex-11. 


Soln. 


_ (=n)sina 
cosa 
=(1-—n) tan a. 


Ifx+y+z=0, then prove that, 
cot(x + y—z). cot(y +z—x) 

+ cot (vy +z—x). cot (z+x-y) 

+ cot (z+x-y). cot(~+y-z)=1 


LetA=x+y-z,B=y+z-x,C=xt+y-z 
A+B+C 


=(@ty-2)+(tz-x) 4+ (e+y-2) 


=(x+y+z)=0 
=> A+B=-C 
= cot(A + B)=cot(-C) 
t Acot B-1 
a eel) 
= cotA+cotB 
t Acot B-1 
ee eo 
= cotA+cotB 
= cotd cotB-—1=-cotd cotC —cotB cotC 
= cotd cotB + cotd cotC + cotB cotC = 1 
=> cot(x+y—z). cot(y +z—~x) 


+ cot (vy +z—x). cot (z+x-y) 


+ cot (z+x-—y).cotx+y-z)=1. 
If 2 tan aw = 3 tan B, then show that, 


sin 2B 
t — 8B) =—_*_ 
ane 8) 5—cos2B 
We have, 
tan(o— B) = tana — tan B 


~ 1+tanae. tan B 


tan B — tan B 


1+ Stan B tan B 


tan B 
2+3tan* B 


sin B 
cos B 
7) 
243 sa 
cos’ B 


sin B cos B 


2cos” B+3sin? B 


1. 


2. 
3; 


15. 


16. 


. Prove that 


. Prove that 


sin B cos B 
2+sin’ B 


2sin B cos B 
4+2sin? B 
sin 2B 
4+1-cos2pB 
sin 2B 
5—cos2B 


EXERCISE 5 


Find the values of sin15°, cos15°, 
sin 75°, cos 75°. 


Find the values of tan 15°, cot 15°, tan 75°, cot 75°. 


Prove that 

(i) tan 15° +cot 15° =4 

(ii) tan 75° + cot 75° =4 
(iii) cot 15 °—tan 15° = 23 


(iv) tan 75°—cot 75 °= 23. 


. Prove that cos 18° — sin 18° = Jd sin 27°. 


. Prove that sin(n + 1)x sin (n + 2) x 


+ cos (n+ 1)x cos(u + 2)x = cos x. 


x 
. Prove that 1+ tanx.tan{ 2 =secx. 


. Prove that cot x — cot 2x = cosec2x. 


tan69° + tan66° _ 


. Prove that “7 "= _]. 


1—tan69°tan66° 


. Prove that tan 70° = 2 tan 50° + tan 20°. 


. fA+B= ; , then prove that 


(1 + tand)(1 + tanB) = 2. 
cos 20° — sin 20° 
cos 20° + sin 20° 


cos 7° + sin 7° 


= tan 25°. 


- = tan 52°. 
cos 7° — sin 7° 


. Prove that tan20° + tan 25° + tan 20° tan 25° = 1. 
. Prove that tan 13 A —tan 9 A — tan 44 


= tan 44 . tan9A . tan13A. 

Prove that tan 9A — tan 7A — tan 24 

= tan 2A . tan 7A. tan 9A. 

Prove that cot x cot 2 x —cot 2 x cot 3 x 
—cot 3x cot2x=1. 


22) 


23. 


24. 


25. 


26. 


27. 


28. 


m 
. Iftana= , tan B= : 
m 


+1 2m+1 


then prove that 7+ B= 7 : 


. Find the value of 


(i) sin? 75° — sin? 15° 
(ii) cos” 75° — sin? 15°. 


. Prove that cos” (4 + 0] —sin? (4 - 0] =0 


. Prove that sin* B 


= sin’ 4 + sin’ (A — B) —2 sinAcosB sin (A — B). 


. Prove that cos(2x + 2y) 
= cos2x cos2y + cos” (x + y) — cos” (xy). 
If sin B= ae ; 
x+y 
nxn 60 x 
then prove that tan (4 + | ee ae 
4 2 y 
nsina@ cosa 
LO ae eee 
l—nsin” a 


prove that tan (@— B)=(1—n) tana. 


If ie Se 
P+QcosB 
prove that fan(f-¢)3— ee 
QO+Pcosa 
If cos(a — B) + cos(B — y) + cos(y— a) = -> 


prove that cos@+ cosB + cos y= 0 

and sina + sinB + siny=0. 

If tan (@— 0) =n tan (a@— 8), show that 
sin20  n-1 


sin2a ntl 


If sina + sinB =a and cosa + cosh = 4, 
then show that 


bo =a 
(i) cos(a+B)= 
( B) b? +a’ 
a 2ab 
(ii) sin(a+B)= 
( B) b? +a’ 


If wand B are the roots of 
acos 0+ bsin 0=c, then prove that 


. gees 
(i) cos(a+B)= Dae 
(ii) 2e-(a’ +b") 
cos(a — B)= ap 


The Ratios and Identities 23 


29. If wand Bare the roots of 
a tan @+ b tan @=c, then show that 
2ac 


2 2 
a —-c 


tan(a+ B)= 


30. If tan (a7 cos 0) = cot(z sin 8), prove that 


1 1 
cos} @—-— |=+ —= 
[ : 2V2_ 


x sing y sind 


31. If tand= and tang = 


1—x cos@ 1—ycos@’ 


then prove that, x sin @=y sin 0. 


1.14 TRANSFORMATION FORMULAE 


1.14.1 Transformation of products into sums or differences 
1. 2 sin A cos B=sin (A + B) + sin (A - B) 
2. 2 cos A sin B= sin (A + B) —sin (A - B) 
3. 2 cosA cos B= cos (A + B) + cos (A - B) 
4. 2 sin A sin B=cos (A — B) —cos (A + B) 
Proof: As we know that 
sin(4 + B)=sinA.cosB+cosA.sinB (i) 
sin (A — B)=sin A.cosB-—cosA.sinB (ii) 
Adding (i) and (11), we get 
1. 2 sind. cosB = sin (A + B) + sin (A — B) 
Subtracting (i) and (ii), we get, 
2. 2 cosd. sin B = sin (A + B) —sin (A — B) 
Also, we have, 
cos (A + B) = cosd. cosB — sind. sinB (iii) 
cos(A — B) = cosA. cosB + sind. sinB (iv) 
Adding, (111) and (iv), we get, 
3. 2 cosd. cosB = cos (A + B) + cos (A - B) 
Subtracting (iv) from (iii), we get, 
4. 2 sind. sinB =cos (A — B)—cos (A + B). 
1.14.2 Transformations of sums or 
differences into Products 


+D 
1. sinC +sin D=2 sin a cos 


2 
2. sin C—sin B=2 cos oa sin CaP 
2 2 
3. cos C+ cos D=2 cos — cos — 


4. cos C— tan D=—2 sin — sin 


Proof: As we know that, 
sin (A + B) + sin (A — B) = 2 sin A cos B (i) 
sin (A + B) —sin (A -B)=2 cos A sin B (ii) 
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cos (4 + B) + cos (A — B) =2 cos A cos B 
cos (4 + B)—cos(4A — B) =—2 sin A sin B 
A+B=C&A-B=D 
A= C+D B= C-D 
=> 2 2 
From (i), we get, 


i, sin +sinD= 2sin( FS? Joos SSP 


From (ii), we get, 


(iii) 
(iv) 
Put 


2. snC-—sinD= 2e0s{ £ 


+ 
S 
SS 
g- 
Poa 
Q 
| 
dS 


2 
From (iii), we get, 


3 cos +608 D=2005{ =? Joos <=? 


From (iv), we get, 


4. cosC ~c0sD = -2sin{ 2 


1.14.3 Some solved examples 


Ex-1. Prove that sin (47°) + cos (77°) = cos (17°) 
Soln. We have, sin (47°) + cos(77°) 
= sin (47°) + sin (13°) 


(a) (a) 
= 2sin cos} ————— 
2 2 


= 2 sin (30°) cos (17°) 
= 2x : x cos(17°) 


= cos (17°) 

Prove that 

cos (80°) + cos (40°) — cos (20°) = 0. 

We have, cos (80°) + cos (40°) — cos (20°) 

= 2 cos (= a Jeos{ = asl cos (20°) 
2 2 

= 2 cos (60°) cos (20°) — cos (20°) 


1 
=2*x 5 x cos(20°) — cos(20°) 


Ex-2. 


Soln. 


= cos (20°) — cos (20°) 


Prove that 

sin (10°) + sin (20°) + sin (40°) + sin (50°) 

— sin (70°) — sin (80°) = 0. 

We have, sin (10°) + sin (20°) + sin (40°) 

+ sin (50°) — sin (70°) — sin (80°) 

= {sin (50°) + sin (10°)} + {sin (40°) + sin (20°)} 
— sin (70°) — sin (80°) 


ss ss 
= 2sin cos| ————— 
2 2 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


._ { 40°+ 20° 40° — 20° 
+2sin cos 
2 2 

— sin (70°) — sin (80°) 
= 2 sin (30°) cos (20°) + 2 sin (30°) cos (10°) 
— sin (70°) — sin (80°) 
= cos (20°) + cos (10°) — sin (70°) — sin (80°) 
= cos (20°) + cos (10°) — cos (20°) — cos (10°) 
=0. 

sin A+sin2A+sin4A4+sin5A4 

cos A +cos2A+cos4A+cos5A 


=tan3 A 


Prove 


We have, sinA+sin24+sin44+sin5A4 
cosA+cos2A+cos44+cos5A 
(sin 5A+sin A) + (sin 4A+sin 24) 
~ (cos5A +cos A) + (cos 4A + cos 24) 


= 2sin3Acos2A+2sin3Acos A 
2cos3Acos2A+2cos3Acos A 


sin 3.4(cos24 + cos A) 
~ cos3A (cos2A + cos A) 


_ sin3A 
cos3A 
= tan 3A. 
Hence, the result. 


Prove that 
cosa + cosh + cosy+ cos (a+ B+ ¥) 


= 40os{ 2£P )cog( PE Joos{ 14% 
2, 2. 2 
We have 


cosa + cosh + cosy+ cos (a+ B+) 
=(cos a+ cos B)+ (cos (a+ B+ y+ cos y) 


= 2e05{ 22 F )oos{ SF) 
2 2 
#2eos{ SPAY AY loog( S4P +77) 


on (tP amet) 


a-B  a+pt2y 


= 2cos oan X cos 2 2 
2 2 


a-B a+Bt+2y 
2 2 
2 


sol 2} 


COs 


Ex-6. If sin A-—sin B= : and cos A—cos B= : : 
then find tan es 3) 
Soln. Given — sin 4-sin B= I ed has (1) 
2 
1 r 
and cosA—cosB = 3 aa edivies soa e's (ii) 
Dividing (1) by (ii), we get, 
snA-sinB 1/2 3 
cosA—cosB 1/3 2 
A+B)\.{A-B 
2cos sin 
(AF) (7) 
ae = 
(“£7 )sin( 45? 2 
—2sin sin 
2 2 
A+B 
cos 
a 
=> = 
asf) 
sin 
2; 
A+B 3 
=> cot =- = 
2 2 
As7) 2 
=> tan =-_. 
2 3 
EXERCISE 6 
1. Express as a sum or difference: 


(i) 2 sin3acos 28 
(ii) - cos 10a cos 208 
(iii) 2 sin 5@cos@ 
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(iv) sin 75° cos 15° 
(v) cos 75° cos 15° 
2. Express as a product: 
(i) cosd —cos 5o 
(ii) cos 45° + sin 75° 
(iii) cos 68— cos 80 
(iv) cos 40+ cos 80 
(v) sin 60-sin 20 
3. Prove that: 
sin5A—sin3A 


(i) = tan A 
cos5A+cos3A 

7 inA+sin3A 

(ii) RA RIES aay 
cos 4+ cos3A 


.. sinA+sinB A+B 
(iii) ——————— = tan 


= ta 
cosA+cosB Z 


4. Prove that : 
(i) sin 38° + sin 22° = sin 82° 
(ii) sin 105° + cos 105° = cos 45° 
(iii) cos 55° + cos 65° + cos 175° = 0 
(iv) cos 20° + cos 100° + cos 140° =0 
(v) sin 50° —sin 70 + sin 10° = 0 
5. Prove that : (cosa + cos)2 + (sina + sinB)2 


= 4cos” (=) 
2 
6. Prove that : (cosa~ — cos)2 + (sina — sinfB)2 
= 4sin’ (4) 
2 
7. Prove that: (sina — sinB)2 + (cosa —cosB)2 
= 4sin? (=F) 
2 


8. Prove that cos 20 co 40 cos 80 = 


9. Prove that sin 20 . sin 40 sin 80 = 


V3 


10. Prove that sin 10 sin 50. sin 60. sin 70 = 16 


11. Prove that cos 10. cos 30. cos 50. cos 70° = = 


12. IfcosA+cos B= + sind + sin B= 7 


A+B 
then prove that tan 


13. Prove that : 
(i) sinA+sin34+sin5A4 Sana 


cos A+ cos3A+cos5A 
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20. 


24. 


1 1 
. If 2cosA=x+—, 2008 B= y+—, 
x 


(ii) cos 4x + cos3x +cosl2x er 


sin 4x + sin3x+sin2x 
sinA+sin3A4+sin5A+sin7A _ 
cos A+ cos34+cos5A+cos7A 


(iii) tan4A 


. If cosec A + sec A = cosec B + sec B, then 


prove that tan Atan B = cat 


a8) 
2 


. If sin 2A =A sin 2B, then prove that 


tan(A+B) A+1 
tan(A-—B) A-1 


. Find the value of V3 cot(20°) — 4c0s(20°) . 


. IfsinA+sin B=aandcos A+ cos B=}, 


then find cos (A + B). 


y 
then find cos (A — B). 


. Prove that 


sin(47°) + sin(61°) — sin(11°) — sin(25°) = cos(7°). 


, and tan B= 


2: 


If tana =—— 
m+1 2m+1 


then find tan (@+ f). 
Find the number of integral values of & for which 
7 cosx + 5 sinx = 2k + | has a solution. 


1.15 MULTIPLE ANGLES 
1.15.1 Definition 


An angle of the form 7A, n € Z is called a multiple angle 
of A. Such as 2A, 3A, 44 etc. are each multiple angles of A. 


1.15.2 Trigonometrical ratios of 2A 


3 


Proof: 
1. 


2. 


in terms of t-ratio of A 


. sin2A4 =2 sin JA cos A. 
. cos 24 =cos2 A — sin2 A 


=2 cos2 A—1=1-2sin2 A. 
2tan A 


tan 2A = 
1-—tan“ A 


As we know that, 
sin (4 + B) = sind cosB + cosA sinB 
Put B= A, we get, 
sin 2 A=sin A .cos A.+sin A. cos A 
= 2 sin A. cos A. 
As we know that, 
cos (4 + B)=cos A. cos B— sin A. sin B 


Put B= A, we get, 


cos 2 A=cosd. cos A— sin A. sind 


= cos’ A — sin? A. 


= cos” A — (_- cos” A) 


=2cos’I-1 
=2(1-sin’A)-1 
= 1-2sin? A. 
3. As we know that, 
tan(A+B)= tan A+ tan B 
1-tan A.tan B 


Put B= A, we get, 
tand+tand  2tand 


tan 2 A= = 
l—tan A.tanA 1—tan? A 


1.14.3 T-ratios of angle 2A 


4. sin2 A = Pea 
1+ tan“ A 
2 
5. cos 2A = poi 
1+tan“ A 


6. l—cos 2A = 2sin2A4, 
7.1+ cos 2A =2 cos2A 


8. tan A = _sin24_ 
1+cos24° 


l1—cos2A 
sin 2A 
Proof: 4. As we know that, sin 24 


=2 sin A cos A 
_ 2sin Acos A 


1 
_ 2sin Acos A 
cos? A+sin? A 
2sin Acos A 
_ cos” A 
sin? A 
cos” A 
2tan A 
1+tan? 4~ 
5. Also, we have, cos 2 A 
=cos2 A —sin2 A 
= cos’ A—sin? A 
1 


cos’ A—sin? A 


cos’ 4+sin? A 


9. tan A= 


1+ 


Hie sin? A 
— cos” A 
sin? A 
1+ 5 
cos’ A 
_ 1—tan? A 
1+tan? 4’ 


. we have, | — cos’ A 


= (1 2 si A) 
=2 sin’ A 


. Also, we have, 1 + cos 2 A 


=1+(2 cos’ 4-1) 


=2 cos’ A. 
. tan dA 
sinA  2sinAcosd _ sin2A 
~ cosd -2Qcos2A_—sd +. c0s2.A 
. tan dA 


_ sind _ 2sin* A _ 1-cos2A 
cosA 2sin Acos A sin2.A 


1.14.4 Trigonometrical ratios of 3A 


in terms of t-ratio of A. 
10. sin 34 =3 sin A —4 sin? A 
11. cos 3A =4 cos* A —3 cos A 
3tan A—tan? A 


12. tan3A= 5 
1-3tan* A 


Proof: 10. We have, sin 3.4 


= sin (2A + A) 

= sin 2 A cos A + cos 2A . sin A 

=2 sin A .cos A.cos A + (1 —2 sin? A) sin A 
=2 sin A .cos’ A +(1-2 sin” A) . sin A 
=2 sin A (1 — sin’? A) + (1 —2 sin? A). sin A 
=2 sin A—2 sin? A+ sin A—2 sin? A 

=3 sin A —4 sin’ A. 


. We have, cos 3 A 


= cos (2A + A) 

=cos 2A .cos A—sin 2A . sin A 

=(2 cos” A — 1) cos A—2 sin’ A. cos A 
=(2 cos’ A — 1) cos A — 2 cos A (1 — cos” A) 
=2 cos’ A —cos A—2 cos A +2 cos? A. 

=4 cos’? A—3 cos A. 


. we have, tan 3 A 


= tan (2A + A) 
_ tan2A+tanA 


1-tan2A.tan A 


2tan A 


5 + tan A 
A 


1—- tan 
2tan A 


ane A 


.tan A 
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2tan 4+ tan A—tan? A 
1—tan* A—2tan? A 


3tan A—tan? A 
1—3tan? A 


1.16 SOME IMPORTANT DEDUCTIONS 


Deduction 1 


1 
sin? 4 = — (1 —cos” A) 
Proof: We have, 2 


1 1 
sin’ A= —(2sin? 4) = —(1—cos2A) 
Deduction 2 2 2 


1 
cos’ = 5 (1 + cos 2A) 
Proof: We have, cos 2 A 


1 1 
50 cos” A) = 5ll +cos2A) 


Deduction 3 
sin3 A = (3 sin A — sin 3 A) 


Proof: We have, sin 34 = 3 sin A —4 sin’ A 


— 4 sin? A =3 sin A—sin 34 

1 
=> sin? A = me sin A—sin3A) 
Deduction 4. 


1 
cos 3A = — (cos 34 +3 cos A) 
Proof: We have, cos3.4 4 4 cos3A —3 cosd 
= 4cos3 A=cos 3A +3 cosd 


1 
=> cos A= a 3A+3cos A) 


Deduction 5 
sin A sin (60 — A) . sin (60 + A) = 2 sin 3 A 
Proof: We have, 4 
sin A. sin (60° — A) sin (60° + A) 
= sin A. (sin2 60° — sin2 A) 


= sin (3 —sin? 4) 
4 


in A 
= = (3—4sin2 A) 


= 7 Gsin A= 4sin’ A) 


- Dang 
4 
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Deduction 6 
1 
cos A. cos (60 — A) . cos (60 + A) = ri cos 3A 
Proof: We have, 


cosd. cos (60° — A). cos (60° + A) 
= cos. (cos260° — sin2A) 


1 
= cos A( =1+ 00s" 4] 
3 2 
= cos A age. A 


= — a (3 +4cos” A) 


1 

= —(-3c0s 4 + 4c0s° A) 
4 

_ 1 : 

= rae A-—3cos A) 
1 

= —xcos3A. 
4 


Deduction 7 
tan A . tan (60 — A) . tan (60 + A) = tan 34 


Proof: We have, 
tanA . tan (60° — A). tan (60° + A) 
sin A.sin(60° — A).sin(60° + A) 
~ cos A.cos(60° — A).cos(60° + A) 


Lae 
4 


ery, 
4 


sin 3A 
cos3A 
= tan 3A. 


Deduction 8 
sin 4A =4 sin cos A —8 cos A sin?A 
Proof: We have, sin 44 


= 2 sin 2A .cos 2A 

2 (2 sin A cos A) (1 — 2 sin2 A) 
4 sin A.cos A (1 —2 sin2 A) 

= 4sin A.cos A—8 sin3 A.cos A 


Deduction 9 
cos4A=1-8 sin? 4+8 sin’ A 


Proof: We have, cos 44 
= cos 2 (2 A) 


= 1-2 sin? (24) 
= 1-2 (2 sin A.cos A)’ 
= 1-8 sin? A.cos” A 
= 1-8 sin? A (1 -sin’ A) 
=1-8sin? A+ 8 sin’ A 
Deduction 10 
Atan A—4tan? A 
1—6tan* 4+ tan* 4 
Proof: We have, tan 4 4 
= tan2.(2A) 
2tan2A 
1+tan?24 
4tan A 
1-tan2 A 


~ [ 2tan A ) 
L=|e- a3 
1—tan* A 
4tan A(1— tan? A) 
7 (1— tan? Ay —4tan? A 


tan 4 A= 


Atan A—4tan? A 
1—6tan? 4+tan* 4 


Deduction 11 
sin 5 A = 16 sin? A — 20 sin’ A +5 sin A 
Proof: We have, sin 5A 
= sin (34 + 24) 
= sin 3A cos 2A + cos 3A. sin 2A 
= (3 sin A — 4sin°A) (1 —2 sin 24) 
+ 2(4 cos°A — 3 cos A) sin A cos A 
= (3 sin A — 4sin3A) (1 —2 sin” A) 
+2 (4 cos"A — 3)sin A cos*A 
= (3 sin A — 4 sin?A) (1 —2 sin?A) 
+2(1 — 4 sin*A) (sin A — sin3A) 
= (3 sin A — 4 sin? —6 sin*4 + 8 sin°A) 
+2 (sin A —4 sin? — sin?4 + 4 sin?) 
=5 sin A—20 sin’ A+ 16 sin’ 
= 16 sin? A — 20 sin’ A+5 sin A. 
Deduction 12 
cos 5A =16 cos A — 20 cos? A +5 cos A 


Proof: We have, cos 5 A 
= cos (34 +2 A) 
= cos 3A cos 2A — sin 3A sin 2A 


= (4 cos? A — 3 cos A) (2 cos” A — 1) 
— (3 sind — 4 sin?) (2 sin A cos A) 
=8 cos’ A—6 cos’ A — 4 cos* A 


+3 cos A—(3—4 sin? A) 2 cos A (1— cos” A) 


=8 cos’ A — 10 cos* 4 +3 cos A — 
(4 cos” A — 1) (2 cos A—2 cos* A) 
=8 cos’ A — 10 cos? 4 +3 cos A —8 cos? A 
+2cos4+8 cos’ A—2cos? A 
= 16 cos’ A —20 cos? 4+ 5 cos A. 
Deduction 13 
sin 6 A = (6 sin A — 32 sin? A + 32 sin? A) cos A. 
Proof: We have sin 6 4 
= sin 2 (3A) 
= 2 sin 3A.cos 34 
= 2 (3 sin A — 4 Sin® A) (4 cos? A — 3 cos A) 
= 2 (3 sin A —4 sin? A) (1 —4 sin? A) cos A 


=2 (3 sin A —4 sin°A — 12sin°d + 16 sin 5 A) cosA 


=2 (3 sin A — 16 sin’ A + 16 sin’ A) cos A 
= (6 sin A — 32 sin’A + 32 sin°A) cos A. 


Deduction 14 
cos 6 A = 32 cos° A — 48 cos* A + 18 cos? A — 1 
Proof: We have, cos 6A 
= cos 2 (34) 
=2 cos” (34) -1 
=2(4 cos? A —3 cos AY — 1 
=2 (16 cos® A - 24 cos’ A +9 cos” A) — 1 
= 32 cos® A — 48 cost A + 18 cos’ A— 1 


1.16.1 Some solved examples 


Ex-1. Prove that [a | = tan@ 
sin 20 


Soln. We have, 


1-cos20__2sin’ 6 
sin 20 2sin@cos@ 


_ sin 0 avery 
cos0@ 
Ex-2. Prove that pe cose! =cotd 
sin 20 


Soln. We have, 


1+cos26 _ 2cos” 6 
sin 20 2 sin@ cos@ 


cos@ 


= aaa py coté. 
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Ex-3. Prove that cot@— tan@ = 2 cot(26) 
Soln. We have, (cot@— tan@) 


= cos@_ sin@ 
sin@ cos@ 


2 2 
cos “8 —sin* 0 


sin@ cos@ 
2 cos 20 
~ 2sin@ cos8 
2cos 20 
sin 20 


=2 cot2 0. 


Ex-4. If tan@= 2 ; 
a 


prove that , a cos (26) + b sin (20) =a 
Soln. We have, a cos(26) + b sin (26) 


1—tan?@ 2tan@ 
=a 5 +b 5 
1+tan“ 0 1+tan“@ 
2 
a 2? 
- a a 
a s +b 7m 
ane ae 
a’ —b* H( 2ab 
=a 
a+b? a’ +b? 
_ a(a’ —b* +2b") 
a eb: 
a a(a* +b’) 
a’ +b 


=a: 
Ex-5. Prove that V3 cosec (20°) — sec(20°) = 4 
Soln. We have, V3 cosec (20°) — sec(20°) 
_ 3 1 
sin(20°) cos(20°) 


4 e cos (20° ) - sin (20° ) 


2sin(20° cos (20° ) 


4 e cos(20°) — {sin 209 


2 sin (20°) cos(20°) 
_ 4(sin(60°) cos(20°) — cos(60°) sin(20°)) 


2sin (20°) cos(20°) 
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_ A(sin(60° - 


20°)) 


sin (40°) 


= 4, 


Ex-6. Prove that 


tan(9°) — tan(27°) — tan(63°) + tan(81°) =4 


Soln. We have, 


tan(9°) — tan(27°) — tan(63°) + tan(81°) 


= {tan(9°) + tan(81°)} — {tan(27°) + tan(63°)} 
= {tan(9°) + cot(9°)} — {tan(27°) + cot(27°)} 
_ }sin(9°) . cos(9°) _ sin(27°) % cos(27°) 
ae cos(9°) — sin(9°) cos(27°) — sin(27°) 
sin” (9°) + cos”(9°) |__| sin?(27°) + cos” (27°) 
- sin(9°)cos(9°) sin(27°) cos(27°) 


2 2 


2 


2 


8 


a 


i 


4. 


Ex-7. Prove that [ 
S 


1 


1 


ea 


8(v5 +1- v5 +1) V5 +1) 


5-1 


tan 8A 
tan2A 


sec8A-1)_ 
ec44—1) _ 


a] 


-1 


Soln. We have, [sees 
s 


cos8A 


cos4A i. 


1—cos8A 


cos4A4 


l1-cos4A 


2sin? 


cos8A 


4A _ cos4A 


2sin? 


x 
2A cos8A 


2sin(9°) cos(9°) 7 2 sin(27°) cos(27°) 


=} 7 (==s} 


| 


_ 2sin4Acos4A . sin4A 
cos8A 2sin? 2A 

sin8A_  2sin2Acos2A4 
cos84 —-_ 2sin? 24 
sin84 y. £98 2A 
cos8A sin2A4 

= tan 84 cot 24 

_ tan8A 

tan2A_ 

Ex-8. Prove that 


tan + 2tan (26) + 4tan (46) + 8cot8@= cotd 


Soln. We have, 


tan @ + 2 tan(20)+ 4tan(40) + 8cot80 


cot 6 — (cot @ — tan @) + 2 tan 20 
+ 4tan 46 + 8cot 80 


cot 6 — 4cot 46 + 4tan 46 + 8cot 80 
cot @ — 4(cot 46 — tan 40) + 8cot 80 
cot 6 — 8cot 80 + 8cot8é 
cot 0. 

Ex-9. Prove that 


2 2 
cos’ (8) + cos” (= - 0] +cos” (= + 6] = 


We have, 


cos” (0)+ cos” & - 6] + cos” (= 


Soln. 


= 5(0-+e05(26))+5{1+c05( 26)) 


+ a 1+ cos An 99 
2 3 


z[3 [co 20+ 200s “Jeo e0)) 
3[2 + [co 20+ a{- 5) cos(26)} 


3 


5 


cot 0 — 2 cot 20 + 2 tan 20 + 4 tan 46 + 8cot8d 
cot 6 — 2(cot 26 — tan 20) + 4 tan 40 + 8cot80 


s[ 20° (0) + 2cos* (= = 6] +2cos? (= + 0) 


3[2 + [co 20+ cos( - 26) +cos (= + 20)) 


Ex-10 Prove that 
3 


sin’ @ + sin? (120° + 6) + sin?(120° + 6) = ; 


Soln. We have, 
sin’@ + sin? (120° + 0) + sin? (240° + 6) 


_ s{ asin 0+ 2sin [7% +6)| 
+ (ese (+8) 

2 AG — cos 20) + c ~ cos( " 2) 
3{(-(F+)) 


1 1 
= 3 1 os20— + (2c08(120°) cos. 26) 
5.35 a 


= 3_ 1 0820 + 1 cos(26) 
2.2 2 


3 


= 5 : 
Ex-11. Prove that 
4sin (8) sin (60° + 8) sin (60° — 0) = sin 30 


Soln. We have, 4 sin(@) sin( = - 0] sin( 2 + 0] 


o(S#}a(54 


= 4sin (0) x| sin? (4) —sin? 0| 


x 


= 4sin (0) 


= 4sin(0) x == sin® 0] 


=4 x sind sin’ 0] 


= (3 sin6— 4 sin°6) 
= sin (36) 
. 3 
Ex-12. Prove that sin (20°) sin (40°) sin (80°) = = 
Soln. We have, sin (20°) sin (40°) sin (80°) 


= ~(sin@.20°) 


oe egsog ee cos A oe +cos B54 
2 2 2 3 3 
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(sin(60°)) 


Ble 


|S 


Ex-13. Prove that 
4 cos(@).cos(60° — 8). cos(60° + 6) 
= cos(3 0) 
Soln. We have, 
4 cos(). cos(60° — 8). cos(60° + 6) 
= 4 cos(8). (cos(60° — 8). cos(60° + €)) 
= 4 cos(). (cos’(60°) — sin 8) 


= 4 cos(6). [F= 1008 6] 


= 4 cos(6). [-3+ cos” 0| 


= cos(8).(—3 + 4 cos26) 
= (4 cos*@— 3cos(6)) 
= cos(3 6). 

Ex-14. Prove that 


V3 


cos (10°). cos(50°). cos(70°) = a 


Soln. We have, cos(10°).cos(50°). cos(70°) 
= cos(10°) cos(60° — 10°) cos(60° + 10°) 


= aC cos(10°).cos(60° — 10°).cos(60° + 10°) 


a4 cos(3.10°)) 


Ex-15. Prove that 

tan(0) + tan (60° + 6) — tan (60° — 6) 

= 3tan(3 6) 
Soln. We have, 
tan (8) — tan (60° — @) + tan (60° + 6) 
ian (@)= tan(60°) — tan(@) 
1+ tan(60°). tan (0) 

tan(60°) + tan (0) 
1 — tan(60°). tan (6) 
V3 — tan (0) V3 + tan (0) 
1+ J3.tan (0) 7 1— J3.tan (0) 


= tan(@) - 
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— V3 +3tan(@) + tan (0) — V3 tan? (6) 
+V3 +3 tan (@)+ tan (0) + V3 tan? (0) 
(1- 3tan? 0) 


= tan(6) 


8 tan (0) 
1-3tan? (0) 
tan (0) —3 tan? (0) +8 tan(6) 
1—3tan? (0) 


a 3tan(@)— tan? (0) 
1-3 tan? (0) 
= 3 x tan (36). 


Ex-16. Prove that 
cos(8) cos(26) cos(276) cos(278)... cos(2” '6) 


sin (2" 6) 
9" sin@ 
We have, 
cos(8) cos(2) cos(278) cos(276)... cos(2” '6) 


tan(@) + 


Soln. 


. Saag (28i 86056) (cos 26.c0s(2*8)...c0s(2°"""6)} 


7 oe — (2sin 26cos 26)(cos (2’0) _ eee ae 6)) 


2 sind 


= u (2 sin2”'@cos 2") 
2” sin @ 


iy Seine 
~ oR net? 6) 


sin(2” @) 
2” sin@ 


Ex-17. Prove that cos a cos in cos at ae 
7 7 7 8 


Soln. We have cos [ an cos [ sid Joos [ oF 
7 7 7 


2sin 


saeleDeG5) 


| | 
NO 
Ne 
n 
=. 
— =) — 
a ——~ 
N N 
n n 
=. =. 
B B 
“18 |8 
fe) fe) 
° ° 
n rn 
a ey 


Ex-18. Prove that cos (=) +cos (=) +cos (=) =- £ 


Soln. Let z=cos mall +cos an + o0s{ 
7 7 7 
=> 22sin{ =) 
7 
= asin( = Joos( 2 + asin{ © Jeos{ 
7 7 a 7 
(=) (=) 
+2 sin| — |cos| — 
7 7 
(=) (-) (=) (=) 
= sin} — |—sin} — |+sin} — |- sin} — 
7 y) 7 7 
a 


Thus, 


(=) (=) (=} 1 
> cos| — }|+cos} — |+cos} — |=-—. 
7 7) 7 2 
Ex-19. If M =a’ cos” @ +b’ sin” @ 
+ Va? sin? 6 +b* cos” @ 
such that max (M) =m! and min (MM) =m’, 


then find the value of m! — m?. 
Given 


M =a’ cos? 0 +b’ sin® @ + Va’ sin? @ +b? cos” @ 


=M?*= a’ cos*6+ Bb sin20+ a sin’@+ b* cos?0+ 


Soln. 


2y(a? cos’ 6 +b’ sin” ) (a? sin? @ +b? cos” a) 


= M= q?+b*42 (a? cos” 0 +b? sin? 6) 


(a? sin? @ +b cos” 0) 
= M= a? +b?+ 2|(a' +b*)sin? cos” @ 
= ab? (sin* @ + cos? @)} 
M= a? +b? +2](a* +b")sin” @cos? 6 
= +a°b? (1—2sin? 6 cos? a)} 


1/2 
=> M= a2 +b24+ 2((a* +b4 —2a°b?)sin? @ cos” 6 + a°b"| 


= M= a?+b?4+ Jl4(e' +b* —2a°b?)sin? @ cos’ 6 + 4ab”) 
Thus,max (MM) = a’ + b? + (a’ +b’) = 2(a’ + B’) 

and min (M*) = a’ + b° + 2ab =(a+ by’ 

Hence, the value of m! — m 
= max (MM) —min (MM) 
= (a +b’) -(at by. 


EXERCISE 7 
Q. Prove that: 
sin 20 ee 
1+cos20 


cos 20 (4 0] 
——— =tan | 7- 
1+ sin 20 4 
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1+sin26+cos20 _ 
1+ sin 206 —cos20 
4. cot@—tan@= 2 cot 20 


D J2+2+2c0s40 =2cos0 


6. Prove that: 
cosec 10° — 3 sec 10° = 4. 


7. If tand= 2 , then prove that 
a 


cot 0 


acos26+bsin20=a 
Q. Prove that: 


8. cos? (=) +cos” (=) +cos” (=) +cos” (=) =2 
8 8 8 8 

9. sin? (4) +sin? (=) +sin? (=) + sin? (=) = 2, 
8 8 8 8 


sec8A—1 _ tan8A 
sec4A4—1  tan24 


10. Prove that: 


11. If cosec 24 + cosec 2 B + cosec 2 C = 0, then prove 
that 
tan A + tan B+ tan C+cot A+ cot B+cot C=0 
12. If tan 25° = a, then prove that: 
tan155°—tan115° l-a’ 
1+ tan155°. tan 115° 2a 


13. Iftan’?@=2 tan’ + 1, then prove that 
cos 20+ sin’ =0 
14. If 2 tana = 3 tan f, then prove that: 
sin 2B 
Ls oa ie 5—cos2B 


15. Ifat+ a = 2 cos@, then prove that : 
a 


a ok 

a+ 7 =2 cos 40. 
16. Prove that: 

tana +2tan2a +4 tan 4a + 8cot8a = cota 
17. Prove that 3(sin x — cos x) te 

6(sin x + cos xy + A(sin® x+cos® x)= 13. 
18. If wand B are the roots of 

3 cosx + 4 sinx =5, then find cot (a+ B) 
19. If wand B are the solutions of the equation 

atan 6 +bcot@=c, then find tan(a + ). 
20. If tan B =3tanq, then prove that 

2sin2B 

1+2cos2B 


21. Find the value of 
cot(91°) cot(92°)cot(93°)....cot(179°) . 


tan(a@+ B)= 
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22. 


(Ho orFoe=(F)orlE) 


23; 


24. 


25. 


26. 


27. 
28. 


29. 


30. 


31. 


32. 


33. 


34. 


35; 


36. 


Bis 


Find the value of 


If a+ 8 =90°, then find the maximum 
value of cosa cosB 
Prove that: 


cos” @ + cos” (= - 0] +cos” (= + 0| = 
3 3 

Prove that: 

cos” @ + cos” ee) +cos” are =e 
3 3 2 

Prove that: 3 cosec20° — sec 20° = 4 


. : 1. 
Prove that: sin@ cos*@— sin°@ cos@= —sin 30 
Prove that: 4 


tan@ + tan( = + 0] + tn( = - 0] =3tan (36) 
Prove that: 


cotd +-cot[ £+0}+cor{ +0) = 300136 


Atan @—4tan?@ 
1—6tan? 6 +tan*@ 


Prove that: tan 40 = 
2 4 
Prove that: sin’ @+sin° (= + a +sin? (= + a 


=— a sin 3 - 
4 
Prove that: 
2” cos(@)cos(2@).cos (2? 6) .COS (2° 8)...c0s ea 6) 
sin(2"@) 
; sin@ 


If g= ee. , then prove that 
2" +1 


2” cos @.cos 20. cos276....cos2”16 =1. 
If cos60 = Acos° @+Bcos' @ +Ccos*@+D ; 
then find the vale of 4+ B+C+D+2. 


If sin5@ = Asin@ + Bsin? 0+ Csin°@, then find the 
value of 4+ B+C+ 10. 
Prove that: 


sin x 
+ 
cos 3x 


20 4n 67 1 
Prove that cos} — |+cos} —— |+cos] — ]=-—. 
7 7 7 2 


sin3x sin9x 


= 5 (tan 27x — tan x) 


cos9x cos27x 


38. Prove that: 


(1+sec2, )(t +sec2?, J(1+see2’, )...(1+ sec2", ) 
39. Prove that: 
(1+ sec 26)(I + sec2’6)(I + sec2°9)...(I +sec2” ) 
tan?” 6 
~ tan 


1.17 THE MAXIMUM AND MINIMUM 
VALUES OF f(x) = acos x 
+bsinx+c 


We have f(x)=acosx+bsinx+c 
Let a=rsiné & b=rcos@ 


Then r= Va’ +b? and tan(@) = 


Now, f(x) =acosx+bsinx +c 


a 
b 

=r (sin@cosx + cos@ sin x) 

= rsin(@+ x) 

As we know that, -1 < sin(@+x) <1 

=> -rtcs r sin(@+x)+c <rt+c 

=> —rt+cs f (x) <rte 

= -Va’+bh?+e< f(x) < Va’ +b? +e 
Thus, the maximum value of 


S(x) is Ja? +b? +c 


and the minimum values of f(x) is — Va? +b? +c. 


Ex-1. Find the max and min values of 
F(x) =3 sinx +4 cos x +10. 

Here, a=3,b=4andc=10 

Thus, the minimum values of f(x) 


= -ya? +b? +c =-5+10=5 


and the maximum values of 


Soln. 


JO)= a? 4b +e HS 10= 15. 
Ex-2. Find the range of f(x) = sinx + cos x +3 
Son. Ry = [ min f(x), max f (x) | 
= [-V2+3, ¥2+3] 
Ex-3. Let 4=sin’6@+cos*6 , then find A 
Soln. Wehave, A= sin* 6 +cos* @ 


= (sin? 0) + (cos” 0) 


__(sin2)’ 
2 
(sin 20)” 


=1 


{—sin 2(26) } 


2 
As we know that, -1$ {- sin °(26) \ <0 


= 1+ 


=> --< <0 
2 
—sin 7(20 
> See ( les 
2. 2 
> te 4el. 
2, 


Ex-4. Find the max and min values of 
f (0)= sin’ 6+ cos® @ 
Soln. We have, f(0)=sin° 6 +cos° @ 
3 3 
= (sin? ) + (cos” ) 


7 (sin? @+cos” 9) —3sin’ @ cos” @(sin? 6 +cos” 6) 


= 1-3sin’ cos” 6 

= |-2(4sin? cos? 6 } 
= 1-2 sin? 26) 

= 1+2(-sin? 26) 


od 
As we know that, —!$ ( Mises 26) <0 


3( —sin* 20 
3 3l=sin?26) 
4 4 

3( —sin? 26 
it es ( sin ) oe 
4 4 
= 7s #0) So 


Hence, the maximum value = | and 
wi 1 
the minimum value = Zz 


Ex-5. If 4=cos*@+sin‘@ and 


B=cos*@+sin’ @ such that 
m, = Max of A and m, = Min of B 


then find the value of m, + m; +mm, 
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SolIn. Now, A 


Ex-9. 


= cos’ @+sin* @ 
1 1 : 2 
= 5 (2c087 6) + a2 sin? 6) 
= Al +cos(20)) + “(I — cos (20))” 
= Al +cos(20)) + “(I —2cos(26)+ cos” (20)) 
= i+ * cos(26) eee 1 os (28) + *(cos” (26)) 
22 4 2 4 


2d 2 
~ zt gles (26)) 
3 1 
Max value of A =m, = —+—.1=1 
Also, B es 


= sin’ @+cos* @ 

Z 5 (2sin? 9)+ =(4e0s" 0) 

= (2sin? 0)+ =(200s? 9) 

= Al —cos(26))+ “(I +cos (26) 


= (I — cos (20)) + “(I +2cos(26) + cos” (26)] 


= ee or (20) 
2 4 4 


= re cos” (20) 
4 4 


Thus, the minimum value of B 


= + : O= 2 
4 4 4 
Now, the value of 


=m, 


= 14+—+- 


Find the minimum value of 
2.2.2 
x sin’ x+4 
f (x) =——— 
x sinx 


where x € [o *) 
2 
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Ping 

+4 

Soln. We have, f(x) =———-— 
x sInxX 


= xsinx+ >4 


xsin x 
Hence, the minimum values of f(x) is 4. 


Ex-10. Find the minimum value of 
(a? +1)(b? +1)(c? +1)(d +1) 


i aPed)- Abed 


sihetd a,b,c,d>0 


Soln. We have f (a,b,c,d) 


_ (@ +1)(0? +1)(c? +1)(a? +1) 


: (a? +1) (e +1) (+1) (@ +1) 


5 Ga Maes aes ars 


22.2.2.2=16 


Hence, the minmimum value is 16. 


EXERCISE 8 


— 


. Find the maximum and minimum values of 
(i) f(x) =3 sinx + 4 cosx + 5 
(ii) f(x) =3 sin (100)x + 4 cos (100)x + 10 
(ii) f(x) =3 sinx + 4 
(iv) f(x) =2 cosx +5 
(v) f(x) = sinx + cosx 


(vi) f(x) = sinx — cosx 
(vii) f(x) = sin (sin x) 
(viii) f(x) = cos (cos x) 
(ix) f(x) = sin (sin x) + cos (sinx) 
(x) f(x) = cos (sin x) + sin (cos x). 
2. Find the max and min value of 
3 sin2x + 4cos 2x + 3 
3. Prove that 


—4<5cos@+3 cos [e+] +3<10. 


4. Find the max and min values 
of f(x) =3sinx+5 


5. Find the greatest and the least values of 
2 sin’@+ 3 cos’6. 
6. Find the least value of 


cosec” x + 25 sec? x. 

7. Find the ratio of the greatest value of 
2—cos x + sin’ x to its least value. 

8. Ify=4 sin’ 6—cos?2 8, then y lies in the 
interval............. 

9. If mis the minimum value of g(x) =3-2sinx 
and n is the maximum value of (™ +2 +2) 
then find the value of (m+n + 2). 

10. Find the maximum and minimum values of 
S(x) = sin*x + cos* x. 

11. Find the maximum and minimum values of 
f(x) =sin® x + cos® x. 

12. Find the max and min values of 


f (x) =(sin x + cos x + cos ec2x)" 


1 
where * €| 0, 2 


13. Find the max and min values of 
f (x)= log, y +log, x. 


14. Find the max and min values of 


f (x)= ° 


7 sin? @ — 6sin @cos@ + 3cos” @ 


15. Find the maximum and the minimum values of 
4 


f (x) =sin* x+ cos* x 
16. Find the maximum and the minimum values of 
f (x)= cos” x+ sin? x 


17. Find the minimum value of 
2 2 
a b 4 
f (x)= 5) + ~, xe(0 | 


cos’ x sin 


18. Find the minimum values of 
f (x) =2log)) x—log, (0.01), x>1 


19. Find the minimum value of 
le + I\(y? +1)(2? +1) 


XYZ 


f (x,y,z) = 


X,y,z7>0, 


20. Find the minimum value of 
Ce + 2)(y° + 2)(z° + 2) 


XZ 


f (x,y,z) = 


X,y,z2>0. 


1.18 SUB—MULTIPLE ANGLES 
1.18.1 Definition 


A 
An angle is of the form —,n € Z (# 0), is called a sub- 


n 

A 
multiple angle of A. Thus, — 
sub-multiple angle of A. 2 


AAA 
° 3° 4’ 5 


; A A 
1.18.2 T-ratios of angle (4) and (4) 


2 tan 4) 
1. sin A= 2sin( Joos{ 4) eT 
2 2 A 


aN 
Ne 


A : 
2. cos A= cos’| — |—sin?| — 
2 2 


— 2cos* (4) -1 
2, 


stan{ <)- tan? (<) 
6. tan A= 7 
1—3tan? (4) 
3 
1.18.3 Values of sin 18°, cos 18° and tan 18° 


1, sin(8°)= (A=) 


Proof: Let A = 18° 

= 5A=90° 

= 2A=90°-3A 

=>  sin2A=sin(90°-—3A)=cos3A4 


etc. are each a 
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2sin A cos A = 4cos* A—3cos A 


= 
= 2sinA=4cos? A-3 
=> 2sin4=4-4sin? A-3=1-4sin? 4 
=> Asin? A+2sind4-1=0 
—2+ —2+ 
=>  sindA= 2420 _ 2425 
8 8 
—l+ 
=> sndA= 14.V5 
4 
IS 1 51 
=> sinA=——, 
4 4 


= sin(8?)= =, 


since 18° lies on the first quadrant. 


1 
. cos | a V10+2V5 


Proof: We have, cos(18°) 


= J1-sin’(18°) 
_ hy _(ve-2) 
4 
7 1 (Seas) 


16 


ae 


—_ 


_ [(16-5-1+2V5 
\ 16 

10+ 25 
J5=1 


1 
4 


3. tan 18° = ————— 


10+25 
Proof: We have, tan(18°) 
sin (18°) 
~ cos(18°) 


&) 


10+2/5 


Sl 
= SOROS 
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Notes: 
1 
(i) sin 72° = cos 18° = 7 10+ 2/5 
1 
(ii) cos 72° = sin 18° = = 


1.18.4 Values of sin 36°, cos 36° and tan 36° 
1. cos 36° = v5 +1 


4 
Proof: We have, 
= cos(36°) 
1—2sin(18°) 


: 1-2 5) 
4 


1-2/2) 


16 
sen) 


8 
_ 22n8 


8 
. St) 


4 


; 1 
2. sin 36° = a V10—2V5 
Proof: We have, sin (36°) = \/1 — cos” (36°) 
2 
(4) 


4 


16 


16-5-1-2V5 
16 


10-25 
Vl 16 
= 70-25 


3. tan 36° = ; x (V5—1)x y10-25 | 


Proof: We have tan(36°) 


_ sin(36°) 
~ cos(36°) 
10-25 
=, Oe 
J5+1 
4 
= 10-25 
(v5 +1} 
(v5 -1)x(vio-2v5) 
4 
Notes: 
i) sin 54° = cos 36° = a 
ii) cos 54° = sin 36° = “ Wio=W5:. 


1.18.5 Some Important Deductions 


Deduction 1: 


tan( 74) = V8 V3 


1-—cos(26) 


: that, tan@ = — 
Proof: As we know that, an (26) 


Put 0= 15 , then 


tan( 7) = 1—cos(15°) 


sin (15°) 
pee 
2J/2 
3-1 
2/2 
2V2-V3-1 
Wel 
(2/2 - /3-1)(V3 +1) 
~ — (v3-1)(Vv3 +1) 


(8-15 +) 


_ 2V6-3-V3 +22 -V3-1 
2 


_ 2(/6 - 4 - 3 + V2) 
7 
- (V6 -V4-V3+ v2) 


Deduction 2: 


cot 75] = v6 +a +5 + 


Proof: As we know that, cot(@) = sin (26) 


1+cos(15°) 
sin (15°) 


Aces 
2/2 


V3-1 
22 


a D344 
er ae 
(2V2 + V3 +1)(V3 +1) 
(V3 -1)(V3 +1) 
- (2V6 +343 +22 + V3 +1) 
D 
_ 2(¥6+V4+.3 +2) 
5 
= (V6 +V4 +3 +2) 


1+ 


Deduction 3: 
1° 1 
gin| 22-— |] 4/9 =) 
Grae 
Proof: As we know that, 
2 sin? (0) =1-cos20 


Put, 0= ao 
2 


| Fag 
2 sin” (225) =1-cos(45°) 


_ 1+cos(20) 
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_ 2-1 
2 
> sin( 222} = V2-1 
2 22 
: 1° feed 1° 
sin} 22— |= ,/——— gj py 
=> [ ra since, 5 


lies in the first quadrant. 
= sin( 224] = sv mld. 
Deduction 4: 


cos( 225°) = 2 24-2 


2 
Proof: As we know that, 2 cos” (6) = 1-cos 20 
1° 
Put, @=22—, 
2 


1° 
a 22 cos” [22 =| =1+cos(45°) 


(+) 

Neal. 

_ v24+1 

5D 

> cos( 225°} =2 v2 =1 
2 2/2 

> cos(22 |= eal 
2 2V2 


° 


: (beer: 
Since a5 lies in the first quadrant, 


thus, cos( 225 |= eae 


Deduction 5: 
tan 20 =4/2 =] 
1-—cos (26) 
sin (20) 


1° 1°) 1-—cos(45°) 
=22—. tan| 22 = 
Fu are [ >| sin (45°) 


Proof: As we know that, tan@ = 
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Deduction 6: 


cot{ 225° -) = V2 +1 


Proof: As we know that, 


I+ 20 
eS) 
sin (20) 
Put ae 
2 
zs cot( 224 j-Hee ) 
2 sin (45°) 
ie 
ee 
ar 


. 1° 
Proof: We have, Sin [ 12 | 


= — 


Deduction 8: 


cos(112") => oa: 


2 


1° 
Proof: We have, cas 12 =| 


cos 90 x14+22 =| 


—sin [22 =| 
2 


-5\2+42 


Deduction 9: 
tan( 112 -| = -(V2 +1) 
1° 
Proof: We have, tan 2) 
1° 
= tan 90° x14+22 >| 


-cot 2 =| 
2 


~ -(V2 +1) 


1.19 SOME SOLVED EXAMPLES 


J/5-1 
Ex-1. Prove that: sin” (24°) - sin? (6°) = ( : 


Soln. We have, sin?(24°)— sin? (6°) 
= sin(24° + 6°)x sin(24° — 6°) 


= sin(30°)x sin(18°) 


1 
= —xsin(18° 
5 (18°) 


ime aes | 
a oa 
(V5-1 

8 


V5+1 
Ex-2. Prove that sin?(48°)— cos*(12°) = a 


Soln. We have, sin”(48°) — cos” (12°) 
= cos(48° + 12°) x cos(48° — 12°) 


= cos(60°) x cos(36°) 


1. «(541 


=—x 
4 


Baits 


5+4+1 
8 


1 
Ex-3. Prove that sin(12°).sin(48°).sin(54°) = rs 


Soln. We have, sin(12°).sin(48°).sin(54°) 


= — _ (cin(12°),sin(48°).sin(72°)) (sin(54°)) 


sin(72°) 


1 
~ 4 sin(72°) 
(4 sin(60° —12°).sin(12°).sin(60° + 12°)) 


(cos(36°)) 


= AD ee) 


1 
—__—___(2sin(36°).cos(36° 
8 sin(72) | NGO). cos3O")) 
a 
~ 8 sin(72°) 
1 


8 
Ex-4. Prove that: 


(sin(72°)) 


sin(6°).sin(42°).sin(66°).sin(78°) = = 
Soln. We have, 
sin(6°).sin(42°).sin(66°).sin(78°) 


1 
~ 4 sin(54°) 


(4 sin(6°).sin(60° — 6°).sin(60° + 6°).) 
x(sin(78°).sin(42°)) 


7 FcoaaG SiN 8")sin(729)sin(42°) 


1 
~ 16 cos(36°) 


(4 sin(18°) sin (60° +18°).sin(60° — 18)) 


1 ean 
= ieee )) 


1 fe} 
~ 16 cos(36°) sean ®)) 


me 
16 
Ex-5. Prove that: 

4(sin(24°) + cos(6°)) = (1+-V5) 
Soln. We have, 4(sin(24°) + cos(6°)) 


= 4(sin(24°) + sin(84°)) 
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= ‘(2 sin ESE ze =) cos( 2S" — *)) 
2 2 

= 8(sin(54°) cos(30°)) 

( 


= 8(cos(36°) cos(30°)) 


= 8 V5 +1 x th 
4 2 
- (6+) 
Ex-6. Prove that: 
tan(6°). tan(42°). tan(66°). tan (78°) = 1 
Soln. We have, 
tan(6°). tan(42°). tan(66°). tan(78°) 


= (tan(6°).tan(66°)) x (tan(42°). tan(78°)) 


1 
_ tan(54°) (tan(6°).tan(54°). tan(66°)) 


x (tan(42°). tan(78°)) 


1 
_ tan(54°)(tan(6°). tan(60° — 6°). tan(60° + 6°)) 


x (tan(42°). tan(78°)) 


1 ; 
= tangy Cans )) x (tan(42°). tan(78°)) 


1 
_ tan(54°) 


(tan(60° — 18°).tan(18°).tan(60° + 18°)) 


1 


7 ian) x (.tan(54°)) 


= 1 
Ex-8. Prove that: 


orm] 
(orm) 
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a) ae) seal aail) 
[role (A) e@) 


Ex-10. Prove that: 

era) 37 

}{si (= cos* (=) +cos4 (=) +cos4 (=) +cos4 (=) = 
8 8 8 8 2 

4 | 2sin {= Soln. We have, 

8 8 

4{ 7 


ll 
Z. 
i=) 
NO 
CaS 


(4) 
= cos*| = |+cos* 
“BB 
1) +005" [ 32) +009 a 
i ohm) 


Ex-9. Prove that: = 


sin* (<) +sin* (=) +sin* (=) +sin* (=) = 2 
8 8 8 8 2 


™ “Ghatthat ip (e ‘ ~ (2-{2-0°(5) }(2s°()] 
(Soon (ose )es()]_ (frre) o0m(2)) 
w(Sjoe() --(ogea) 
aa'(F)-=(5)} (2-(1-2) 
-280( 8} e(8) | 


~ 
ps) 
| 

tw 

° 

° 

n 

SS 
a 
ola 

ae 

+ 

N 

cn 

Ss 

a 
fa 
ola 

eae 
eae 


ll 
N 
— 
| 
i) 
° 
° 
nN 
oN 
ola 
Se 
n 
th. 
=) 
NO 
aN 
ola 
eee 
ey 


ll 
N 
& 


| 
N 


| 
N 


EXERCISE 9 


Q Prove that: 


1. 


tan a + cot kd = 2 cosec 0 
2 2, 


. cosec@— cot@= tan 


1+sin@—cosO _ a 0 
1+sin@+cos0 2 


4 


x @O 
: sec0+ tand=tan{ =+5 


. (cos A + cos B)’ + (sin A + sin BY 


A-B 
— Acos? (7) 
2 
. Prove that: 
sin? 24 — sin? 6 = vS=1 
8 
. Prove that: 


V5+1 
aa 


sin? 48° — cos” 12° =— 


. Prove that: 


1 30 5 57 1 
1+cos— || 1+ cos— |] 1+ cos— |} 1+cos— |=— 
8 8 8 8 8 


. Prove that: sinl2° sin 48° sin 54° = i 
. Prove that: 8 


sin(47°) + sin(61°) — sin(1 1°) — sin(25°) = cos(7°) 


. Prove that: 


cos*| = |+cos*| = |+cos*] 4 |+ cos*} 7 e 
8 8 8 8) 2 


. Prove that: 


sin*| ~ |4sin4 aud +sin* oe +sin* ll = 
8 8 8 8 


. Prove that: tan 20° tan 80° = V3 tan 50° 


. Prove that: tan10° tan 70° = V3 tan 40° 
. If m=tan12° tan 48° and n= tan6° tan 66°, 


m 
then find the value of (= a 10 : 


. If m=sin10°sin 50° sin 70° and 


n= cos 20° cos 60° cos 80° , 


m 
then find the value of (2 + 2012.| 
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17. If m=sin6°sin 42° and n=sin 66°sin 72°, 


then find the value of 16mn +10. 
If m=sin8°sin 52° sin 66° sin 68° and 
8n = cos 42°, then prove that m =n. 


If sin17°sin 43°sin 77° = mcos49° , 
then find the value of m. 


(=) (=) (=) 
If m=sin| — |+sin} — |+sin} — 
7 7) 7 


then find the value of (2m +2- 7 ) : 


If m=cos13°cos47° cos 73° 


18. 


19. 


20. 


21. 
and n= ssin51° , then prove that m =n. 


22. Prove that: 

sin 55° —sin 19° + sin 53° —sin17° =cos1° 

4 

Te TiS 3g. 
67 1 


20 4n 
Prove that: cos — + cos — +cos —= —— 
7 7 7 2, 


2 
23. Prove that: cos z . COS 


24. 


25. Find the value of tan [7 >| + cot [7 >| : 


26. If cos( 2) - sin{ 3 takes its minimum value 


then find its x. 


27. If wand B be two different roots 


acos@+ b sin@=c, then prove that 
2ab 
a ene 


1.20 CONDITIONAL TRIGONOMETRICAL 
IDENTITIES 


Here, we shall deal with trigonometrical identities involving 
two or more angles. In establishing such identities we 
will be frequently using properties of supplementary and 
complementary angles and hence students are advised 
to go through all the above formulae from Ist topics to 
previous topic. 

We have certain trigonometrical identities like, sin2@ 
+ cos 20= | and sec20= | + tan20, etc. Such identities are 
identities in the sense that they hold for all values of the 
angles which satisfy the given condition amongst them and 
they are called Conditional Identities. 

If A, B, C denote the angles of a triangle ABC, then the 
relation A + B+ C= zenables us to establish many important 
identities involving trigonometric ratio of these angles. 


sin (a+ B)= 
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G) IfA4+B+C=a7,thnA+B=7-C, 
B+C=n-AandC+A=2-B 

(ii) IfA+B+C=Zq, then 

sin (A + B) = sin (#-— C) = sinC 

similarly, sin (B — C) = sin (7— A) = sin A 

and sin (C + A) = sin (7- B) = sin B 

IfdA+B+C=nN, then 

cos (A + B) =cos (a— C) =-cos C 

Similarly, cos (B + C) = cos (7— A) =-cos A 

and cos (C + A) = cos (z— B) =-cos B 

IfA+B+C=nN, then 

tan(4 + B) = tan (7-— C) = -tan C 

Similarly, tan (B + C) = tan (7— A) =-tan A 

and tan (C + A) = tan (a— B) =-tan B 


A+B 
v) If{A+B+C=n, then > a a 


(iii) 


(iv) 


2, 2, 
B+C x A C+A x B 
= and 
2, 2 2; 2, 2 2 
Therefore, 


: (7) 
sin = 
2 


Note: Dear students, please recollect the following formulae 
from basic trigonometry 
Step I: 
(i) sin2A=2sin AcosA 
(ii) cos24 =cos* A-sin? A 
(iii) cos2A =2cos* A-1 
(iv) cos2A =1-2sin? A 


Step I: 
(i) 1+cos24 =2cos” A 
(ii) 1—cos2A =2sin? A 


A 
(iii) 1+cos A= 2cos” @ 


.2fA 
(iv) 1—cos A =2sin? @ 
Step II: 
(i) cos (A+B) + cos (A—B) = 2 cos A cosB 
(ii) cos (A — B)}-cos (A+B) = 2 sin A sin B. 
Step IV: 


D -D 
(i) cos C+ eos D = 2eos( Joos 


gece 


(iii) sin C+ sin D = asin( 2? Jeos{ 2) 


(ii) cos C—cos D= asin( 


(iv) sin C—sinD= 2eos{ 


> }=(S*) 


1.21 SOME SOLVED EXAMPLES 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


If 4+B+C=z, then prove that, 
sin 24 + sin2B + sin 2C = 4sin A sin B sinC 


We have, sin 24 + sin2B + sin 2C 
= (sin24+sin2B)+sin2C 
= 2(sin (4+ B)cos(A- B)) +sin2C 
= 2(sin (a - C).cos(A—B))+2sinCcosC 
= 2(sin C.cos(A-B))+2sinC cosC 


= 2sin C(cos A-B)+ cos C) 


( 
= 2sin C (cos(4— B) + cos(a — (4+ B))] 
= 2 sinC(cos(A-B)-cos(4+B)) 

= 2: sin C(2sin Asin B) 
= 4sin Asin B.sinC 

IfA +B+C=a, then prove that, 

cos 2A + cos 2B + cos 2C 

=-1-4cosA cos BcosC 

We have cos 24 + cos 2B + cos 2C 
= (cos24 + cos2B) +cos2C 
= 2cos(A+B)cos(A—B)+cos2C 
= 2cos{a —C}cos(4- B)+cos2C 
= ~2cosC cos(A—B)+2cos?C-1 
= -1-2cosC( cos( (A- B)- )-cosC) 
= -1-2cosC( cos( (A-B)+cos(A+B)) 
= -1-2cosC(2cos A.cos B) 
= —l-4cos A.cos B.cosC 


If 4+ B+C=7, then prove that 
sin? 4+sin” B—sin? C =2sin Asin BcosC 
We have, sin? A+sin? B—sin? C 
= sin’ A +(sin? B-sin? c) 


= sin’ A+sin(B+C)sin(B-C) 


sin? A+tsin(— A)sin(B- C) 


= sin? A+sin Asin(B-C) 


= sin A(sin A+ sin(B-C)) 


= sin A(sin(B +C)+ sin(B- C)) 
= sin A(2sin B cosC) 
= 2sin A.sin B.cosC 
Ex-4. If 4+B+C=zZ7,, then prove that, 
sin’ A+sin” B+sin? C =2+2cos Acos BcosC 
Soln. We have, sin? A+sin? B+sin* C 
= 1-cos”? A+sin? B+sin? C 
Si (cos” A-sin’ B) + (I —cos” Cc) 
= 2-(cos* A—sin” B)—cos* C 
= 2-(cos(A + B).cos(A — B)) — cos’ C 
= 2~-(cos(m — C).cos(A — B))— cos” C 
= 2+cosC(.cos(A — B)-—cosC) 
= 2+cosC(.cos(A — B)+ cos(A+ B)) 
= 2+c0sC(2cos A.cos B) 
= 2+2cos A.cos B.cosC 


Ex-5. Ina triangle AABC, prove that, 
tan A+ tan B+ tanC = tan A4.tan B.tanC 


We have, 4+ B+C=2 
=> <A+B=n-C 


Soln. 


=>  tan(4+8)=tan(z-C) 
tand+tanB _ 


> —— =-tanC 
1-tan A.tan B 


= tan A+tanB=-tanC(l-tan 4.tan B) 
=>  tanA+tanB=-—tanC + tan A. tan B.tanC 
=> tan A+tan B+ tan C = tan A.tan B.tanC 


Ex-6. Ina triangle AABC, prove that, 


cot A.cotB +cot B.cotC +cotC.cot A=1 


Soln. As we know that, 


tan 4+ tan B+ tanC = tan A.tan B.tanC 


Dividing both the sides by 
‘tanA. tanB. tanC’, we get, 
tan A 
~ tan A.tan B.tan C 


tan B 
tan A. tan B.tanC 


tan C _ 
tan A. tan B.tan C 


Ex-7. 


Soln. 
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1 1 1 
+ + = 
tanB.tanC tan A.tanC tan A.tanB 


=> cotB.cotC+cot A.cotC +cot A.cot B=1 


If A, B, Cand D be the angles ofa quadrilateral, then 
prove that, 


tan A+ tan B + tanC + tan D 


cot A+cotB+cotC +cotD 
= tan A.tan B. tan C.tan D 


We have, 4+ B+C+D=27 

=> A+B+C+D=2n 

= A+B=2n-(C+D) 

= tan(4+B)= tan {2x - (C+b)} 

=> tan(4 +B) =—tan(C + D) 
tanA+tanB — tanC + tanD 


l—tanAtanB  1—tanC.tanD 
(tan 4 + tan B)(1— tan C.tan D) 


l 


= —(tanC + tan D)(1- tan 4.tan B) 
=> tan A+tanB-tan A.tan C.tan D 
—tan B.tan C.tan D 


=-tan C—tan D + tan A. tan B tan C 
+ tan A. tan B. tan D 


=> tanA+tanB+tanC +tanD 


=tan A. tan C. tan D+ tan B. tan C. tan D 
+ tan A. tan B. tan D + tan A. tan B. tan D 


tan A+ tan B+ tanC+tanD 
tan A. tan B.tan C.tan D 
tan A.tan B.tan C 
tan A. tan B.tan C.tan D 
tan A.tan C.tan D 
tan A.tan B.tan C.tan D 
ae tan A.tan B.tan D 
tan A.tan B.tan C.tan D 
tan B.tanC.tan D 
tan A.tan B.tan C. tan D 
tan A+ tan B+ tanC+tanD 
tan A. tan B.tan C.tan D 
1 1 1 1 
~ tan A . tan B 7 tanC 7 tan D 
tan A+ tan B+ tanC+tanD 
tan A. tan B. tan C.tan D 
= cot d+cotB+cotC+cotD 
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tan A+ tan B + tanC + tan D 
cot A+cotB+cotC +cotD 


tan A.tan B.tan C.tan D 
Ex-8. Ina triangle ABC, prove that, 
(cot A+ cot B)(cot B + cot C) 


(cot C + cot A) = cosec A cosec B cosec C. 


cosA cosB 
+ 


Soln. We have, (cot 4 + cot B) = 


sind sinB 


cos Asin B+sin A. cosB 


sin Asin B 
sin(A + B) 
~ sinAsinB sin AsinB’ 


sin C 


sin A 
. cot B + cot C ) = ———_ 
Similarly, ( ) sin BsinC 
sin B 

cot C + cot A) = —————_ 
and ( ) sin AsinC 


Thus, (cot A+ cot B)(cot B + cot C) 


(cot C + cot A) 
sinC sin B sin A 
snAsnB sinAsinC sinBsinC 
1 
sin Asin B sinC 
_ x y Zz Axyz 


(-z")(-»"}O-2") 


Ex-9. Ifxy+yz+zx=1, then prove that, 


+ + 
Le 1-y’ baz? 
x y Z Axyz 

~ + = 
lex? ay a? Se Sy 2") 


Put x = tan A, y= tan B andz=tanC 
Given, xyt+tyz+zx=1 


Soln. 


=> tan A.tan B+ tan B.tanC + tanC.tan A=1 
=> _ tan B.tanC + tan C. tan A =1- tan A.tan B 
=  tanC(tanB+tan A)=1-tan A.tanB 

tanA+tanB 1 
= l—tan A.tanB tanC 

1 

= tan(44+B) = cot C= tan{ =~C 
By (4+8)=(2-c] 


Ex-10. 


Soln. 


=> (4+B+C)=> 


Now, 


L.H.S = ae ae 
l-x° Il-y 


ee 


tan A 
1—tan? A 


tan B 
1—tan* B 


tanC 
1—tan?C 


1f 2tanA 2tanB 2 tan C 
Ba Oe ERR ae aS ES 
2\1-tan* A 1-tan°B 1-tan°C 


= 1 tan 2A + tan2B + tan2C) 


N 


= ue tan2 A.tan2B.tan2C 
2 


a ( 2tand 2tanB 2tanC 
2\1-tan? 4 1-tan? B 1-tan?C 


4tan A. tan B.tanC 
(1— tan” A)(1— tan” B)(1— tan” C) 
4xyz 
(l=x°)(1- y*)(1-z7) 


Hence, the result. 
If xy + yz + zx = 1, then prove that, 


x y Zz 2; 


1+x? Seay ereon (i+ )(1+2?) (42) 


Put x = tan A, y= tan B and z= tan C 
Given, xyt+tyz+zx=1 


=> tan A.tan B + tan B.tanC + tanC.tan 4 =1 


> A+B+C=5 


Now, L.H.S 
x y Zz 

= + + 
1+x? l+y’ 1427 
lf 2x 2y 22 

= a7 ra 2 
2\1l4+x° 1l+y% ltz 

= { 2 tan A 2tanB 2tanC 
2\1+tan? 4 1+tan*?B 1+tan?C 


= (sin 2A+sin2B +sin2C) 


= 5 (4c0s A.cos B.cosC) 


2cos A.cos B.cosC 


2 
~ sec A.sec B.secC 


2 
li + tan? A) (I + tan? B)(I + tan? c) 


2 


J(i+2 (i+ 97)(142) 


Hence, the result. 


EXERCISE 10 


. IfA4+B+C=Z, then prove that: 


sin 24 +sn2B+sin2C=4 sin A sin B sin C. 


. IfA4+B+C=Z, then prove that: 


sin 2A + sin 2 B—sin2C=4cosAcos BsinC. 


. If4+B+C=Z, then prove that: 


cos2A+cos2B+cos2C 
=1-—4cos Acos BcosC 


. IfA4+B+C=z7, then prove that: 


cos2A+cos2B-—cos2C 
=1-4sin Asin B cos C. 


. If4+B+C=z, then prove that: 


cosA+cosB+cosC=1+4sin : sin : sin 


. If4+B+C=zZ, then prove that: 


cos” A+cos” B+ cos” C + 2cos Acos BcosC = 1 


. If4+B+C=zZ, then prove that: 


cos2 4+ cos2 B+cos2 C=1—2 sin A sin B cos C. 


. IfA4+B+C=zZ, then prove that 


sin2 A + sin2 B+ sin2 C=2 (1 +cos A cos B cos C) 


. IfA4+B+C=z7, then prove that: 


sin2A+sin2B+sin2C 
cos A4+cosB+cosC-1 


= 8 cos 


. If4+B+C=Z, then prove that: 


sin? (+) +sin? () —sin? (S) 
2 2 2 
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20S 


Q.IfA+B+C= = then prove that: 


11. sin2 4+ sin2 B+ sin2 C=1-—2 sin A sinB sinC 

12. cos2. 4+ cos2 B+ cos2 C=2+2sinA sin B sinC 
Q. If4 + B+ C=Z, then prove that: 

13. tan A +tan B+ tan C= tan A tan B tan C. 

14. tan 24 + tan2B + tan 2C = tan 2A tan 2B tan 2C. 

15. cot A cot B+ cot Bcot C+ cot Ccot A= 1 

16. cot (4/2) cot (B/2)+cot (B/2) cot (C/2) 

+ cot (C/2) cot (4/2) = 1. 


Q. IfA+Bt+C= 5 , then prove that: 


17. cotA +cot B+ cot C= cot A cot B cot C 
18. tan A tan B+ tan B tan C+ tan Ctan A= 1 
19. Ifxy + yz + zx = 1, then prove that: 
x y Z A4xyz 
+ + oo — 

[=4" ay Te? (1-x?)(1- y*)(1- 27] 
20. Prove that: 

tan(@— B)+tan(B—y)+tan(y -@) 

= tan(a — B)tan(B-y)tan(y - a) 
21. Ina AABC, if cot A + cot B+ cot C= V3, 

then prove that the triangle is an equilateral. 
22. Ifx+y+z=x yz, then prove that: 
3 3 


3z-Z 
1-32" 


3y-y° 
1-3y’ 


3x-x 
13 


_3x-x° 3y-y? 32-27 
[3x PaSqe 1 32" 


23. Prove that 1 + cos 56° + cos 58° — cos 66° 
= 4cos 28° cos 29° sin 33°. 


1.22 TRIGONOMETRICAL SERIES 
1.21.1 Introduction 


In this section, we are mainly connected with different 
procedures to find out the summation of trigonometrical 
series. 

To find out the sum of diffrent trigonometrical 
series, first we observe the nature of the angles of the 
trigonometrical terms. We must observe whether the angles 
form any sequence or not? If they form any sequences, then 
we must check, what kind of sequence it is? We also bserve 
the sequence formed ( if any ) by the coefficients of erms of 
the series. 
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So, our main attempt will be 
(i) to express each term as a diffrence of the two terms 
directly or by manupulation and then add_ or 
(ii) to arrange the series in such a way that it follows some 
standard trigonometrical expansion. 


1.23 DIFFERENT TYPES OF 
THE SUMMATION OF A 
TRIGONOMETRICAL SERIES 


1. A trigonometrical series involved with the terms of sines 
or cosines. 
Rule: Whenever angles are in A.P. and the trigonometrical 
terms involved with sines or cosines having power 1. 
1. We must multiply each term by 
._ { common diffrence of angles 
2 sin[ 5 


2. and then express each term as a diffrenec of two terms. 
3. Finally add them. 
Ex.-1_ Prove that: 


sina + sin(a@ + B)+sin(@ + 2B) 


+sin(@+3B)+......... +sin(@+(n-1)B) 
_ (np 
sin| — 

= ual icecsfl 


Proof: Let S= sina +sin(a@ + B)+sin(a@ +28) 


+sin(@+3B) +... +sin(@+(n-1)B) 
Now, 
2sinassin( £ = cos(a = 4 = cos(a + 4 
2 2 2 


2sin(ar+ B)sin( S) = cos{ «+ £) -cos{ r+ 2P 


2sin(ar+ 26) sin{ 5) = cos( a+ 22)-cos{ a+ 3) 


Adding, we get 


2sin(ar+ (np) sin{ £) 


(eh OPP gg =D) 
2 2 


= 2sin{ a + one) x sin( 5) 
2 2; 


? ‘ 20 
. Prove that: sin? @+sin7 [a + =) 


sin} —— 
Thus $= : xsin( + OU) 
(4) 2 
sin| — 
2 
EXERCISE 11 
. Prove that: Sina@+sin2@+sin3@+.......... +sinna 


sin( “2 ) . e 
= —~—~ xsin(n+1)} = 
“(2 () 


. Prove that: 


sin? nO 


sin @ + sin 36 +......+sin(2n —1)@ = — 
sind 


. Prove that: sin* @+sin* (a + B)+sin’ (a +2B)+... 


ste +sin? (a +(n-1)B) 


n 1_ sin np 
= —-—xX x 2a+(n-1 
2 2°” sinB wos|2a ee 0)8] 


n 


. If 4n@=7, then prove that: 


sin? @ + sin? 36 + sin? 56 +....to—n-— terms =n 


. Prove that: 


sin? 6 + sin? 30 + sin? 50 +....o —n — terms 


1 ae nO 3sin? xe) 


4| sin@  _sin30 


. Prove that: sina + cos(@ + B) 


—sin(a+2)B8 —cos(a +28) 


+sin(a+4f)+...to -—n—terms 


sin( "CP + 2) 
Ss 4 


in( 22) 


sin {or 2=208*0) 


8. Prove that: 
543 : ‘| ==) : it =) 
sin” @+sin’| @+— |+sin’| a+— 
n n 


Se to —n — terms = 0 
9. Prove that: 


sin 6.sin 26 + sin 20 .sin 30 
+sin3@ .sin4@+.....to -—n— terms 
n 1 sin n@ 

5a x— ( 
2 2  sin@ 


20 
- 4 4 
10. Prove that; Sin’ x +sin +72) 


aa 20 370 
+sin "| x+— |+..... ae eek ce aera 


n 


2. A Trigonometrical series involved with the terms of 


cosines: 
cosa + cos(a@ + B)+cos(a + B) 


+cos(@ + B)+....+.cos(a@ + (n-1)B) 


sabe 
apes 


Proof: Let S= cosa + cos(@ + B) + cos(@ + B) 
+cos(a+ B)+....4.cos(@ + (n—1)B) 


Now, 2cosa@ sin( 


voles 


2cos(a@+ p)sin( &) 


= sin{e+2P |-sin{ar+ 4 


2cos(a +38)sin( 4) 


= sin{a+5F |-sin{ r+ 2 


2cos(a+(n—- np)sin( E 


ces) 
yy 
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= sin{ a + nee = ne) = sin{ a + a) = 2) 
2 2 


Adding all, we get, 


asin( £) x s =sin{os = p)-sin(a~p) 


20 
. Prove that, COS@ + cos! & +— 


n 


20 
+cos| &@ + — |+....to —n— terms 
n 


=0 


. If B be the exist for angles of a regular polygon of 


n-sides and A is any constant, then prove that 
cos A + cos ( A+B) + cos (A+2B) 
ndeveguvsaataats to n terms = 0. 


. Show that, ifn > 2, 


cos” (=) + cos” (=) + cos” (=) 
n n n 


n 
eh vcsiveaves Ret es 


. Prove that, V1—sin20 +VJ1—sin 40 


+V1l—sin6@ +......to-—n— terms 


(8 
= LE) asi tua) 
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6. Prove that, cos” x +.cos” 3x + cos” 5x +... 


1 sin 4nx 
= —x|nt+ F 
2 2sin 2x 
7. Prove that, cos x + sin 3x + cos 5x 
ASIN THF veeiseseese + sin (2n+1)x 


_ sin 2nx 


x[cos(2n —1)x + sin(2n +1)x]. 
sin 2x 


20 
8. Prove that, cos” @ + cos” [o - =) 


+cos* [0 - =) +cos* [o - =) 
n n 


+....to-n—terms = 0 
2 2 
9. Prove that, cos” @ + cos* (a + B) 


+cos’ (@ +28) +.......to—n — terms 


n 1_ sinnB 
= —-—+—-—x——x 2a+(n-1 
22” sinB eos Zeer a 


10. Prove that, cos@cos20+cos36 cos40@ 


+cos56@ cos66 +......to —n — terms 


x cos(2n+1)0}. 
F (2n 1” 


3. A Trigonomeytrical Series Based Method of difference: 
Rules: 1. Express each term of the series as a diffreence of 
two expressions. 
2. Finally added them and we shall get the required 
result. 


Ex-1. Find the sum of n-terms of the series 
sin x sin x 


sin2x.sin3x sin3x.sin4x 
sin x 
———— + ....to —-n— terms 
sin 4x.sin 5x 
sin x 


Soln. Let ¢, =— - 
sin(n + 1)x.sin(m + 2)x 


_ sin[(a + 2)x—(n +1)x] 
” ~ sin(n +1)x.sin(n + 2)x 


sin(n + 2)x cos(n+1)x 
sin(n + 1)x. sin(m + 2)x 


= cos(n+2)x sin(n + 1)x 
sin(n + 1)x. sin(n+ 2)x 


= cot(n+1)x —cot(n+ 2)x 


Thus, ¢1 = cot 2x — cot 3x 
t2 = cot3x —cot4x 
13 = cot 4x-—cot5x 


tn = cot(n + 1)x — cot(n + 2)x. 
Adding all, 
we get, S = cot 2x — cot (n + 2) x. 


EXERCISE 13 


. Prove that, 


. Prove that, 


cosec@.cos ec2 0+ cos ec26.cosec30 
+cosec 36.cosec 40 + ....to — mn — terms 
= cosec @ [cot 8 —cot(n + 1) 6] 


1 
+ 
cos@+cos20 cos@+cos5@ 


cos@+cos70@ 


= cosec@ [ tan(n +1)@-tan 6 


+....t0 —n — terms 


sin x sin x 
. Prove that, 
cosx+cos2x cosx+cos4x 
sin x 
—— + .....to —n — terms. 
cos x +cos 6x 


1 
= —xcosec "lx sec(2n + 1)~—sec a : 
4 2 2 2 


. Prove that, cosec@ + cosec 20 + cosec 2’°@ 


+cosec2‘@ +.....to —n— terms 


= cot (5) —cot (a 6) . 


6 6 
. Prove that, cosec@ + cosec 5 + cosec a 


0 
+cosec (=) +to—n-— terms 


= cat( =] —coté. 
oF 


. Prove that, 


tan x . tan 2x + tan 2x. tan 3x 


ap stues + tan nx . tan (n + 1)x 
=cot x [tan(w + 1)x-tanx]—-n. 


sl treey 
1+6x? 


-] x 
7. Prove that, tan (- eee }- tan 


+tan se =] + 
1+12x 


tan7! eae 
seeeeeeoes 5 l+n(n ae 1)x? 


= tan! (n+1)x- tan”! x 


8. Prove that, tan” (=) +tan7! (5) Kini (5) 
, fi 13 19 


fo tan [ 


a) 


= tan”! (n+2)- tan!2. 


PROBLEMS FOR JEE ADVANCED EXAM 
Ex-1 Prove that, 
tana@+2tan2a@ +4 tan 4a + 8cot8a = cota 
We have 
tana +2tan2a + 4tan4a@ + 8cot 8a 


Soln. 


— cota —(cota — tana) +2 tan 2a 
+4 tan 4a + 8cot8a 


= cota —2(cot 2a — tan 2a) + 4 tan 4a + 8 cot8a 
= cota —2.2cot4a +4 tan 4a + 8cot8a 

= cota —4(cot 4a - tan 4a) + 8cot 8a 

= cota —4.2cot8a + 8cot8a 

= cota —8cot8a + 8cot8a 


= cota 
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Ex-2 Prove that, 

tan 9° — tan 27° — tan 63° + tan81°= 

We have tan 9° — tan 27° — tan 63° + tan81° 
= (tan 9° + tan81 si) - (tan 27° + tan 63°) 


= (tan 9° + cot9°)—(tan 27° + cot 27°) 


Soln. 


1 1 
sin 9° cos 9° - [ sin 27° cos 27° 


2 2 
~ \2sin9°cos =| . (= 27° cos 5 


7 sie mr) 
~ (sin 18° . = ol 
8(V5+1-5 +1) 


(SIS) 
8(V5 +1-V5 +1) 
(SIS) 


- ae 
4 


Ex-3 Prove that: 


sinx  sin3x  sin9x = 1 (tan Peet x) 
cos3x cos9x cos27x 2 
Soln. We have 
sinx sin3x  sin9x 
cos3x cos9x cos27x 
1/ 2sinxcosx 2sin3xcos3x 
~ 2\ cos3xcosx cos3xcos9x 
2sin 9x cos 9x 
cos27xcos9x 
1 sin 2x sin 6x sin 18x 
~ 2\ cos3xcosx cos3xcos9x cos9xcos27x 
1(sin(3x—x)  sin(9x-—3x) — sin(27x-9x) 
~ 2\ cos3xcosx cos3xcos9x cos9xcos27x 
1/ sin3xcosx—cos3xsinx 


2 cos 3x cos x 


be sin 9x cos3x—cos9x sin 3x 


cos3xcos 9x 
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Ex-4. 


Soln. 


sin 27x cos 9x - cos 27xsin 9x 
cos 9x cos 27x 
1 
= 5 (tan 3x — tan x + tan 9x — tan3x 
+tan 27x — tan 9x) 


= (tan 27x — tan x) 


sinx 1 cosx 3 


If ag, a ‘oay 20 x,yeER 


then find the value of tan(x+ y). 


sinx 1 cosx 3 
We have, ——— =7> = 
siny 2 cosy 2 
tanx 1 
tany 3 


Now tan (x + y) 
tan x + tan y 
~ |-tanxtan y 


tan x +3tanx 


~ 1—tanx.3tan x 
4tan x 


7 1—3tan? x 


: : 2 
Also, sin y = SSN COR Y= COS 


sin? yt cos” y 


: 4 
= Asin? x+ pcos x 


7 36sin* x +4 cos x 
9 


32sin* x +4 
—_ 
32sin? x+4 
— 
= 32sin?x+4=9 


=> 


= 32sin* x=5 


2: 


. 5 

=> sin’ x =— 
32 
=> Ss: 
4/2 

V5 
=> tanx =— = 


Ex-5 


Soln. 


-(s 


Ex-6 


Soln. 


From (i) and (ii), we get, 


44/5 

343 _ 45x27 2 its 
1,15 12x3v3 

oF 


tan(x+y)= 


Prove that, 


F (2) : (=) ‘ (2) ; (2) 3 
sin*| — |+sin°] — }+sin | — |+s1n°*] — }/=— 
16 16 16 16 2 


We have, 


sin* fee +sin4 ad +sin4 ag +sin* Ja 
16 16 16 1 


ll 

n 

— 

=) 

is 
aia 
— 
ala 
eee, 

+ 

n 

2 

=) 

A 
ae 
me | Ww 
als 
Nee 


aumatd 
Jens ()}+(se*(Fe]+ 5) 
(BoD) 
(eo 2)) +(2so( 2 )on( 2) 
sm (3) 


: 1 
Se sin? 


ll 
n 
= 
5 
ES 
fo 
| 
SS 
+ 
n 
<a 
5 
ESS 
aT. 
me | uw 
als 
NY 
+ 
fe) 
° 
n 
BS 
| 


= 2——| sin?| — 


ll 
) 
| 
| 


If cos (ot ~ B) + c0s(B ~ 7) + c0s(y —ar)=—> then 


prove that, cos ~+ cosB+cosy =0 
and sina+sin$8+siny =0 
We have, 


cos(a@ — B)+cos(B-y)+cos(y-a)=- = 


Ex-7. 


Soln. 


Ex-8: 


Soln. 


ma 2(cos(a— B)+cos(B-y)+cos(y—or))+3=0 
= 2(cosa cos +cosB cosy + cosy cos a) 

+ 2(sinasinB+sin Bsiny +sinysina)+3=0 
=> (cos” a+ sin? cr) + (cos? B+sin? B) 

+(cos? y + sin? 7) 

2(cosa@ cos B +cos B cosy + cosy cosa) 

+ 2(sinasin B+sin Bsiny +sinysina) =0 
= cos’ a +cos” B+ cos” y 

+2 cosacos B + 2cos Bcos y 

2cosy cosa + sin*a+sin? B+sin? y 
+2sinasin B+ 2sin Bsiny 

+2siny sina =0 

=> (cosa +cos B+ cosy)” 

+ (sina+sinB +siny) =0 

= (cosa@+cos 8 +cosy) =0 

and (sina + sin B + siny)=0 

If sinasin B -cosacos 8 +1=0, then prove 
that 1+ cota tan B =0 

We have, sina sin B —-cosacos B+1=0 

=> cosacos PB — sinasin B=1 

=> cos(a+B)=1 

Therefore, 
sin(a + B)=,/1—cos’ (a+ B) = 
Now, !+cota@ .tan 


cosa .sin B 


sina .cos B 


_ sina .cosB+cosa.sinB 


sina .cos B 


_ sin(a@+ B) 


sina .cos B 
=0. 
If ~+ B=90° and B+y =a, then prove that 
tana = tan B+ 2tany 
Given B+y =a 


=> tan(B+y)=tana 


Ex-9 


Soln. 
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=  tan(B+y)=tan(90°-a@) 
tan(B+y)=cota 


l 


t 
1—tan B tan y 
tan B + tany 6568 
1—tan B tan y 
tan B+ tan y = cot B — tan B.cot B.tany 
tan B+ tany = cot B-tany 
tan B + tan y = cot(90°— @)- tany 


tan B+ tany = tana —tany 


YuUuerdVY 


tana = tan B+ 2tany 


If tan( =) = (Va - vb) (ve - Vd), where 
a, b, c, d are positive integers, then find the 
value of (a +b+c+d+2) 


1 )- sin (z / 24) 
24) cos(m / 24) 


We have tan 


_ 2sin(a /24)cos(a / 24) 
2cos? (a / 24) 


_ sin(z/12) 
1+cos(z/12) 


3-1 
D2 aa 

B-1 _(2v2-(v3 +4) 
(22 +(v3+1)} (2 2 -(V3 +1)) 


(5-12-51) 
[s-(v3+1)'] 


_ 2V6-3-V3-2V2+V3+1 
(5-25) 


6a 27 
(4-23) 
_ vo-1- 2 
(2-3) 
= (EVE 1-448) 
= 2V6 —2V/2-2+ 18 — V6 - V3 
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Ex-10 


Soln. 


Ex-11 


Soln. 


= J6+2- 
= V6 -2-V3+V2 
= (5-28 


Thus, a=3,b=2,c=2 andd=1 
Hence, the value of (a+b+c+d +2). 
=34+24+2+14+2 
= 10. 


Xx y Z 


cos(9 + “2 cos C - 2) 
3 3 


the value of x +y +z. 


If then find 


cos@ 


Given 


x y Z 


= — 4 _, =, = m (say) 
cos co os +) cos( 0-2) 


Now, x + y 
£030 + 00s{ 0+ 2) cos{ 0 =)) 


cos@+ 2cos@. cos (*)) 
1 
cos@+2cos@. (- 5) 


m X (cos @ —cos@) 


mx 


I 
3 
x 


I 
3 
x 


=0 
Hence, the value of x + y + z is zero. 
Ja +vb 
ve 
where a,b,c € I", find the value of 
(a +b+c- 2) 


If sin(25°)sin(35°)sin(85°) = 


°) sin (35°) sin (85°) 
°) sin (85°) 


We have, sin 


(25 
ie )sin (25 
( 


=(4sin 60° — 25) sin (25°) sin (60° + 25°)) 


ox sin (3 x 25°) 


= ox sin (75°) 


. x cos (15°) 


1 (341 
~ 4° | 22 


e344 
=| Bad 


V3 +1 
~ | ¥128 
Thus, a= 3,b=1 andc= 128 
Hence, the value of (a+b+c-2) 


=3+1+128-2 
= 130. 


Ex-12 Find the value of V3 cot (20°) — 4cos(20°) . 


Soln. We have, V3 cot (20°) — 4cos(20°) 


_ 3B cos(20°) — 4sin(20°) cos(20°) 
sin(20°) 


2 e cos(20°) — 2 sin(20°) cos(20°) 


| 


sin(20°) 
2 (sin(60°) cos(20°) — sin(40°)) 
sin(20°) 
__ (2 sin(60°)cos(20°) — 2 sin(40°)) 
sin(20°) 
_ (sin(80°)+ sin(40°) — 2sin(40°)) 
sin(20°) 
__ (sin(80°)— sin(40°)) 
sin(20°) 
_ 2 cos(60°)sin(20°) 
sin(20°) 


=1. 
Ex-13. Prove that, 
sin(2°) + sin(4°) + sin(6°) + 


SIN(8°) +o. +sin(180°) = cot(1°) 
Soln. We have, sin(2°) + sin(4°) + sin(6°) 
+sin (8°) toe +sin(180°) 


= sin(2°)+sin(2° + 2°)+sin(2° + 2.2°) 


+sin(2°+3.2°) +....+-sin(2° + (90-1)2°) 


: a 
sin 


= 2 7 Oy Con. 2° 
= eae +(90 1) ) >) 
sin} — 


2 


= cot(1°) 
Ex-14. Find the value of 


in 2) +sin( 2%] +sin( 2) 
sin| —— |+sin}| ——— }|+s1in| ——— 
2013 2013 2013 


+sin sues +...upto (2013) trems 
2013 


Soln. 


a aoe 
2013 2013 


We have, sin 


. r 2.20 
+sin| ——~ + —— 
ez a 


. 1 1006.27 
Fi evans +sin| ——+ 
2013 


= 0. 


1+ J1l+y 
Ex-15. If tan y= ; 


1+./l-y 
then prove that sin(4y) = y 
Soln. Put y= sin(40) 
_1+,/1+sin (40) 
~14/1=sin (40) 
1+ \(cos(20) +sin(26))° 
1+ (cos(20) -sin(26))° 


agli cos(26) + sin (26) 
1+ (cos (20) —sin (26)) 


Then, tan(y) 


=  tan(y) 


= tan(y) 


Ex-16 


Soln. 


Ex-17 
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=> y=4-0 


> dAy=n7-40 
=  sin(4y)=sin(a-40)=sin(40)=y 


Hence, the result. 


If tan Eee = tan? Epo. 5 
4 2 4 2 


siny | 3+sin? x 


prove that — 5 
sinx 1+3sin“ x 
We have, 
1 l+tana cosa@+sina 
tan| —+a@ |= = - 
l-tana cosa-—sina 


(2 1+sin2a 
=> tan +Q |= - 
4 1-—sin2a 


Thus, tan Big De Ngan ee aoe , 
42 42 


I+siny _ (1+sin x)" 
(1-sinx)’ 


l—sin y 
Applying componendo and dividendo, we get, 
2sin y 2(3sinx+ sin? x) 


2 2(1-+3sin? x) 


(3 sinx + sin? x) 
(I +3sin x) 
Hence, the result. 


tana + tan y 


If tan B= then 


1+tanatany ” 
sin(2@)+ sin (27) 


prove that sin(2B) = 1+ sin (2@).sin(2y) 
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Silt; “Gia Gnps Oe ee => 4sin(27°) = (6 +¥5)- 6 ~/5 )] 


1+ tana tany 


sina cosy +cosasiny Thus, a = 5,b=5,¢=3 andd=5 


cosa@cosy +sinasiny Now, atb+c+d+2 
=54+54+34+5+2 
_ sin(at+y7) 
~ cos(a-y) = 20. 
: 5 
Thus, sin (2B) = zeit Ex-19 If (1+sin@)(1+cos6) =~, find the 
1+tan* B 
value of (1 —sin 6) (1 — cos 6) . 
; sin(a+/7) : 
7 cos(a—y) Soln. We have, (1+sin@)(1+cos@) = i 
sin’ (a+/) F 
cos? (a7) > Ie nr eos eS OC ose == 
2sin(a+7)cos(a—y) P-1) 5 
= 2 ae => 1+¢+ =— 
cos’ (@—y)+sin* (a+y) 2 4 
sin((@+y)+(a@-y))+sin((a+y)-(a-7)) (sin 6 + cos =1, say) 
7 1+sin?(a+y)-sin? (a@-y) Baas 
=>t+ =— 
sin(2@)+sin(2y) 4 
~ l+sin(a+y+a-y)sin(at+y-a+y) 1 
> 4+2t-l=— 
sin (2a) + sin (27) 2 
1+sin(2a)sin(2/7) = 277 +4t-3=0 
Hence, the result. ” en Pay 
v2 v2 = 
Ex-18 If 4sin(27°)=(a+ Vb) -(c-Vd) 4 
where a,b,c,d €N, find the value = ~4+2V/10 Lege 1 Jt0 
of (a+b+c+d +2). 4 2 
1 
Soln. We have, 16sin?(27°) =1=-1+>V10 
= 8x 2sin? (27°) 1 


=> sin@+cos@ =-1+—/10 
= 8x(1-cos(54°)) 2 


N 1-—sin@)(1—cos@ 
- os) ow, ( ) ) 


= 1-sin@-—cos@+sin@cos@ 


= (8-2V10- 25} 7 Rae 
= (8-2,[(5+¥5)(3—v5) : (eB) G0) 
-(68)+6-8)-2RAYRA)) PG} 


Ex-20 If 3sinx+4cosx=5, where ve(0 =| 


Soln. 


Ex-21 


Soln. 


? 


then find the value of 2sinx+cosx+4tan x 

We have, 3 sinx+4cosx=5 

Let y=3 cosx —4 sinx 

Now, y +5? 
= (3 cosx—4sinx)2+ (3 sinx+4 cos x)" 
= 9 cos’x + 16 sin’x — 24 sin x cos x 


+ 9 sin’x + 16 cos*x + 24 sin x cos x 


y +25 =25 
y=0 
y=0 


3 cosx—4sinx=0 
3 cosx=4sinx 
tan x = 3/4. 


YUU Y 


Hence, the value of 2 sinx + cosx + 4 tanx 


“Q}(G)e4raees 


If cos A = tan B,cos B = tanC, cosC = tan A, prove 


that sin A= sin B = sin C = 2sin(18°] 
We have, cos A= tan B 

= cos” A= tan? B 

= cos’ A=sec” B-1 

= 1+cos* A=sec” B 

= 1+cos* A=sec” B =cot” C 

= 1+cos? A=cot” C 


cos’ C - cos? C 


=> 2-sin* A= +5 > 
sin*C 1—cos*C 
2 
tan“ A 
= 2-sin? 4=—“" 
1—tan“ A 
ey) 
; A 
= 2-sin? A= ~ 
cos’ A—sin~ A 
ey) 
. A 
=> 2-sin? 4 =~ 4 
1-—2sin° A 


= 2-4sin* A-sin? A4+2sin* A=sin? A 
= 2sin* A—6sin? A4+2=0 
= sint A—3sin? 4+1=0 
349-4 
2 


= sin? A= 
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+ 
= sin’ 42325 
2, 
+ 
= sin? 4= 82285 
4 
2 
= sin? (=) 
2. 
> wna =(2=1) 


V5-1 


=> sin A= (=) = 2sin(18°) 


Similarly, we can prove that, 
sin B = 2sin(18°) =sinC. 
Ex-22. Find the value of 


‘Gay Ge Ge) ie) 
tan” | — |+ tan~ | —— |+ tan” | —— |+ tan” | — 
16 16 16 16 
We have, 
tan? Ee + tan? ae + tan? eu + tan? Te 

16 16 16 16 
= tan? us + tan? on 

16 16 


Soln. 


| 2 oe 
ool) om (8) 
= 


ll 
S 
=) 
N 
— 
lon 
VY 
+ 
fe) 
° 
+ 
i) 
| ar. 
- 
+ 
S 
=) 
N 
for 
— 
lon 
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Ex-23 If sin(1°).sin(3°).sin(5°)....sin(89°) = = 


then find the value of 7. 

Soln. We have, sin(1°).sin(3°).sin(5°)....sin(89°) 
sin(1°).sin(3°).sin(5°)....sin(44°) sin(45°) 
sin(46°).sin(47°).sin(48°)....sin(89°) 
= sin(1°).sin(2°).sin(3°)....sin(44°)sin(45°) 

cos(44°) cos(43°) cos(42°)....cos(1°) 
= sin(1°)sin(2°)sin(3°)...sin(44°) sin(45°) 

cos(1°)cos(2°)cos(3°)...cos(44°) 

1 1 

Be 
= =e (sin (2° )sin (4° )sin (6°)...sin (s8° ) 


Thus, sin(2°)sin(4°)sin(6°)...sin(88°) 


sin(2°) sin(4°) sin(6°)...sin(88°)) 


1 
= 7789/2 


89 


Therefore, n = —. 
2 


Ex-24, If (1+ tan(1°))(1+ tan(2°)) (1+ tan(3°)) 
ore (1+ tan(45°)) = 2”, then find n. 
Soln. We have, (1 + tan °y)(1 + tan(2°))(1 + tan(3°)) 


ee (1+ tan(45°)) = 2” 


=> (1+ tan(1°))(1+ tan(44°))(1+ tan(2°))(1 + tan(43°)) 
sete (1+ tan(22°))(1 + tan(23°)) x (1+ tan(24°)) = 2” 

= 2”x(1+1)=2" 

=> 9m = 923 

> n= 23. 

Hence, the value of 7 is 23. 

Ex-25. Prove that: 


Soln. We have, 


ll 
YN 
— 

| 

fe) 

° 

a 

tw 
fon 
ola 
ey 
Y ra a RE, 
(OS ny aN 
— 

| 

fe) 

° 

a 

Nu 
faa 
3|2 
3 
ay 
Se ey, 


Se )(4) 


4 4 


5th ee, 
4 

Sai A 
(2-4 


Ex-27 Prove that: 


1 
cos(60°) cos(36°) cos(42°) cos(78°) = 16 


Soln. We have, 


cos(60°) cos(36°) cos(42°) cos(78°) 


et) 


.~(2cos 78° cos 42°) 
4 2 


Ne 


== wa co 120° + cos36°) 


US40\ F. - 4/5 41 
= 4 |l 2° 4 


— 


& 


— 


& 


| 

or 

+ 
Sane, 
—, 

a 

| 

See 


4l 4 4 
oe) ee oe 
64 64 16 


Ex-28. Let /, (0) =sin* (0) +cos* (6). 
Then find the value of af (6)- oh (6) 


Soln. We have, fs (0)=sin® 6 +cos° @ 


= 1-3sin* @cos? 6 
Also, fy (@) =sin* 6 +cos* @ 
= 1—2sin? @cos” 0 
1 


1 
Now, gf6(8)— 7 (8) 


= =(1=3sin’ 6 cos” )-=(1- 2sin? @cos” ) 


= Ed iets 64 ai CORO 
6 2 4 2 


ee 


Ex-29. Find the max and min values of 
f (@)=sin? (sin 8) + cos’ (cos 6) 
Soln. We have, sin” (sin @) + cos” (cos@) 
= sin’ (cos@) + cos” (cos 6) 
+sin’ (sin @)—sin’ (cos@) 
= ( sin” (cos 0) + cos” (cos )) 


+sin? (sin @) — sin? (cos@) 


Ex-30 


Soln. 


Ex-31. 


Soln. 
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= |+ (sin? (sin @)— sin? (cos @)) 
Max value of f (8) 


=e [sin [sin (5) ~ sin? [co (£}) 
2 2 
= 1+sin’ (1) 
Min value of f (8) 
= 1+ (sin? (sin(0)) sin? (cos(0))) 
= 1-sin? (1) 
. Find the minimum value of 
f (8) =(3sin(@) — 4cos(@)—10) 
(3sin (8) + 4cos(@)—10) 
We have, (0) =(3sin(@)—4cos(@)-10) 
(3sin (8) + 4cos(@)-10) 
= (9sin (@)—16cos? (6)] 
-10(3sin@ + 4cos@) —10(3sin 6 — 4cos 6) 
= (9sin (@)—16cos? (6)] 
-10(3sin@ + 4cos@ + 3sin@ - 4cos6) 
= (9sin? (@)—16c0s? (9)]—60 sin (6) 
= 25sin’ @— 60 sin(@)—16 
= (5sin@-6) —36-16 
= (5sin@-6) -52 
Hence, the minimum value of 


f (0) = 121-52=69 


Find the range of A=sin””'° @+cos”’!* @ 
- 2010 ace, 

Now, 2S SiO Steen (i) 
2014 2 

ea se RR (ii) 


Adding (1) and (ii), we get, 


0< sin??? 6+ cos74@ < sin? @+cos? 6 


> O0<A<1 


Thus, the range of A= (0, 1 | 
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32. 


Soln. 


It sin.A _ cos A 


——_ =p, =q , prove that 
sin B - cos B 5 


2 
tan A.tan B = P\ 4d ; 
Gvl=p 


sin B ries cosB wa 


sin A / snB_p 


Welhave: ou cosA _ 


msc cosA cosB q 
tand_ p 
- tanB gq 
tan Ad tanB 
ts an A _ tan =) 
Pp q 
in A A 
Ales au ig ees 2 
sin B cosB 
sin Acos A 
> ———— = 
sin Bcos B 
2sin Acos A _ 
= 2sin Bcos B sie 
ws sin2A _ 
oe eke 
2tan A 2tanB 
> ; / z = pq 
l+tan“ A 1+tan“B 
2pa j 2qr 0 
= ————————_ | 
Leper? 197A? 
Pp (1+ 7A) 
> ae) = pq 
(1+ p A ) q 
(1+9°2’) 
> =q° 
(1+ p?a?) 
> (1+472’) = q° (1+ p°27) 


ies: ee (7° -1) 
ay 
=> eae iy 
q (1- p’) 
P (7° -1) 


Therefore, tan A =+— 
q 


Ex-33. 


Soln. 


Ex-34. 


Soln. 


and tanB=+ 


if tan (a — B) 2p sin? 7 


tan a sin? a 


=1, then prove 


that tan? y = tana.tan B 


We have, 
tan(@—B) | sin?y _, 
tana sin? @ 
= ees alee 
sin a tan @ 
sin’ y 
> = (tan a — tan(a— B)) 


sin?a tana 


al tan a - tan B ) 
tan o& — ————_— 


=> sin’ y = - 
tan 1+ tana tan B 


sin? a tan BI +tan? a ) 


=> sin? y = 
tana | (1+tanatan B) 
2 
: sin“ a@/ tan 
=> sin? y (1+ tan @ tan B) = zy 
tan@ \cos* a 
~ 3 
; a(t 
> sin? y (1+ tan @ tan B) =~" aup 
cos’ a \ tana 
: tan 
=> sin’ y(1+ tanatan B)= tan” o( 22) 


=> sin’ y(1+ tanatan B)= tanatan B 
=> sin? y = tan a tan B(I - sin? ) 
sin? Y 


cos’ y 


= tana tan B 


=> tan? y = tana:tan B 


Hence, the result. 


If tan( $) = pee tan( $ , then 
2 l+e 2: 


_ cos@—e 


cos 
prove that 


We have, tal $) = = tan( 2) 
2 l+e 2 

> tan?( F}=(7=£)ran?( 2) 
2 l+e 2 


~ 1-ecos0 


Ex-35. 


Soln. 


= 1 -(=| 1 
tan?( 2) ee tan? (5) 
2 2 
1—tan? 2) 1-e-tan?($)-etan*( $ 
2 2 2 
ms - 6 6 
1+ tan? a l—e+tan?| — |+etan?| — 
2, 2 2 
1-tan?($ —e|1+tan? (5) 
=> cosg= z z 
1+ tan?( 9) -e 1-tn?(9) 
2 2 
[1-tan?( 2)] 
2 
r -e 
[14+ 1an?(2)] 
=> cosg= z 
[1-1an?(2)} 
2 
ic eT a 
[1+ean?(9)] 
2 
cos0-—e 
=>  cos~=—— 
1+ ecos@ 


Hence, the result. 


If cos@ = ene 


at+bcosp 


a—b 


+b 
? , then prove that 


=e 


We have, cos@ 


a+b 


“(9 


acos@+b 
at+bcosp 


1—tan*(p/2 
1—tan2 @ a ee) +b 
2 1+ tan“ (/2) 
=> = 
2 
1+ tan? 3) ae, 2) 
1+ tan“ (p/2) 
1- tan? e 2 
= 2) (a+b)—(a—b)tan* (p/2) 
jena? | (a+b)+(a—b)tan? (p/2 
2 
= 2 _ 2(a+b) 


Be (5) -2(a—b)tan’ (gp / 2) 


Ex-36. 


Soln. 


Ex-37. 
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1 _ (a+b) 
~ tan? (5 ; (ab) tan? (p/ 2) 
_, _tan?(9/2)_ (a+b) 
tan’(9/2) (a—-b) 
= tan*(0/2)= “ 3 tan” (p/2) 
= tan(@/2)= a tan(p/2) 


Hence, the result. 


If sinx+siny=a,cosx+cosy=b 
2 22 
MEY \_ 4-a°-b 
Zz a’ +b* 


= (sinx+sin yy +(cosx+cos yy 


then prove that tan 


We have, a+b? 


= 2+2(cosxcos y+sin xsin y) 
= 2+2cos(x- y) 
=> cos(x- y)=(a? +b? -2)/2 


As we know that, 


ve 4) =e 
2 1+cosA 
> tan’ te 
2 1+cos(x-y) 
‘ 2) 1-(a +b -2)/2 
> tan — 
2 1+(a° +b -2)/2 
, we? (252) 21 2) 
2 J 2+(a> +b? -2) 
= tn? (52)= 4 =? 
2 a’ +b 


Hence, the result. 


If ton( 2) = (a +by2)” - (Ve + d) , where 


a, b, c, d are +ve integers, then find the value 
of (atb+c+d +l). 
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Soln. 


Ex-38. 


As we know that 


2 sin 45° 
NelINe. 24 
Lye 
Let 4=11— 
1° 
=> 2A=22— 
2 


1—tan? A 
> ta 
ly 
2 
> l-y’= y 
(v2-1} 


=> I-y'=2(V2+41)y 


=> y?+2(V2+I1)y-1=0 


_-2(v2 +) fava +1) +4 


as y 


2 
> y=-(V2+1)+ (J2+1) +1 
=> y=-(V2+1)+ Aa DD 


> y= 4+2/2 -(V2 +1) 
= tan( 115 = 4422 -(/2+1) 


Thus, a=4,b=2,c=2,d=1 
Hence, the value of (a+b+c+d +1) 
=4+2+2+141 
= 10. 
If a and B are two values of @ satisfying 
cos@ sind 1 

+ =— 

+BY b ° 

prove that cot = 


the equation 


cos@ sin@ 1 
+ == 
b c 

> bcecos@+acsin @ = ab 


x be ET al 2 tan (0/2) Jee 


1+ tan (0/2) 1+ tan? (0/2) 


Soln. Given equation is 


=> — be(1-tan? (8 / 2))+2actan(@ /2) 
= ab(1+ tan? (@/2)) 


=  (ab+bc)tan’ (6 /2)—2ac tan(0/ 2) 
+(ab—bc)=0 
Let its roots are tan(o//2) and tan (f/2) 


tan(a/2)+tan(B/2)= ee 
(a-c) 
and tan(a/2).tan(B / 2) =~ 
(a+c) 
Now, tan 28) 
2 
_ tan(a@/2)+ tan(B /2) 
1— tan (a /2).tan(f /2) 
2ac/b(at+c) 
~ 1-(a-c)/(atc) 
2ac/b 
at+c-—atec 
Pee at 
2be b 


a+B\ b 
Thus, cot} ——— ]=—., 
2 a 


(a 
Ex-39. Prove that sin( ) is aroot of 
8x? — 4x? —4x+1=0 


Soln. Let Es 0 
14 


=  sin(40)=sin G é 30] = cos (30) 


= — sin(40)=cos(30) 


Ex-40. 


Ex-41 


Soln. 


> 2sin (20) cos (20) = 4cos* 6 — 3cos0 
=> — 4sin @cos6(1-2sin’ 6) 

= cos6(4cos” 6- 3) 
=  4sin6(1-2sin? )=(1-4sin’ 6) 
= — 4sin@—-8sin* 6 =(1—4sin’ 6) 
=>  8sin?@—4sin? @—4sin9+1=0 


put sin@ =x 
Hence, the required equation is 


8x° — 4x? —4x+1=0 
Prove that: 


(tan? @ + tan’ 20 + tan? 30) ; 


x(cot” 6 + cot? 20 + cot? 30) =105 
where @ = ug 
7 


If x+ y+z=xyz, prove that 
2 2 2 
“+ + = 
l-x" l-y* 1-2 
ee: 2y 22 
l-x* l-y l-z 


oe 2 
[Roorkee — 1983] 
Let x= tan A, y=tanB,z=tanC 


Given tan 4+ tan B+ tan C = tan A.tan B.tanC 


=> tanA+tanB=-tanC + tan A.tan B.tanC 
=>  tanA+tanB=-tanC(1- tan 4.tan B) 
zs tan A+ tan B ere 
(1- tan A.tan B) 
=>  tan(A+B)=-tanC 
= tan(A+B)=tan(z-C) 
=>  (A+B)=(a-C) 
> A+B+C=2 
> 2A+2B+2C=2n 
=> 2A+2B=2n-2C 
> tan(2A + 2B) = tan(2z -2C) 
=>  tan(2A+2B)=-tan2C 


=> 


Ex-42. 


Soln. 
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tan2A+tan2B 
—__$§$§_|_— =-—tan2C 
1—tan2A.tan2B 


tan2A+tan2B+tan2C = tan2A4.tan2B.tan2C 
2tan A 2tanB 2tanC 
l-tan? A 1—tan?B 1-tan?C 
2tan A 2tanB 2tan C 
1—tan? A 1—tan? B 1—tan?C 
2x 2y 22 
= ar a 2 
l-x° Jl-y* 1l-z 
2x 2 22 
=e 2° ~.. 2 
l-x° l-y* 1l-z 
2x 2y 22 


1-x eae eee 
Note: No questions asked in 1984. 


If cos~a+cosB+cosy =0 


and sina +sin$+siny =0, then prove that 

cos(3a) + cos (38) + cos(3v) = 3cos(a+B+y) 

and sin (3a) + sin (3B) +sin(3v) =3sin(a+Bt+y) 
[Roorkee — 1985] 


Let a=cosa+isina, b=cosf+isin B 
and c=cosy +isiny 
Then a+b+c 
= (cosa +cos B+cosy)+i(sina +sinB+siny) 
= 0+710=0 
Therefore, g3 +5° +c? =3abc 
= (cosa +isinar) +(cos B+ isin B) 
en 
+(cosy +isiny) 
= 3(cosa +isina@)(cos B +isin B)(cosy +isiny) 
= 3(cos(a+ B+y)+isin(a+B+y7)) 
> (cos3@ + isin 3a) +(cos3B + isin 3B) 
+(cos3y +isin3y) 
= 3(cos(a+ B+y)+isin(a+B+y7)) 


> (cos3@ + cos3B + cos37) 


+i(sin3@ + sin3B +sin3y) 
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= 3(cos(a+B+y)+isin(a+B+y)) 

Comparing the real and imaginary parts, we get, 
cos(3a@) + cos(38)+ cos(3v) = 3cos(a+B+y) 
and sin (3a) + sin (3B) +sin(3v) =3sin(a+Bt+y) 


Hence, the result. 
Note: No questions asked in 1986, 1987, 1988. 
Ex-43. Show that (without using tables) 
tan 9° — tan 27° — tan 63° + tan81°=4 
[Roorkee — 1989] 


Soln. We have tan 9° — tan 27° — tan 63° + tan81° 


= (tan 9°+ tan81 2) - (tan 27° + tan 63°) 


= (tan 9° + cot 9°) - (tan 27° + cot 27") 
_ ee f *)- [ sin 27° 
cos9° cos 27° 
1 1 
sin9°cos9°  sin27°cos 27° 
1x2 1x2 
2sin9°cos9° 2sin27°cos27° 
2 2 
sinl8° sin 54° 


2 2 


Ezleg 


8 8 


~ (V5-1) (V5 +1) 
_ (Sse 


or 


sin9° sin 27° 


5-1 


Ex-44. Find ‘a’ and ‘b’ such that the inequality 
ascosx+ ssn = 2) <b holds good for all x. 


[Roorkee — 1989] 


Soln. We have, cosx+5sin [x - =) 


: 1 j T 
= COsSx+ s{ sins [) — COS vsin{2)} 


Ex-45. 


Soln. 


Ex-46. 


Soln. 


Bre. 3 8 
cosx+5] —sinx——cosx 
2 2: 


( 5) 53. 
1—— |cosx + —— sin x 
2 2 
3 5v3.. 
= ——cosx+—sinx 
2 2: 
9 75 [84 
M lue = +—= = 21 
ax value ree fi V 
[9 75 [84 
i = —,/—+—=- =- 21 
Main value ic a 4 


Thus, a=— 21, b= 21 


Note. No questions asked in 1990, 1991. 


If 4=cos’ @+sin* 0 , then for all values of 0, find 
the range of A. [Roorkee — 1992] 


A=cos’ 6+sin’6 
= s(2 cos” 6) + (sin? 9) 
= (i + cos 20) + nl —cos26)° 


= * (1400826) ++(1-2c0s20 + cos” 26) 
2 4 


oe re 
= st zt zoos 20 


2 4 
= 3 cos? 26 
4 4 
Macvalion py 
4 4 
Min value = cee ee 
4 4 4 


. | 3 
Hence, the range of A is [3] . 


Given the product p of sines of the angles ofa triangle 
and the product g of their cosines, find the cubic 
equation, whose co-efficients are functions of p and 
q and whose roots are the tangents of the angles of 
the triangle. 
Ans. 9x° — px° +(1+q)x-p=0 

[Roorkee Main — 1992] 
Given, sin A sinB sinC = p 


cos A cosB cosC=q 


Ex-48 


Soln. 


Ex-49. 


Soln. 


Thus, tan A tanB tanc=2 
q 


Also, 4+ B+C=7 
tand+tanB+tanC =tanA tanB tanC 


tan A+tanB+tanc=2 
q 


Also, tan Atan B + tan BtanC + tanC tan A 


l+q 


q 
Hence, the required equation is 


Pl Ges 


gx — px’ +(1+q)x-p=0. 

Note. No questions asked in 1993, 1994. 
If x =cosl0°cos 20° cos 40°, 

then find the value of x 


[Roorkee — 1995] 
Given, x = cos10° cos 20° cos 40° 


1 
—— (2sin 10°cos10°)cos 20° cos 40° 
2sin10° 


1 ‘ 
—— (2sin 20° cos 20°) cos 40° 
4sin10° 


= zi (2sin 40° cos 40°) 
8sin 10° 


ie. oes 
= gor 


I 
“ in 10° 
aie 


= 1 ot 10° 
8 


Note. No questions asked in 1996, 1997, 1998, 1999. 


Find the real values of x for which 27°°7*.815"?* 


is minimum and also find its minimum value 
[Roorkee Main — 2000] 


Let y= 278 2x 8 ysin 2x 


= 33 cos 2x+4sin 2x 


Max value of y= 3° = 243 


243 
The expression y = 27°**.815"?* is min when 


Min value of y = 3° 


Let f(x) =3cos2x+ 4sin 2x 
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f’ (x) =—6sin 2x + 8cos 2x 


Now, f’(x)=0 gives, tan 2x=-2 === 


3 
eS ne 


2x=nnt+a, where a = tan! - ;) 


Ex-50. If ef es”) = 1, then find the values of x and y 
in terms of 6. 
[Roorkee Main — 2001] 
Soln. Given, e/?'°€ CORED) S24. 
=>  e® =cos(x-iy) 
= (cos +isin@) 
= cosxcos(iy) + sin xsin (iy) 
= cos xcos(hy)+isin xsin (hy) 

Thus, cos 6 = cos xcos(Ay) 
and sin@ =sinx sin(h y) 

cos’@ sin’@ 
Now, ae eae 1 

cos’ x sin* x 

cos*@ sin? @ ; 
> 3 = SSL =p 
= 
P Pp 
> p’ (l= p?)= p’ cos’ 6 +(p? -1)sin? @ 
= p*—sin’@ 
=> p' =sin? @ 
=> p=+(sin @)'” 
> sinx = +(sin @)'” 
=> x = 2na + (sin @)"” 
. sin@ ee 
Also, Sin(hy)=———;5 = #(sin 8) 
+(sin @) 
=> y=h! [sin ((sin 9)? ) 
LEVEL I 


(PROBLEMS BASED ON FUNDAMENTALS) 


1. Find the values of the expression 


3(sin x —cosx)' + 6(sinx + cos.x)” 


+4 (sin x+cos° x) 


2. If m=sin° x +cos° x , then find m. 


3. If cosec@ —cot@=4q, then find cosec 8. 
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4. 


20. 
21. 


Find the value of 


1 32 5 TN on 
tan . tan . tan — . tan . tan 
20 20 20 20 20 
2sin@ : 
If x = —— , then find the values of 
1+cos@+sin0 


1-—cos@+sin@ 
1+sin@ 


. If siny + sin’x = 1, then find the value of 


8 6 4 
cos x+2cos’x+cos x 


. Ifsin@, + sin@, + sin@, = 3, then find the 


value of cos0, + cos@, + cos83. 


. Ifsinx + sin’x + sin*x = 1, then find the 


value of cos® x —4cos* x + 8cos” x 


. If cosx+cosy+cosa=0=sinx+siny+sina@ 


x+y 
then find the value of cot [ 5 . 


ia F(x) =sin?x-sin?( +2) +-c08:005[ «+2 


5 
and (5) =1 then find the value of (gof)(x) 


. Ifsinx + sin’x = 1, then find the 


2 4 
value of cos“x + cos x. 


. If A =cos’@+ sin’9, then find the range of A. 


. Find the maximum or minimum values of: 


(i) 3cosx+4sinx+8 


(ii) soos 300s{ x42) +3 


. Ifcos 25° + sin 25° = p, then find cos 50°. 
. Find the maximum value of 12 sin@— 9 sin’0. 


. If cosecO — sin @ =a" and sec@ — cos@ = BP then find 


the value of ab? (a +b"). 


. Ifx = sec@— tan@ and y = cosec@ + coté, then prove 


that xy +x-y+1=0. 


. If acos@ —bsin@ = c, then find the 


value of asin +bcos@ 


Xx y Zz 


If 2n\~ —[, aR)’ 
cod cos( 0-7 | cos( 0+ 2) 


then find the value of x + y +z. 
Find the value of tan 70° — tan20°. 


If tan 0= Z , then find a sin20+ b cos28é. 
a 


22. 


23. 


24. 


29. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Find the value of 
tan 9° — tan 27° — tan 63° + tan81° - 


1 20 
If tana tan{ a +2) rtan{ a =) 


= Atan3a, then find A. 
3 


Find the value of ; 
cos10° 


sin10° 
1 1 
If2 cosO=x+ —,2cosg@=yt+ 5 , then find the value 
x 
of cos (@-@). 


sec 80-1 
sec 46 —1 


If a and f are the solutions of the equation 
atan@ + bsec@ =c, then find tan (a@ + ). 


Prove that = tan 80. cot 20. 


Ifa cos 20+ b sin 20=c, has a and fas its solution, 
then find 

(i) tan w+ tan B 

(ii) tan a. tan B. 


If sin A + sin B=aandcos A+ cos B= b, 
then find cos (A + B) 


If (1+ I+y)tan y= (1+ I y), then 
prove that sin 4 y=y. 
Prove that, (2cos@ —1)(2cos 20 — 1)(2 cos 270 — 1) 


2cos(2"0)+1 
-(20082"'6-1) = ~ 
2cosO +1 
Prove that, cos (9°) + sin (9°) = pes] 


i 


If sinx+cosx= , where xe oz then prove 


2 
that 5 3 
If snp 2d and ONE 2) where 
siny 2 cosy 2 


X,VE [o *) , then prove that tan(x+ y)= V15. 


If sec(x + y)+sec(x— y)=2secx, where 


T 


ye 0, 
nye( 0 


, then prove that cos x = V2. cos (2) : 


LEVEL II 
(MIXED PROBLEMS) 
1. If secx= ee , then sec x + tan x is 
: 1 4 
(a) p (b) 2p iGharee Adee 
4p P 
2. If cosec x — sin x = a, sec X — COS xX = b°, then a b* 
(a + b*) is 
(a) 0 (b) 1 (c) —1 (d) ab. 
3. Ifsecx + cos x = 2, then the value of 
sec® x (1+ sec? x) + cos? x (1 + cos* x) is 
(a) 2 (b) 4 (c) 6 (d) 8. 
4. The value of cos( 2) + cos( =) + cos( ) is 
7 7 7 
(a) 1/2 (b) -1/2 (c) 0 (d) None. 
5. Which of the following is smallest ? 
(a) sin 1 (b) sin2 (c) sn3  (d) sin4. 
6. Which of the following is greatest ? 
(a) sin 1 (b) cos1  (c) tanl (d) cotl 
7. IfA=cos (cos x) + sin (cos x), then the least and greatest 
value of A are 
(a) 0,2 (b) -1,1 
(c) -V2, V2 (d) 0, V2. 
8. If A+ B= . , A, B > 0 then the maximum value of 
tan A. tan B is 
(a) 1/3 (b) 1 (c) 1/2 (d) 2/3 
9. The maximum value ofa sin 2x + bcos 2 x for all real 
x is 
(a) atb (b) Va? +b? 
(c) Max {lal, ||} (d) Max {a, b}. 
10. Which of the following is / are true ? 
(a) sin 1 > sin ° (b) tan 1 > tan ° 
(c) sin 4> sin ° (d) tan 4 > tan °. 
11. Ifcos 5x=acos'xt+bcosxtccosxtd, then 
(a) a=16 (b) b-20 (c) c=5 = (d) d=2. 
12. If sin’ x sin 3 x =cy +c, cos x + c,cos 2.x + c; cos 3x 
TH isssetssFes +c, cos n,, then 
(a) Highest value of 7 is 6 
(b) co = 1/8 
(c) &=-cy 
(d) c= ¢3 = Cs. 
13. If f(x)=cos[z]x+sin[z]x , where [,] is the greatest 


. . 3 . 
integer function, then /| > | is 


2 
(a) 0 (b) cos3 (c) cos4_ (d) None. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21 


22. 
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l+sin?x cos’ x 4sin 2x 
Let f(x) = sin’x 1+cos*x 4sin2x |, 
sin? x cos’x 1+4sin2x 


then the maximum value of f(x) is 


(a) 0 (b) 2 (c) 6 


For any real x, the maximum value of 


(d) None. 


cos’ (cos x) +sin? (sin x) is 
(a) 1 (b) 1+sin? 1 
(c) 1+ cos” | (d) None. 


Ifa= sin lt sin ae sin ia and x is the solution 
18 18 18 


of the equation y = 2 [x] + 2 and y = 3[x — 2], where 
[,] = G.LF, then a is 


(2) &] =) Wx} © 02) = @) BP. 
The minimum value of sin® x + cos® x is 
(a) 0 (b) 1 (c) 1/8 (d) 2. 
If sin’ @ . cos* 6 el ee sin’ @  cos®@ ‘a 
a b a+b’ a b? 
Qe" Cr 
a es 
a+b (a+b) 
1 
(c) (a=By (d) None. 


The value of tan ie tan [ att tan [ “2 is 
7 7 a 
1 
(a) 1 (b) =~ © V7 
V7 
If wand PB are the solutions of sin’x + a sinx +b =0as 


well as that of cos’x + c cosx + d= 0, then sin (a+ B) 
is 


(d) None. 


2 2 
(a) a o) ote 
ac 
2 2. 
2 @ 
2bd a +c 


If sec @ + tan @ = 1, then one of the roots of the equation 
a(b—c)x? +b(c—a)x+c(a—b)=0 is 

(a) tn@ (b) sec@ (c) cos@ (d) sin@ 

If ais the common +ve root of the equation 

x* -ax+12=0_ x? —bx+15=0 

and x* —(a+b)x+36=0 and 

cos x +cos 2x+cos 3x =0, then 


sin x +sin 2x +sin 3x is 
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23. 


24. 


25. 


26. 


27; 


28. 


29. 


30. 


31. 


(a) 3 (b) -3 (c) 0 

For any real 0, the maximum value of 
cos’ (cos@) + sin’ (sin) is 

(a) 1 (b) 1+sin71 
(c) 1+cos71 (d) 1-cos*1 
Ifa+B=7/2 and B+y=a, then wis 
(a) 2(tanB+tany) 

(b) (tan B+tany) 

(c) (tanB+2tany) 

(d) (2tan B+ tany) 


The maximum value of 


(d) 2 


COS OL; .COS Op ..COS O3....cecceeees cosa, under the 
TEStrICtlON 0) < 0f,,06), Oly, eeceeserseeeeeee ,a, <— and 
COtA,. COt A, .COt Os... eee cota, =1, is 

1 1 1 
Oper OF OF @! 


Ifd>OandB>Oand 4+ B= & , then the maximum 
value of tan A. tan B is 


1 1 1 1 
@ > ae (c) BB (d) 2 


If tan B = 2sina@ .siny.cosec(a+y/), 
then cota, cot B, coty are in 


(a) A.P (b) GP (c) H.P (d) A.G.P 
The minimum value of the expression 

sina +sinB+siny , where a, B, y 

are real +ve angles 

satisfying a+ B+y=7, is 

(a) +ve (b) —ve (c) 0 (d) -3 
The value of 4cos20°— 3 cot 20° is 

(a) 1 (b) —1 (c) -1/2 (d) 14 


The maximum value of 


4sin? x+3cos” x+ sin( 3 + cos(*) is 


(a) 442 (b) 342 
(c) 4-2 (d) 4 

The value of the expression 

(v3 sin 75° — cos 75°) iS 


@ 5 


(c) J2 


1 
b) — 
5 
(d) 2 


32. 


33: 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


The value of (4+sec 20°)sin 20° is 
(a) 1 (b) J2 
(c) \B (d) 2.8 


If (1+ tan1°)(1+ tan 2°)...(1+ tan 45°) = 2” 
then the value of 7 is 
(a) 20 
(c) 22 


(b) 21 
(d) 23 


The number of all possible triplets (a,,4),43) 
such that a, + a, cos (2x) + a, sin? x=0 is 


(a) 0 (b) 1 

(c) 2 (d) infinite 

If sin(zcos@) = cos(zsin@), then the value 
of sin(20)is 

(a) 1/2 (b) -13 

(c) 273 (d) 3/4 


A real root of the equation 8x3 —~6x—]=0 is 


(a) cos( = (b) cos( 2] 


1 1 
(c) cos (=) (d) cos (=) 


The value of (v3 cot (20°)—4cos (20°) is 
(a) 1 (b) -1 
(c) xB (d) 3 

vi 2 


If tan? (z+3) == then sin (0) is 
4 2 b 


The least value of cosec”x + 25sec’ x is 


(a) 26 (b) 36 

(c) 16 (d) 12 
sin’ x cos’ x ua 

Let y= SS 
cosx  sinx 2 

Then the minimum value of y 

(a) 0 (a) 1 

(c) 3/2 (d) 2 


The expression tan (55°) tan (65°) tan (75°) 


simplifies to cot(x°), 0<x<90, then x is 
(a) 5 (b) 8 
(c) 9 (d) 10 


42. If x, and x, are the roots of 
x7 + (1-sin@)x—- 5008? 0 =0, then the maximum 
value of x; + x5 iS 


(a) 2 (b) 3 (c) 9/4 (d) 4 


43. The value of the expression 


cos” (=) +cos” (=) +cos” (=) +cos” (=) is 
8 8 8 8 


(a) rational (b) integral 
(c) prime (d) composite 


44. If tanx =a, then the value of cat(Z - «| is 


45. If sin@+cos@= = 0<@<7, then tand 
(a) 3/4 (b) 4/3 
(c) —3/4 (d) —4/3 


LEVEL Il 
(TOUGHER PROBLEMS FOR JEE ADVANCED) 


1. Prove that the sum of 
tan x tan 2x + tan2xtan3x+...+ tan x tan(n + 1)x 


= cotxtan(n+1)x—-(n+1) 


2. Prove that 
cosec x +cosec2 x + cosec4 x+....ton terms 


= cot (=) —cot ae x) ; 


3. Prove that, cot(16°)cot (44°) + cot (44°) cot (76°) 
—cot(76°)cot (16°) =3 


1 
5. If O= 3 21 Prove that 2” cos @ 


cos(20).cos(4@).cos(80)....cos (2”"'0) =-1 
6. Prove that 


(2) (4) (5) Ril 
sin} — |+sin}| — |+sin} — |=— 
q 7 7 2 


7. Prove that 


tan? (=) + tan? (==) +....+ tan? (=) = 35 
16 16 16 


13. 


14. If 


15. 


16. 


17. 


18. 


19. 
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2 
. Prove that, | tan” [=] + tan? (=) + tan? (=) 
7 7 7 


x | cot? [-) + cot? (=) + cot? (=) =105 
7 7 7 


(76°) cot(16° 
. Prove that, Sik CON TG:) CONTE?) = cot(44°) 
cot(76°) + cot(16°) 
. If cosx+cosy+cosz=0, then prove 


that cos (3x)+cos(3y)+cos(3z)=12 cos xcos ycosz 


. Prove that, tan® (=) —33tan* (=) +27 tan? (=) =3 


._ If cosA+cosB+cosC =0=sin 4+sin B+sinC 


then prove that sin’ A + sin’ B + sin? C 


3 
= cos’ A + cos” B+ cos* C= oe 


Let A, B, C be three angles such that A = A and tan B. 


tan C =p. Find all possible values of p such that A, B, 
C are three angles of a triangle. 
tan34 sin34_ 2k 


=k, show that — — andk 
tan A snA k-l 


cannot lie between 1/3 and 3. 


If4+B+C=Z, then prove that 
cot A+ cot B+ cotC —cosec A cosec B cosec C 


= cot A.cot B.cotC 


1 vx 


x(x? +241] wee (x? +x+1) si 


{(e? +241 


xvx 


If tana = 


tany = then prove that a+ B=y 


3cos2B -1 


If wand B are acute angles and cos2a@ = : 
3-—cos2B 


prove that tana: tan B = V2:1. 


Par caren Bt 
an ar = tan eae , then prove that 


(3 +sin? or)sin rn 
sin B = -—___1__ 


1+3sin? a 


1 
If sin B= 30m (2a + B), then prove that 


tan (r+ B) = tana 
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20. 


21. 


22. 


23. 


24. 


25. 


26. If 


21. 


28. If 


29. 


30. 


31. 


32. 


If sinx+siny= 3(cos x — cos y) then prove that 
sin (3x) +sin(3y)=0 
If sec(p— a) ,secg, sec(P+@) are in AP 


then prove that cos(@) = /2 cos (=) 


+ fa 
If tan( * =) tan tan * 


then prove that cos(x)=cos(y )cos(2z) 


*) are in G.P 


sec’ @ — tan @ 
sec’ @ + tan @ 
all real 0. 


Prove that lies between 1/3 and 3 for 


T 


oe 


If g= , then find the value of 


+1 

2” cos (@)cos (20)cos (2? §)...c0s (2""'6] 
Find the value of 

tan (6°) tan (42°) tan (66°) tan (78°) 


tan(a+ B— t 
an(a@+B-y) = ny , then prove that 
tan(a—B+y) tanB 


sin(B—y)=0 or sin2a+sin2B +sin2y =0. 


If 4+ B+C=7, then prove that 


sin A sin B 
cot A ++ ————— = cot B + ————_ 
sin BsinC sin Asin C 

sin C 
= cotC + re 
sin Asin B 


sin(@+ A) {sin(24) 
sin(6+ B) 


~ Nisin (2B) enn 


prove that tan? @ =tan AtanB . 


If cos(x— y)=—1, then prove that 
cos x+cosy=0 and sinx + siny = 0. 


If V2 cos A=cosB+cos? B and V2 sin A = sin B 


1 
— sin’ B then prove that sin(A—B)= a5 


Prove that sin(9°) = 7(\3+¥5 - Vs- ‘5 


2 
m2 
36 


Find the range of f (x)= | 


6 2k 2k 
33. Find the value of > [sin( 22) —icos (*)] 
k=l 


where i = a ie 


34. If cos8+cos@=a and sind+sing=b 


then find the value of tan (3) + tan (2) 


35. If tan = | , then find the value of 
tan@—tan3@ 3 
coté@ 


cot (@)—cot (38) ’ 


INTEGER TYPE QUESTIONS 


1. If ~_=—__* __-__* 


cose cos( 0-2) cos( 0+) 


then find the value of (x + y+z+4) 
2. Find the numerical value of 


9 
.2/ ar 
sin* | — 
2 F 
sinx 1 cosx 3 t 
3. If ——=-— and =—, where x,y Ee] 0,— |]. 
siny 2 cosy 2 2 


2 
then find the value of tan® (x+y) ; 
5 


4. If cos(x—y),cosx,cos(x+y) are in H.P such that 


sec veos(2] =m, then find the value of (m? + 2) : 


5. If tan +tan( £4} +tan{ 22 +x) 


=k tan3x, then find k. 


6. Let {(0)=sin* 6 +sin* [2 +0 + sin’ [= +0). 


Then find the value of 2 (2) 

7. If m=~3cosec (20°) —sec(20°) and 
n= sin(12°)sin(48°)sin(54°) where 
m,n é N,, then find the value 


of (m+8n+2). 


8. Let tan(15°)and tan (30°) are the roots of 
x” + px+q=0, then find the value of 


(2+q-p). 


44 
> cos(n°) 


_— n=l 


¥ sin(n°) 
n=1 


, then find the value 


[x +3], where [,] =G.1.F 


10. Ifthe value of the expression sin(25°)sin(35°)sin(85°) 
can be expressed as 


Va+vb 


seus’ «where a,b,c €N and are in their 
Cc 


lowest form, find the value of (= + 2) 
at+b 


uti kn 
11. Letm=)> cos( , then find the value of 
k=l 


(m? +m+ 2) : 
12. Ifthe expression tan(55°)tan(65°) tan(75°) simplifies 
to cot(x°) and m is the numerical value of the expres- 


sion tan (27°) + tan (18°) + tan (27°) tan (18°) ,thenfind 
the value of (m+x+1). 


LINK COMPREHENSION TYPE 
(FOR JEE ADVANCED EXAM ONLY) 


PASSAGE I 


Increasing product with angles are in G. P 


cos a.cos 2a.cos 27 @....cos2” 1a 


sin2” a 


if O#NT 
2” sin a 
1 : 
={— sifa= 
ph if 2" +1 


1. 1 
-— if a= 
2s i 2" -1 


? 


where n is an integer. 
On the basis of above information, answer the following 
questions: 


1. The value of cos( 2 Joos{ “ Jeos( *) is 
7 7 7 


(a) -1/2 (b) 12 38) 14 ~=(d) ‘18 
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6 
2. If a= = , then the value of TI (cos (ra)) is 


r=l 


(c) 1/32 
3. The value of sin = sin an sin am sin hi 
14 14 14 14 
(9m). (lla). (137). 
sin sin sin is 
14 14 14 


(a) 1/64 (b) -1/64 (d) -1/8 


(a) 1 (b) 1/8 (c) 1/32 (d) 1/64. 
4. The value of sin( % )sin( = in( 7) is 
18 18 18 
(a) 1/16 (b) 1/8 (c) —1/8 (d) —1 


5. The value of 


son Jom(Z (So) 


1S 


(a) 8 
PASSAGE IT 


If cos [ - i cos [ = , COS [ = are the roots of the equation 


8x3 —4x* —4x+1=0- 


On the basis of the above information, answer the 
following questions. 


1. The value of seo{ =} + sec{ 32) +-s00{ =) is 


(b) 6 


(c) 4 (d) -1. 


(a) 2 (b) 4 (c) 8 (d) None. 
2. The value of sin( in( $2 Join = is 
14 14 14 
(a) 1/4 (b) 1/8 (c) ul (d) us 


3. The value of cos ud cos af cos am is 
14 14 14 


(a) 1/4 =(b) 18) vi (d) 


4. The equation whose roots are 


tan? (=) tn? (22) tn? (=) iS 
7 7 7 


(a) x°-35x? +7x-21=0 
(b) x° —35x7 +21x-7=0 
(c) x° —35x? +35x-7=0 
(d) x? -21x? +7x-35=0 
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5. The value of 


(a) 15 (b) 105 = (c) 21 (d) 147 


PASSAGE III 


Let x? + y? =1 for every x, y in R. 
Then 


1. The value of p=(3x—4x°) +(3y—4y*) is 
(a) 2 (b) 1 (c) 0 (d) -1 


2. The minimum value of Q = xe + yo is 


(a) 1 (b) 1/2 (c) 1/4 (d) -1 
3. The maximum value of R= x? + ys is 
(a) 0 (b) 1 (c) 1/2 (d) 3/4 
PASSAGE IV 


Consider the polynomial 
P(x) =(x—cos36°)(x— cos 84°) (x —cos156°) 
Then 

1. The co-efficient of x” is 


(a) 0 (b) 1 
Goal 
(c) —1/2 (d) a 
2. The co-efficient of x is 
(a) 3/2 (b) -3/2 
(c) —3/4 (d) 2 
3. The constant term in P(x) is 
Neal xi 
On leer (OB errs 
V54+1 1 
PASSAGE V 
If asinx + bcosx =1 such that a* +b* =1 forall a,b € (0,1) 
Then 
1. The value of sinx is 
(a) a (b) b 
(c) a/b (d) b/a 
2. The value of cosx is 
(a) a (b) b 
(c) a/b (d) bla 
3. The value of tanx is 
(a) a (b) b 


(c) alb (d) bla 


PASSAGE VI 


Let sec x4 tan.x= =, where 0<x<t 


Then 


x 
1. The value of tan( =] is 


(a) 15/29 (b) 13/25 

(c) 14/29 (d) —15/29 
2, The value of f- ray is 

1+cosx 

(a) 15/29 (b) 14/29 

(c) 0 (d) 12/25 
3. The value of (cosec x + cot x) is 

(a) 29/14 (b) 15/28 

(c) 29/15 (d) 15/29 
MATCH MATRIX 


1. Match the following columns: 


Column I Column II 


(A) If 0+9=", where @and @ 


are positive, then 


(sin@ + sin o)sin( (P) 
is always less than (Q) 
(B) If sin@-—sin@=a and 
cos@+cosg=b, then (R) 
a’ +b* can not exceed (S) 


(C) If 3sin@ + 5cos@ =5,(@ # 0), 
then the value (T) 


of 5sin@ —3cos@ is 
2. Match the following columns: 

Column I 

(A) The value of 
cos(20°).cos(40°).cos(80°) is 

(B) The value of 
cos(20°).cos(40°).cos(60°) 
.cos(80°) is 

(C) The value of 
sin(20°).sin(40°).sin(80°) is 

(D) The value of 
sin(20°).sin(40°).sin(60°) 
.sin(80°) is 


ColumnII 
(P) 3/8 


(Q) /3/16 


(R) /3/32 


(S) 1/16 


(T) 1/8 


3. Match the following columns: 
Column I 
(A) If maximum and minimum 
7+ 6tan@ — tan? 0 


values of 5 
1+tan“ 0 


For all real values of o{ + *) 


are A and HU, respectively, 
then 

(B) If maximum and minimum 
values of 


S00s8++300s{ 0+ ]+3 


For all real values of @ are 
A and pL resp., then 

(C) If maximum and minimum 
values of 


L+sin( £40} 200s{ £0) 
4 4 


For all real values of @ are 
A resp., then 
4. Match the following columns: 
Column I 
In a triangle ABC 
(A) sin 2A + sin 2B + sin 2C is 


(B) cos 2A + cos 2B + cos 2C is 


(C) sin? 4+sin? B+sin?C is 


(D) cos? 4+cos* B+cos’ C is 


5. Match the following columns: 
Column I 
(A) The value of 


Column II 
(P) A+u=2 
(Q) A-H=6 
(R) A+p=6 
(S) 

(T) A-p=14 
Column II 


(P) 4sinA.sinB 
.sin C 


(Q) -1—4 cos A 
.cos B. cos C 


(R) 2+2cosA 
. cos B. cos C 


(S) 1-—2cosA 
.cosB.cosC 


ColumnII 
(P) 1/8 


cos*| = |+ cos! on +cos* an 
8 8 8 


+cos* (=) 
8 


iS 


(Q) 32 


(B) The value of sin(12°).sin(48°).sin(54°) 


is 
(C) The value of 


(R) 3/2 


sin(6°).sin(42°).sin(66°).sin(78°) 


1S 


(S) 1/16 
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(D) The value of 


tan(6°). tan(42°).tan(66°). tan(78°) 


iS 


6. Match the following columns: 


Column I 


is 2 
(A) The value of 


(T) 1 


ColumnII 


If A+ B= z , then the value of (1+ tan A)(1+ tan B) 


(P) 2 


(1+ tan 21°).(1+ tan 22°).(1+ tan 23°) 


(1+ tan 24°) is 


(B) The value of 


(1+ tan 2058°).(1— tan 2013°) 


is 
(C) The value of 


(Q) 4 
(R) 8 


(S) -8 


(in( 5) (tr x42) 


(D) The value of 
(1+ tan 235°).(1— tan 190°). 
is 


. Match the following columns: 


Column I 
(A) The value of 

2 tan (50°) + tan(20°) is 
(B) The value of 

tan(40°)+ 2tan(10°) is 
(C) The value of 


(T) +4 
Column II 
(P) 3 
(Q) 5 


(R) tan(70°) 


tan(20°).tan(40°). tan(60°). tan(80°) 


is 

(D) If3 snx+4cosx=5, 
then the value of 
2 sinx + cos x + 4 tan x is 


. Match the following columns: 


Column I 
(A) The minimum value of 
2sin’ @+3cos* @ is 
(B) The maximum value of 
sin’ @+cos*@ is 
(C) The least value of 
sin* 9 +cos* @ is 
(D) The greatest value of 
sin??'4 @ +cos*°!" @ is 


. Match the following columns: 


Column I 
If a and B are the solutions of 
acos@+bsin@=c, then 


(A) the value of sina +sin f is 


(S) tan(50°) 


Column II 

(P) 1 

(Q) 3/4 

(R) 2 

(S) 4 

Column II 
ame! 

c —b 
P pe 
®) a’ +b 
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(B) the value of sina.sin B is (Q) es ; 
a+b 
ca 

(C) the value of cos~a+cosB is  (R) aE 
a+b 

2 

(D) the value of cosa@.cos B is (S) mae 

a+b 
10. Match the following columns: 
Column I ColumniII 

(A) The value of (P) 0 

cos(12°) + cos(84°) + cos(156°) 
+ cos(132°) 
is (Q) 1 
(B) The value of (R) 2 
2tan| ~ +3sec ae | 4cos ce 
10 10 10 
iS 
(C) The value of (S) —1/2 
V3 cot(20°) — 4c0s(20°) is 
(D) The value of (T) -1 


tan(20°) + 2 tan(50°) — tan(70°) 
is 


ASSERTION & REASON 
CODES 


(A) Both 4 and R are individually true and R is the 
correct explanation of A. 

(B) Both A and R are individually true and R is not 
the correct explanation of A. 

(C) A is true but R is false. 

(D) A is false but R is true. 


1. Assertion (A): sin @ = x+ Z is impossible if x € R — {0}. 
x 
Reason (R): 4.M >G.M 
(a) A (b) B (c) C (d) D 


2. Assertion (A): A is an obtuse angle in AABC, then 
tan B.tanC> 1 


Reason (R): In AABC, tan A= tanB+tanc 
tan B tan C —1 


3. Assertion (A): sin ae +sin alle +sin On sail 
i i 7 2 


2 2 
Reason (R): cos (=) +isin (=) is complex T" root 
of unity. 7 7 


(a) A (b) B (c) C (d) D 


4. Assertion (A): tana + 2 tan (2a) 
+4 tan(4q)+8tan(8a) —16cot(16a) = cota 


Reason (R): cota — tana = 2cot 2a 
(a) A (b) B (c) C 
5. Assertion (A): 


2 2 4 2 4n 
cos’ @+ cos Og. + cos as 


20 4n 
= 3cosa@cos [a + 2 Joos{ a + =) 


Reason (R): If a+b+c=0, then a? +b? +c? =3abe 
(a) A (b) B (c) C (d) D 
6. Assertion (A): tan (50) — tan (30) — tan (6) 
= tan (56). tan (36). tan (0) 
Reason (R): Ifx =y +z, then 
tan x — tan y —tanz=tan yx. tany . tanz 
(a) A (b) B (c) C (d) D 


7. Assertion (A): The maximum value of sin@ + cos@ is 2 
Reason (R): The maximum value of 
sin @ is 1 and that of cos@ is also 1. 
(a) A (b) B (c) C 


(d) D 


(d) D 


8. Assertion (4): The maximum value of [[cos(«,;) 
under the restriction et 


Te n° 
OS O),,0,03,...,0, S 5 is pre 
Reason (R): [[ cot(a;) =1 
i=l 
(a) A (b) B (c) C (d) D 
9. Assertion (A): If A + B+ C= 2, then the maximum 
value of 
tan A. tan B . tan Cis 3/3 
Reason (R): A.M 2=G.M 
(a) A (b) B (c) C (d) D 


2 4xy 
10. Assertion (A); S&¢” 9 = 2? is positive for all real 
(x+y) 


values of x and y only when x = y 


Reason (R): sec’ 921. 


(a) A (b) B (c) C (d) D 


(QUESTIONS ASKED IN 
PAST IIT-JEE EXAMS) 
1. Prove that: 
sin xsin ysin (x- y) + sin ysin zsin(y = z) 
+ sinz sin xsin(z—~x) 
+ sin(x—y)sin(y—z)sin(z-x)=0 
[IIT-JEE — 1978] 


10. 
11. 


. Iftan A= 


aa i cos(a+B)==, sin(o.~B)= 2 and a, B lie 


between 0 and 7 , find tan2a. 
[IIT-JEE — 1979] 


. Given A=sin? @+cos*@ for all values of 0, then 


(a) 1<AS<2 
(c) 13/6<A<1 


(b) 3/4<4<1 
(d) 3/4<4< 13/6. 
[IIT-JEE — 1980] 


1—cosB 
ae , then tan 2A = tan B. Is it true/false? 


on [IIT-JEE — 1980] 


n 
. Suppose sin? xsin3x = > C,, cos(mx) is an identity 


m=0 
inx, When Cp, Cy, 0. ,C,, are constants and C, #0 


the value ofn=.... [IIT-JEE — 1981] 


. Without using the tables, prove that 


sin12°sin 54°sin 48° = : ; [JIT-JEE — 1982] 


. If a+ 8 +7 =7, then prove that, 


sin? @+sin? B—sin” y =2sina .sinB .siny 
[IIT-JEE — 1983] 


. Prove that 


20 4n 87 167 
16cos cos cos cos =! 
15 15 15 15 


[IIT-JEE — 1983] 


. The value of 


ole) )h(2) 
(-00(22)) ema 


1 
b i 
(b) OR 


1+ fd 

d : 
. SEB) 

[IIT-JEE — 1984] 


(a) 1/2 (c) 1/8 


No questions asked in 1985. 
The expression 


3 sin (= - a +sin* (370+ a) 
- sin G + a +sin® (57 — a) is equal to 


(a) 0 
(c) 3 


(b) 1 
(d) sin4da+cosa. 
[IIT-JEE — 1986] 


. No questions asked in 1987. 


13. 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 
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The value of the expression fa: cosec(20°) — sec(20°) 
is equal to 


2 sin 20° 
2 b 

@) (0) in 40° 

4sin 20° 
c) 4 d : 
() @ sin 40° 

[JIT-JEE — 1988] 

Prove that: 


tana +2tan2a+4tan4a+8cot8a=cota. 
[IIT-JEE — 1988] 
No questions asked in between 1989 — 1990. 


Find the value of 


._{m).(3r).(5a\. (72 
sin sin sin sin 
14 14 14 14 
. (9a). fllm). (1372 
sin sin sin 
14 14 14 
[IIT-JEE — 1991] 


If f (x) =cos [x ] x+cos [-7’ ] x , where 
[,] = G-LF, then 


(a) #(3)=1 


(c) f(-2)=0 


(b) f(z)=1 


(a) A()=1 


[IIT-JEE-1991] 
Match the following columns: 


Column I Column II 
(i) Positive (A) wn 
(ii) Negative (B) a 
©) me) 
48 48 
(D) 02) 


[IIT-JEE — 1992] 


If k=sin{ - )sin( = )sin{ 22) then 
18 18 18 


the numerical value of k is... 


[IIT-JEE — 1993] 


If A >0, B> 0 and ape: then the maximum 
value of tan A tan Bis ...... 
[IIT-JEE — 1993] 


Let o<x< a , then (sec2x—tan2x) equals 
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22. 


23. 


24. 


25 


26. 


27: 


28 


(a) tan = -| 


(c) tan( Z + | 


(b) tan - *| 
(d) tan? (E ¥ | 


[IIT-JEE — 1994] 
The value of the expression 
3(sin x —cos x)‘ + 6(sin x + cos x)” + 4(sin® x + cos® x) is 
(a) 11 (b) 12 (c) 13 (d) 14 
[IIT-JEE — 1995] 
The minimum value of the expression 
sina +sin§+siny , where a, $,y are real numbers 


satisfying a+ BP+y=7 is 
(b) 0 
(d) -3. 
[IIT-JEE — 1995] 


(a) positive 
(c) negative 


sec? @=| —“ _ | is true if and only if 
(x+y 

(a) x+y =0 (b) x=y,x 40 

(c) x=y (d) x40, v0. 


[IIT-JEE — 1996] 
The graph of the function cos x cos(x + 2) — cos” (x—1)is 
(a) a straight line passing through (0, — sin? 1) with 
slope 2. 
(b) astraigh line passing through (0, 0) 
(c) a parabola with vertex (1, — sin’ 1) 
(d) a straight line passing through the point 


(E ,— sin” 1] and parallel to x-axis. 
[IIT-JEE-1997] 
Which of the following numbers is/are rational? 
(a) sin15° (b) cos15° 
(c) sin15°cos15° (d) sinl5°cos75° 
[IIT-JEE-1998] 
For a positive integer 7, let 


1,(0) =tan{ 5 ](+sec0)(1+see26) ce 


(1+sec46)........ (1+sec2” ) » then 


[IIT-JEE-1998] 
Let f(0)=sin @(sin@ +sin3@), then f(@) 
(a) 20 when 020 
(b) <0 forall real >0 
(c) <0 forallreal 0< 0 


29. 


30. 
31. 


32, 


33 


34. 


35. 


(d) <0 only when 0<0 

[IIT-JEE-2000] 
The maximum value of cos @,.cos @......cosa@,, under 
the restriction 


1 
(a) Fait 


1 
5 (d) 1 
[IIT-JEE-2001 ] 
No questions asked in 2002. 


If a+p=> and a=f8+y, then tan @ is 


(a) 2(tan B+ tany) 
(c) (tan8+2tany) 


(b) tanB+tany 
(d) 2tanB+tany 
[IIT-JEE - 2003] 


If we (0.2) , then the expression 


2 


2 tan"a . 
VSNX +X + is always greater 
x +x 
than or equal to 
(a) 2tana (b) 2 
(c) 1 (d) sec? a 


[IIT-JEE-2003] 


Given that both 0 and @ are acute angles and sin@ = > ; 
cosg= : , then the value of (9+ ~) belongs to the 


interval 


2n St 
© (FF) 
[IIT-JEE — 2004] 


Find the range of values of ¢ for which 


1-2x+5x? ( 1 = 
2sint = te} —- 


Ce ee 2.2 
[IIT-JEE — 2005] 


cos(@— B)=1 and cos(a + B)= , where 
e 


at, B <[-1,7] . Values of a, B which satisfy the 
equations is/are 
(a) 0 (b) 1 


(c) 2 (d) 4. 


[IIT-JEE — 2005] 
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a ak tan0 = cot 0 (b) Q ZP 
36. Let 0 (0. 4 and ¢,=(tan@)""” , t, =(tan@) (c) P¢O 
an co P= IIT-JEE - 2011 
t, = (cot 6)" 7) vty = (cot 6) t : then (d) Q [ : 0 ] 
40. The positive integral value of n > 3 satisfying the 
(a) W>h > >t, (b) > >h mh equation 
(c) 4 >4 >> (d) 4,>4,>4>t, l = 5 + . 1S sane oh: 
[IIT-JEE — 2006] sin( = sin( 2) sin( 32) 
na 4 n n n 7 : 
37 If a =42 x = 1 , then [IIT- JEE 2011] 
1% 8 41. Let f :(-1,1) > R besuchthat f (cos 40) = = 
@ tan?x=2 (pare 2— sec’ 6 
3 8 27 125 X qT 
8 8 for 0 e(.. Jol , ). Then the values 
(c) SA SOS F_* @) tan?x= + Mae ee 
8 27 125 3 1 
[IIT-JEE - 2009] of f =) is /are 
38 The maximum value of the expression - = 
——* ee @ 1-2 o) 142 
sin” 8+3sin@cos@+5cos* 0 [IIT-JEE-2010] a 2 
39. Let P=1@: sin@—cos@ = 2 cos, and (c) 1- 2 (d) 1+ 2 
\3 \3 
Q={6: sin@ + cos6 = /2sin 6} be two sets. Then [IIT-JEE - 2012] 
42. No questions asked in between 2013 to 2015. 
(a) PCO and O-P#@p 
ANSWERS 
EXERCISE 1 EXERCISE 2 
\ 5. 10. 3/5. 
(oF ll. 5/13. 
2: = cm. EXERCISE 3 
ach 4 4, V3 
4. 70 meters 5. -l 
5. 3247.62 kms. 6. 1 
6. 81°, 9° 1 
, 2 4n 5n 20 Di 
Ca Oe as 
10. 8 
ge 2 oe 1. 5 
9-3 9 1 
12. 5= 
9. 67% 2 
10. 2.217 ee 15. 6 =120°, 240° 
11. No. of sides = 9. 
12. 1/2 _>0 
13. 1080 ft me 
14. 14.32 miles 21. 0 
1s. 4% 99. A 
3 23. 0 
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EXERCISE 4 
1. 6 


5. 10 


EXERCISE 6 
16. —l. 


be" 
o (#2) 


8.. [=15] 
9. 9 


20. 1 
O17 
EXERCISE 7 
18. 5/12 
2c 
19. 3 
OAM 
22. 1/8 
23. 1/2 
34. 3 
35. 11. 
EXERCISE 8 
1. (i) Max V= 10, Min V=0 
(Gi) Max V=15, Min V=5 
(iii) Max V=7, Min V= 1 
(iv) Max V=7, Min V=2 
(v) Max V= V2, Min V= —V2 
(vi) Max V= V2, Min V=—V2 
(vil) Max V= sin 1, Min V=-sin1 
(vii) Max V=cos 1, Min V=0 
(ix) Max V= J2, Min V=-J/2 
(x) Max V= V2 —sinl, Min V= —V2 +sin1 


2. Max V=8, Min V=-2 


10 
11. 
12. 
13. 


14. 


15. 
16. 


Max V= 1, Min V= 1/2 
Max V= 1, Min V= 1/4 
Min V = 27/2, Max V is not defined 
Min V = 2, Max value is not defined 


5 5 
Max V= ——=, Min V= ——= 
Pre eee SG 
Max V= 1, Min V = 3/4 
Max V= 1, Min V= 3/4 


| Min V= (a+b) 


Min V=4 
Min V=8 
Min V = 27. 


EXERCISE 9 


15. 
16. 
17. 
19. 
25. 


26. 


ios) 


a ee 
N 


13. 
: P2-p* 


iS, SOOO el ON 


11 
2013 
10 
1/4 


Nl] 


oR Or KR eS 


S 
R 


ay le 
Noes) 

pars 

| a | 


(i) 3, 13 (ii) —4, 10 


4. Max V= 4+,10, Min V= 4-10 
5 Max V=4, Min V=2 

6 Least V= 10 

7. T3412 
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20. 2tan 50° 1 
21. b 32. Ry =|0.3] 
22. 4 
24. 4 i [ 4b 
os 1(242) a +2a+b? 
AY oe 35. 2/3 
Dae Integer Type Questions 
2s: 5 1. 4 2. 5 3. 3 4. 4 
oie: 5.3 6. 3 Te 8. 3 
28. (i) 2b (ii) CE 9. 5 10. 4 11. 2 12. 7 
cta cta Comprehensive Link Passages 
ae Pl: = 1.(d) 2.(a) 1 3.(d) 4.(b)_ 5.(b) 
ee Pll: 1.(b) 2.(b) 3.) 4.) 5.(b) 
b’ +a P-Ill: 1.(b) 2.(c) 3.(b) 
Level II PIV: 1.(a) 2.(c) 2.(b) 
1. (b) 2. (b) 3. (b) 4. (b) PV: La) 2.0) 3.(c) 
5. (d) 6. (c) 7. (c) 8. (a,b) P-VI 1.(a) 2.(b) 3.) 
9. (d) 10. (a,b,d) 11. (a,c) —«‘12. (a,c, d) | (Match Matrix) 
13. (c) 14. (c) 15. (b) 16. (b) 1. (A) > (2.Q,R,S,T): (B) > (S, T); (C) > (R) 
17. (a) 18. (b) 19. (c) 20. (d) 2. (A) > T; (B) > S;(C) > P: (D) 3 Q 
21. (b,c) 22. (c) 23. (b) 24. (c) 3. (A) (R, §); (B) 9 (RB, T); © > P,Q) 
25. (a) 26. (b) 27. (c) 28. (a) 4. (A) > P:(B) 3 Q:(C) 9 R, (D) 3S 
29. (b) 30. (a) 31. (c) 32. (c) 5. (A) > (R); (B) > (); (C) 3 (S), (D) > (1) 
33. (d) 34. (d) 35. (d) 36. (b) 6. (A) > (Q); (B) > (P); (C) > (P), (D) > () 
37. (a) 38. (a) 39. (b) 40. (b) 7. (A) > (R); (B) > (S); (C) > (P), (D) > (Q) 
Al. (a) 42. (d) 43. (a,b,c) 44. (d) 8. (A) > (R); (B) > (2); (C) > (Q); (D) > () 
45. (d) 9. (A) > (S); (B) > (R); (©) > (Q), (D) > (P) 
Level III 10. (A) > (8); (B) > (P); (C) > (Q), (D) > (P) 
13. pe(—,3- 2/2] UB + 2V2,-). Assertion and Reason 
ke . 1. (a) 2. (d) 3. (d) 4. (a) 
16. qx — px’ +(1+q)x—p=0 5. (a) 6. (a) 7. (d) 8. (a) 
9. (a) 10. (a) 


HINTSAND SOLUTIONS eee 


LEVELIII 
(We havea tannxtan(n+1)x= cot x(tan(n +1)x—-tan nx) -1 
= tan (2 x- x) Hence, the required sum is 
fan x= ae = cot x(tan(n+1)x -tanx)—n 

~ 1+ tan xtan 2x = cot x(tan(n +1)x)—(n+1) 
tan x(1 + tan x tan 2x) = tan2x— tanx 2. Prove that, 
(1+ tan x tan 2x) = cot x(tan 2x — tan x) cosec x + cosec2 x+ cosec4 x+....to terms 
tan x tan 2x = cot x(tan 2x - tan x) -1 _ cat($] = cot (2"-!x) 

Similarly, 


We have, 


cosec x +cosec2 x+ cosec4 x+....ton terms 


tan 2x tan 3x = cot x (tan 3x — tan 2x) 


-1 
tan3x tan 4x = cot x (tan 4x — tan 3x) -1 
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1 sin(x/2) 


sin x.sin (x / 2) 


cosecx = — 
sin x 


sees 
sin} x-— 
) 


sin x.sin (x / 2) 


sin x cos (x / 2)—cosxsin(x/2) 


sin x.sin (x / 2) 
= cot(x/2)—cotx 
=cot(x) — cot (2x) 
ot (2x) — cot(4x) 


Similarly, cosec(2x) 


cosec(4x) = 


cosec i x) =cot (ar x) —cot a x) 
Adding all, we get, 


cosec x +cosec2 x+ cosec4 x+....ton terms 


= cot (5) —cot Qn x) 


AtB 
3. Now, cot(A)cos(B)-1= cos(A+ B) 


sin Asin B 
cos(60°) 

sin (16°) sin(44°) 
cos(120°) 

sin (76°)sin(44°) 
cos(60°) 

sin (76°) sin(16°) 


So, cot(16°) cot(44°) —1= 
cot(76°) cot(44°) —1= 


cot(76°) cot(16°) —1= 


Now, LHS 
cos(60°) cos(120°) cos(60°) 


sin (16°)sin(44°) sin(76°)sin(44°) sin (76°)sin(16°) 
_ cos(60°)sin (76°) + cos(120°) sin (16°) — cos(60°) sin (44°) 
sin (16°)sin(44°) sin (76°) 
| sin (76°) — sin (16°) — sin (44°) 
sin (16°) sin(44°) sin (76°) 


NOlRe 
i 


[ (sin (76°) — sin (16°)) — sin (44°) 
sin (16°) sin(44°) sin (76°) 


NOlRe 
I 


| 2 sin (30°) — cos(46°) — sin (44°) 
sin (16°)sin(44°) sin (76°) 


— NOlRe 
T 


| cos(46°) — sin(44°) 
7 | sin (16°) sin(44°) sin (76°) 


N 


1 cos (46°) — cos (44°) 
an) | (16°) sin(44°)sin | 
=0 

Hence, the result. 
5. As we know that 


cos0.cos(28).cos(2” @)cos (2°0)...cos (2""'0] 
sin (2 6) 
2” sin (@) 
_ sin(w +) 
) 
_sin(@) | 


2” sin(@) 


2” sin(6 


Hence, the value of 
2” cos @.cos (20).cos(2? @)cos (2° @)...c0s Qe 0) 


=-], 
6. Let y= sin( 2) sin( $2) +-sin( 
7 7 7 
2 
gas (=) ; (=) (=) 
y~ =| sin} — |+sin) — |+sin] — 
7 7 7 
= sin’ (=) + sin? (=) + sin’ (=) 
7 7 7 
[si (=) (=) . (=) : (=) (=) (*)} 
+ 2) sin sin + SIN sin +sin sin 
7 7 7 7 7 7 


= y+ y> (say) 


2 4 
Now, y, =sin* G) +sin’ "G) +sin’ (=) 
7 7 7 


i 
| 
LoS) 
fe) 
° 
Nn 
BO eo 
“ya 
Ss 
fe) 
° 
n 
x 


ll 
N | 
Ww 
| 
° 
3} 
n 
| 
Say 
+ 
° 
3} 

Dn 
a. 
a| 
KY 
+ 
° 
3} 

n 
fo OS 

|g 
3 
Se 
| a | 


= : (=) ; (=) : (= si a) : (= }si (=) 
=2 sin} —— |sin} —— }+sin} — |sin] — |+sin| — |sin}] — 
( 7 7 7 7 7 7 


(=) (=) (=) (=) 

= | cos —cos +cos| — |—cos| — 

7 7 7 7 
67 


2 
=> y — 


Hence, the value of 


(=) ; (=) ; (=) 7 
sin] — |+sin} — |+sin| — is — 
7 7 7 5 


7. We have 


= ton?( + tn® (28)... 2) 
(mie) ie) (i) 
Jel Cie) 
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(Fee) +(e) 
=| tan] — |+cot] — +] tan} —— |+cot| — 
16 16 16 16 
2 
+ tan 2] +cor{ 2 —2-2-2+1 
16 16 


2 2 


— 32+3=35_ 
8. Let p= 
7 


40=7-30 
tan (46) = tan(z — 30) 
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tan (40) = —tan (30) 


Atan @—4tan?@ _ 3tan@— tan’ @ 


1-6tan2@+tan*@ 1—3tan20 
4x —4x° __3x-x 
1-6x* +x! 1-3x? 


On simplification, we get, 
x° —21x4 +35x’ -7=0 


y -21y? +35y-7=0,y=x° =tan’@ 


Let its roots are tan” 6, tan” (20), tan’ (30) 


Thus, tan” 6+ tan” (20)+ tan? (30) = 21 


tan? [= tan? (22 tan? (=) =21 
7 7 7 


Replacing y by 1/y in (i), we get, 


-Ty) +35y" —21y+1=0 
3 2 ~~ 
Ty -35y’ +2ly-1=0 


Let its roots are cot” (0), cot” (2), cot” (30) 


Thus, cot? (0)+ cot? (20)+ cot? (30) = = =5 


cot? (=): cot? (=). cot? (=) =5 


Hence, the value of 


oe (8}ae()s0e(2) 


= 35x3=105. 
3 + cot(76°) cot(16°) 


9. We have 
cot(76°) + cot(16°) 


_ 2+1+4 cot(76°)cot(16°) 
cot(76°) + cot(16°) 


cos(76°)cos(16°) 
sin(76°) sin(16°) 
cos(76°) 2 cos(16°) 
sin(76°) —_sin(16°) 
Le (sin(76°) sin(16°)) + cos(76° — 16°) 
cos(76°)sin(16°) + sin(76°) cos(16°) 
ope (sin(76°) sin(1 6°)) + cos(76° — 16°) 
sin(76° + 16°) 
__ 2(sin(76°)sin(16°)) + cos(60°) 
sin(92°) 


_ cos(60°) — cos(92°) + cos(60°) 
sin(92°) 


; —cos(92°) + ; 
sin(92°) 
1—cos(92°) 
sin(92°) 


2 sin? (46°) 
2 sin(46°) cos(46°) 
= tan(46°) 
= cot(44°) 


10. Let a=cosx,b =cos y, c =cosz 


So, a+b+c=0 
then a? +b° +0? =3abe 


Now, cos(3x)+cos(3y) + cos(3z) - 


= 4(cos’ x+cos> y+cos? z)—3(cos.x + cos y + cosz) 


= 4(cos® x+cos* y+cos> z) 
= 4.3cos xcos ycosz 


= 12 cos x cosy cos z 


ll. Let 9=~ 
9 
=> 3655 
3 
=> tan (30) = tan( =) =4/3 
3 
= 3 tan 0 — tan aan 


1—3tan?@ 


=> 


13. 


=  (3tan@-tan’ 9) =3(1-3tan? 9) 
9 tan? 6 — 6tan* 6 + tan° 6 =3(I- 6 tan? 6 +tan* 6) 


=> tan° @ —9tan* @ +27 tan? @ =3 


Hence, the result. 


. Let a=cosA+isinA,b=cosB+isinB, 


c=cosC +isinC 
Clearly,a+b+c=0 


Also, Lyd ee 
abe 


= (cos A—sin A) +(cos B sin B) 
+(cosC -sinC) =0 
Now, (at+b+c) =0 
> a’ +b’ +c +2(ab+be+ca)=0 
2 2 2 (2 1 “| 
> a’ +b°+c° +2abc| —+—+-—|=0 
abe 
> a+b? +c? =0 
=> (cos A+isin Ay +(cosB+ isin B)” 
+(cosC +isinC) =0 
> (cos2A+isin 2A) +(cos2B + isin 2B) 
+(cos2C +isin2C)=0 
> (cos2.4 + cos 2B + cos2C) 
+i(sin2A + sin2B+sin2C)=0 
> (cos2A4 + cos 2B + cos2C) =0 
and (sin 2A+sin2B+sin 2c) =0 


= (cos 2A + cos2B + cos2C) =0 

> 2cos? A—1+2cos* B—1+2cos” C -1=0 
=> cos? A+ cos? B+ c0s* == 

> |=sin? A+1—sin? B+1-sin? C= > 

= sin? A-tsin? B-+sin® C= 3-2 == 


Hence, the result. 


Given A= a 
4 


14. 
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Now, p=tan BtanC 


= tan Btan{ == —B 


= wna 


1-tan B 
—tan B—tan* B 
~ 1-tan B 


=> tan? B+(l—p)tanB+p=0 
since angles are real, so D>0 

=  (l-p) -—4p>0 

>  p’-6p+1>0 

=  (p-3)-820 

-  (p-3+2V2)(p-3-2V2)20 
=  ps<3-2V2,p>3+2V2 


Given k= tane4 
an A 
tan3A tan3A-—tan A 
=> k-1= -l= 
tan A tan A 
in(2A 
Sy. “Gets Aon) 
cos3Asin A 
si p—1= 20084 
cos3A 
2k = 2tan3A cos3A 
Now, = : 
k-1 tan A 2cosA 
2k _ sin3A 
k-1 sind 
sin3A 2k 
sind k-1 
: = 4 
Algo, ome 4sin a 2k 
sin A k-1 
= ey ecu 
k-1 
Ge? Pe ee BO 
k-1 k-1 
= 
=> sin? A= sl 


k 
Clearly, 0S aay 


a 


On simplification, we get, 
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2 2 
ee Ee l-tan*a@ _1—2tan* B 
3 l+tan*a@ 1+2tan’ B 
15. Now, cos(4+B+C)=cos(z) =-1 7 5 
=> cos Acos BcosC|1— tan A tan B a 2tan2a  —Atan? B 
—tan B tan C — tan C tan A]=-1 1 1 
— — 
=> cos AcosBcosC +1l=cos Asin B sinC —tan?a@ —2tan? B 
+cosBsinC sin A+cosCsin A sinB = Hie aa aian B 
Dividing both sides by sind sinB sinC, we get, 5 
cosecA cosecB cosec C + cot Acot Bcot C => ae ee 
= cot A+ cot B+cotC i 
=> cot A+ cot B+cot C—cosec A cosec B cosec C os tan@ _ J2= V2 
= cot Acot BcotC tan B 1 
Hence, the result. Hence, the result. 
16. Now, tan(a + B) iS Now tan( = 4 - 1+tana@ _ cosa +sin a 
l-tan@ cosa-sina 
_ tana +tan B 
1— tan a tan 1+sin(2@ 
P tan? (z + a) = tssin(@a) 
1 P a — sin ( a) 
Jx(P +41) fle +x +1) So, tan? corn = tan Bit 
= 1 2 4 2 4 
x txt (I+sina) 1+sinB 


7 (1-sina)° ‘ 1—sin B 


(x ie x(x? ie i Applying componendo and dividendo, we get, 
2sin B 2(3 sina +sin® cr) 
= f(x? +241) tana 2 -2(1+3sin?@) 
3sina +sin° a 
we glee) 
Thus, a+ B=y (1+3sin cr) 
2B-1 
17. We have, cos 2a = 3cos2B-1 Hence, the result. 
3-—cos2B 1 
19. Given, sin B = —sin(2a + B) 
3 1-tan? B _ 5 
1—tan?@ 1+ tan” B snB 1 
=> = > ny eae 
1+tan? a 4 [re] sin(2a+B) 5 
1+tan? B sinB+sin(2a+B) 145 
=> : ; = 
1-tan?a@ 3-3tan? B-1-tan? B sinB—sin(20+B) 1-5 
— —“—-( -“ OOo 
l+tan?@ 3+3tan? B-1+tan? B a 2sin(a@+ B)cos(@) 8 
l-tan*a@ 2-4tan? B 2cos(a+B)sin(-a) 2 
—% = 


2 2 3 
l+tan°a 2+4tan° B = tan(a + B)cota => 
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3 = 
> tan (a+ B)=— tan or 22. Given tan( =) tan z.tan{ 5%) are in G.P 


20. Given, sinx+sin y =3(cosx—cosy) 


2 x+y 
; 7 => tan” z = tan tan 
=> 3cosx+sinx =3cos y—siny 2 


Put 3=rcosa@ ,l=rsina 
z ‘ : ; sin? (5) — sin? (2) 
=> r= 10 and tana = — => tan? z= 
3 cos” (5) —sin? (2) 
Now, 3cosx+sinx =3cos y-—siny 2 
=>  rcos(x—a@)=rcos(y+a) Ba phages 5 SOR OE 
cos y+ cos x 
=> cos(x— a) =cos(y +a) 
tan? z cos y—cosx 
a Cee) 7 1 ~ Cos y +.c0s x 
=> =-y,x=y+2a 
as 1 cos y+cosx 
=> x=-y satiesfies the given equation = ee = cos y —cos x 
ad Sa Applying componendo and dividendo, we get, 
sin (3x) =sin(—3 
= ( *) ( ) l-tan?z_ 2cos x 
=  sin(3x)=—sin(3y) (¥tante  2eosy 
=> sin (3x)+sin(3y) =0 aRG 
=) .10os(2z)= 
Hence, the result. cos y 
21. Given sec (p — a) ,Secg, sec(p + ar) are in A.P = cosx= cos y cos (2z) 
> 2secp = sec(y— a) +sec(p+ ar) Spe 9G 
> 1 1 23, Lev y= 
ag = + sec’ 8+ tand 
cosp cos(p—a) cos(p+a) 
mn _ tan? @-tand +1 
=> 2 _ 08(9 + a) + c0s(p—a) tan? + tanO +1 
cose cos(p—a)cos(p+a@) é 
X= 
1 cospcosa ee ey) ioe 
= = 5 a XU +X+ 
cosp cos’ (p)—sin* (a) 3 
Aging 5 cag -x+l1 
= cos’ (~) — sin? (a) = cos” p cosa On Deer ta 
+ c0s°(p)(1~cosr) = sin? (a) = et eis) page esa) 
2 
=s ops => (y-1)x? +(y+1)x+(y-1)=0 
(1-cos a) 
For all real 0, D20 
2( jem coe (a /2) : ; 
= cos” (~) = 2sin? (a/2) = (y+l) -4(y-1) 20 


2 2 
= — cos’(~)=2cos*(a/ 2) y+l) -(2y-2) 20 


=> cos(~) = V2 cos(a / 2) 


=f 
=> (y+1+2y—2)(y+1-2y+2)20 
Hence, the result. =, ( 


3y-1)(-y +3) 20 
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2 
1 < sec’ 9—tan@ < 
3° | sec? @+tan@ 
24. As we know that 
cos @.cos(20).cos (2? 8)cos (2°0)...cos (2""'0) 
sin (2" ) 
2” sin (0) 
sin (z —@) 
2” sin (0) 
sin ( 6) 
2” sin (6) 
1 
Big 
Hence, the value of 
2” cos@.cos (20).cos (2? @)cos (2° @)...cos(2”"" ) 
lb 
25. We have, tan(6°)tan(42°) tan(66°) tan(78°) 
= {tan(6°) tan(66°)} {tan(42°) tan(78°)} 


1 
~ tan(54°) tan(18°) 


{tan(54°) tan(6°) tan(66°)} 


x{tan(42°) tan(18°) tan(78°)} 


tan(54°) tan(18°) 
~~ tan(54°) tan(18°) 
=1. 
26. As we know that 


sin(A+ B) 
tan A +tan B =———_—_ 
cos Acos B 
tan(a+B-y)_ tany 
- tan(a—B+y) tanB 
Applying, componendo and dividendo, we get 
tan(a+B-y)+tan(a—B+y)  tany+tanB 
tan(a+B-y)-tan(a-B+y) tany—tanB 
sin(a+B-y+a-B+y) _ sin(B+y) 
sin(a+B-y-a+B-y) — sin(B-7) 


sin (200) 
sin 2(B- 1) 


_sin(B +7) 
~ sin(B- Y) 


sin(B+y 


sin (2a) 7 ) 
) 


—y)cos(B-y) ~ sin(B- y 
[ sin(2@) + 2cos(B — y)sin(B + 7) |=0 
[ sin( 2a) + sin(28)+ sin(2y) )J= 0 


2sin(B 
sin(B—7) 
sin(B-/y) 


sin(B-—y)=0 ,| sin( 2a) + sin(2B) + sin(2y) |= 0 
Hence, the result. 

27. Now, cot A+ 280s. 
sin Bsin C 

sin( —(B+ C)) 

sin BsinC 

sin(B+C) 

sin BsinC 


cot A+ 


= cotAt+ 


sin BcosC + cos BsinC 


cot A+ - - 
sin BsinC 


sinBcosC cosBsinC 


= cotAt+ 


sinBsinC sinBsinC 


cosBsinC sinBcosC 


cot A+ 


sinBsinC sinBsinC 


cot A+cotB+cotC 


Hence, the result. 
sin(@+ A) _ 
sin(0+B) 


sin@cos A+cos@sin A sin Acos A 
=> ; ; = : 
sin@cosB+cos@sin B sin BcosB 
tan@cos 4+sin A sin Acos A 
=> F = F 
tan@cosB+sinB sin BcosB 


=> tan @(cos Avsin Bcos B — cos B,/sin Acos A) 


sin (2A) 
sin(2B) 


28. Given, 


= (sinB sin Acos A —sin A sin B cos B) 


= tan@VJcos Acos B (cos Asin B - Vos Bsin A) 


= sin Asin B (Joos Asin B - Veos Bsin A] 


vVsin Asin B 
=> tan @ = SSE AS? = tan Atan B 
{cos Acos B 


29. 


30. 


30. 


= tand=.,/tanAtanB 


= tan? @=tanAtanB 

Hence, the result. 

Given, Cos (x - y) =-1 

=> cos xcos y+sinxsin y=—1 
=> 2cosxcos y+ 2sinxsin y= —2 


=  (1+2cosxcos y)+ (1+ 2sinxsin y)=0 
= (cos” x +cos” y + 2cos.xcos y] 

+ (sin? x+sin* y+2sinxsin y)= 0 
=  (cosx+cos yy +(sinx+sin yy =0 
+  (cosx+cosy) =0,(sinx+sin y) =0 
=  (cosx+cosy)=0,(sinx+sin y)=0 
Hence, the result. 

If V2 cos A= cos B+cos* B 
and /2sin A=sinB-—sin® B 

: 1 
then prove that sin(4— B)=+- 
Given, V2cos A=cosB+cos* B 
and V2 sin A= sin B—sin? B 
squaring and adding, we get, 

2 2 
(cos B +cos> B) + (sin B —sin? B) = 


(sin B+cos° B) = 2(sin* B-cos* B) +1=2 
(1-3 
( 


(3 sin? Bcos” B) = 2cos(2B) 
3 
4 


1—3sin? Bcos” B) = 2(sin? B-cos” B) +1=2 


3sin? Boos * B)+2(sin? B-cos ‘B)= 0 


= (sin? 2B) = 2cos(2B) 
3-3cos* 2B =8cos (2B) 
30s” 2B +8cos(2B)—3=0 
30s" (2B) +9cos(2B) —cos(2B)—3=0 

3 cos(2B)(cos(2B) + 3) - (cos (2B)+ 3) =0 


31. 


32. 
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On simplification, we get, 
1 
sin( A — B)=———=sin(2B 
(4-B)=-—sin(28) 

From (i) and (ii), we get, 

1 
+2 

3 
Hence, the result. 


We have, 16sin” (9°) 


(ii) 

sin (A - B) = 

7 8(2 sin? (9°)] 
( 


8(1—cos(18°)) 


foe 


8} 1- 
4 


= (s-2 10+ 2V5 
= [3-2 (3+ V3)(5-¥5) 


(We) (5) -2 pale 5)| 
= (+55) (i \(s- (6-4) 


Thus, 4sin(9°) = ((e+5) } (vl (5- 45) 
= sno=1(( 5} (EF) 


Hence, the result. 


The function f(x) will provide us the max value 


if x = 0 and min value if x= uid 
Hence, the range is 6 
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-[ose(3) 


6 2 2, 

33. Wehave, © sin( 27) soos{ 7) 
k=l 7 7 

kn 


(74) 
ice 
= -iyve 
k=l 
20 An 120 
. = t Sogo , irae 
=-ile 7, +e7 +...4+e 7 


;28 28 jAt lox 
=-ie7/1l+e7+e7 +...4e 7 


1270 

ee =e 7 
=-ie? ant 
fae 7 


20 120 20 


i t— 


34. Given cos@+cosg=a 
and sinO+sing=b 


sin@+sing _b 
" cosO+cosp a 


| 


2sin( 2? Jeos{ 92) 
2 2 ie: 


=> = 
2cos 22 leos( 22) 4 
2. 2: 
O+ 
2sin| ——— 
, sin 5 iz 
2cos oe) a 
2 


=> tan( SFP)? 
2 a 


On simplification, we get, 


cos 22) = +? 


2 2 


ae 
and cos( £2) e528 


Va’ +b? +2 


Now, tan (5) + tn( £ 
2 2 


_ 14 Nae tb" +2 
Va? +b? 


35. We have, tan @ = ; 
tan@-—tan30 3 
od a7). 
es ie tan30 3 
tan@ 
1 1 
=> 


1- 3-tan?@ “a 


2 
tan? 6 


=k ee i 
1-3tan?@-3+tan?9@ 3 
1—3tan?@ 1 

> 3 = 
24+2tan~ @ 3 

=> 24+2tan?6=-3+9tan?@ 

=> Ttan? 0=5 

=> ee ee 

a 
cot@ 

Now. 


” cot @ — cot (38) 


INTEGER TYPE QUESTIONS 


a y - Zz = 
cose cos( 0-2) cos( 0+ 2) 


Now, x+y+zZ 


1. Given 


=k c050-+009(0-72] sooo) 


= k| cosO+ 200s00s{ 2) 


=k cos0~ 2050.5] 


9 
2. We have, > sin” (=) 
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= k[cos@—cos@ | 
=0 


Hence, the value of (x+ y+z+4) =4. 


r=0 18 


a (=) (=) (=) (=) 
= sin — |+ Sin. — |+s1n — Fae ESI — 
18 18 18 18 


sin? (10°) + sin? (20°) + sin? (30°) +.... + sin? (90°) 


=4x14+1=5 
3. We have, Lae 
3 
tanx  tany 
1 3 
1 
Now, tanx == 2 
3 3 
_ tanx+ tan y 


We have, tan(x+y)= 1—tanxtan y 


_ tanx+3tanx 


1—tan x.3 tan x 


4tan x 


1—3tan? x 


4. Given cos(x—y),cosx,cos(x+y) are in H.P 


_ 2cos(x- y)cos(x+ y) 


=> cosx = 
cos(x— y)+cos(x+ y) 
cos2x+cos2y 
=> cos x = ——_—— 
2cosxcos y 
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> 2cos *xcos y =2cos” x +2co0s” y—2 
2 Poe) 2 

=> cos “xcos y= cos’ x +cos* y—1 

=> cos *x(cos y— 1) =cos” y-1 

=> cos *x=cosy+l 


> cos *x=2cos” G 


> cos *x sec” (2) =2, 


=> 


cossse( 2] = V2 


Thus, m= Ape 


2 
Hence, the value of (m + 2) = 4, 


5. We have, tanx+ tan( = + | + tan 2 + s| 


1 1 
tan tan{ +x] +tanl 2+) 


1 1 
= tanx+tan| —+x }-tan| —-—x 
G ) E 


is a a V3 +tanx V3 —tanx 
= x — 
1—/3 tanx 1+ 3 tanx 
- 8 tan x 
= 
1-—3tan* x 


= tan x —3tan? x+8 tan x 


1—3tan? x 


= 9tanx—3tan? x 


1—3tan? x 


3 (3 tan x — tan? x) 


1—3tan? x 
3tan (3x) 
Thus, k= 3. 


fom) 


= sin? 9-+sin?( 2-0) +-sin?( +20 | 


N 


= sin? @+sin? (= + 6] + sin? (< + 6] 


: Given f(6)=sin® + sin*( 2 +0] sin? +0 


sin? @ + sin? (E - 0] +sin? (E + 6] 


1 2 2 
5 1-cos(20)+1 cos{ 2 20) +1 co = +20]| 


L 3 —cos(2@) —cos (2 = 26) = cos( 22 + 20) 
2| 3 3 


3~cos(20)~2e0s{ 2 }eos(20) 


3-—cos(20)-2x -+ % cos(20) 


Hence, the value of 2/[ )-ax3=3. 


us 
i 2 


. We have, m= V3 cosec(20°) —sec(20°) =4 


and n =sin(12°)sin(48°) sin(54°) = . 


Hence, the value of (m+ 8n + 2) 
=44+14+2 


= "7. 


. Here, tan(15°) + tan(30°) =—p 


and tan(15°) + tan(30°) = q 

We have, tan(45°) =1 

=> tan(30°+15°) =1 
tan(30°) + tan(1S°) _ 1 


=> = 
1 — tan(30°) tan(15°) 
=> —f 21 
I-q 
> =—pal=g¢ 
= gpl 
> 2+q-p=2+1=3 


Hence, the value of (2+¢- p) is 3. 


44 
¥ cos(n°) 

. We have, x= om 
> sin(n°) 

n=l 
Gey 

cos} 1°+ 
2 


G =) 
sin| 1°+ 
2 


2cos* (=) 
ae Ay 


sin(45°) 


eM os) 


sin(45°) 


Hence, the value of [x +3] 
= [v2 +1+ 3] 
= [V2]+4=14455 
10. We have, sin(25°)sin(35°)sin(85°) 


2 ~[4sin(35°)sin(25°)sint85°)] 


1 
= —xsin(75° 
| (75°) 
= Sess?) 
4 
= ABA. Oe 
=_ = 
4 22 16 


Hence, the value of [ e + 2) =4., 
at+b 


7 
11. Wehave, m= > cos( 
k=l 9 


2 
Hence, the value of (m tm+ 2) = 4, 


12. We have, tan(55°) tan(65°) tan(75°) 


tan(5°) x [tan(55°) tan(5°) tan(65°) | x tan(75°) 


Sota x tan(15°) x tan(75°) 
tan(5°) 
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aid x tan(15°) x cot(15°) 
tan(5°) 


1 
tan(5°) 
= cot(5°) 
Thus, x =5 
Also, tan(27°) + tan(18°) + tan(27°) tan(18°) 
= tan(27°+18°) 
tan (45°) 
=1 


So,m=1 


Hence, the value of (m +x+ 1) is 7. 
QUESTIONS ASKED IN ITT-JEE EXAMS 
1. Now, sinxsin ysin(x- y) 
= 5(2 sin x sin y)sin (x = y) 
= 5 (cos (x-y)—cos(x+ y))sin (x -y) 
= (20s (x y)sin(x— y)—2sin(x- y)cos(x+ y)) 
= (sin (2x —2y)—sin2x+sin2y) 
Similarly, sin y sin z sin(y—z) 
= (sin (2y —2z)-sin2y+sin2z) 
and sinz sin x sin(z— x) 
= (sin (22 — 2x) —sin2z +sin 2x) 
Therefore, the given expression reduces to 
; (sin24+sin2B+sin2C) +sin A.sin B.sinC 
Where A=x-y,B=y-z,C=z-x 
= (sin 2A+sin2B+sin 2c) +sin A.sin B.sinC 
= =(2sin(4 +B)cos(A-B)+ sin 2C) 
+sin A.sin B.sinC 


= (2sin(—C)eos(4- 8) +sin2C) 


+sin A.sin B.sinC 


= o(-2sin (C)cos(A- B)+2sin Ccos C) 


+sin A.sin B.sinC 


o(-2sin (C)cos(A- B)+2sin Ccos C) 


+sin A.sin B.sinC 


~1x2sin C( c0s(4— B) -cos( 4+ 8) 


+sin A.sin B.sinC 


1 . . ‘ 
= Ron 2sin AsinB +¢sin 4.sin B.sinC 


= —sin Asin BsinC +sin A.sin B.sinC 
=0 

. Ans. 56/33 

We have tan 2a 


tan (ce + B)+(a- B)) 


tan(a@ + B) + tan(a@ — B) 
~ 1=tan(o + B)tan(a— B) 


_ 36+20 
48-15 
238 
33 
3. Ans. (b) 


We have, A=sin’ 6+cos* 0 
Be ee 1 aa\ 
= 5 (2sin 8) +z (2cos ) 
= 14 cos20)+4(1+c0s20)? 
2 4 


= * (100826) +—(1+ 200s 20 + cos” 20) 
2 4 


1 1 1 
= —+—+ -cos’ 20 
2 4 4 
3 1 
= —+-cos* 26 
4 4 
Nowiie= et 
4 4 
Min value = Saye 
4 4 4 


Therefore, - <As<l 
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4. Ans. True 


Given mes 
sin B 
2sin? (B/2 
tan A = — = ( ) =tan{ = 
2sin(B/2)cos(B/2) 2 
Now, tan2.A 
2tan A 
1—tan? A 
2tan(B/2) 


1- tan? (B/2) 
= tanB 


Hence, the result. 


. Ans. n=6 


ek : 
We have, sin” xsin3x 


= (sin? x)(sin3xsin x) 

= “(2 sin’ x)(2sin3xsin x) 

= =(1=c0s2x)(c0s2x—cos4x) 

= (cos 2x— cos” 2x cos 4x + cos 2x.cos 4x) 
= = [20082x- 2cos? 2x —2cos 4x 


+2c0s 4x.cos 2x] 


= -[2e082x- (1+ cos 4x) —2cos 4x 


+cos6x+cos 2x] 


1 
= gl} + 3c0s2x — 3c0s4x + cos 6x) 


Thus, 1 = 6. 


6. We have sin12°sin 54°sin 48° 


= (sin12°sin 48°)sin 54° 


1 
Sa (4sin 48° sin 12°sin 72°) sin 54° 
4sin 72° 


- =e 36° cos 36°) 
4sin 72° 


= —_! _ (agin 36° cos36°) 
4x 2sin 72° 


: Sein 72") 
1 
8 
7. We have, sin? «+ sin? B—sin? y 

= sin’ a +sin(B+y7)sin(B-y) 

= sin’ a +sin(7—a@)sin(B-7) 

= sin’ a +sinasin(B-y) 

= sina(sina +sin(B -7)) 

_ sin a(sin(x —(B + y)) +sin(B- 7)) 

= sina(sin(B + y)+sin(B-y)) 

= sina x 2sin Bsiny 

= 2sing sin Bsiny 


Hence, the result. 
8. We have 


20 4n 870 167 
16cos cos cos cos 
15 15 15 15 
1 20 4n 870 
= —l6cos cos cos cos 
15 15 15 15 
20 20 4n 
— |cos} — |cos] — |cos 
=) (==) (=) [ 


| 
“sa eyeslotiso(s) 
| 


8 
15 


The Ratios and Identities 93 


9. Ans (c) 


mero Ifo) 
i=(3] 


= (120) trom F)}(t-e0 F]](t-eo 5) 


10. 
11. 


12. 
13. 


= sin? © sin? [2 
8 8 


No questions asked in 1985 
Ans. (b) 
The given expression reduces to 


3(cos’ a+sin* cr) - 2(cos® a+sin® cr) 


= 3(1-2sin? ocos” or) — 2(1—3sin? cos? ar) 
= 3-2 
=] 


No questions asked in 1987. 
Ans. (c) 
We have, V3 cosec(20°) —sec(20°) 


43 1 


sin(20°) cos(20°) 


_ ¥3.cos(202) — sin(20°) 
sin(20°) cos(20°) 
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14. 


15. 


4 (2 cos(20°) — tsi 


2 sin(20°) cos(20°) 
4(sin(60°) cos(20°) — cos(60°) sin(20°)) 
7 sin(20°) 
4 (sin(60° — 20°) ) 
7 sin(40°) 
4(sin(40°) ) 
~ — sin(40°) 


=4 
tana +2tan2a+4tan 4a + 8cot8a 

cot a — (cot a — tana) + 2tan 2a + 4 tan 4a@ + 8cot8a 
= cota —(2cot 2a — 2 tan 2ar) + 4tan 4a + 8cot8a 
= cota —2(cot2a-tan2a)+4tan4a + 8cot8a 

= cota —2.2cot4a+4tan 4a + 8cot8a 

= cot @—4(cot 4a — tan 4a) + 8 cot8a 

= cota—4.2cot8a + 8cot8a 

= cota —8cot8a +8cot8a 

= cota 


No questions asked in between 1989 and 1990. 


1 
. Ans. — 


64 


“) ; (=) (=) (=) 
sin sin sin sin 
14 14 14 14 
4 (47) (2) 
sin sin sin 
14 14 14 
“) (=) (=) (4) 
= sin sin sin sin 
14 14 14 2 
=) (4) . (2) 
sin sin sin 
14 14 14 
: : . (5a). (a 
= sin sin sin sin 
) [ | 5] 
: 5a). 3m). 1 
sin} 7 — — |sin]| 7 — — |sin| 7 — — 
1 14 14 


: TU 
= sin} — 


sin 


= | CO 


(*)s (2); (2) fe 
=] sin sin sin 
14 14 14 


m On 


n 


qn Tn nan 30 
- cos| —— cos 
2 =) [ 2 14 [ 


32 [ 2n [ 1 
=| cos cos cos 
7 7 7 


1 [ 2n [ 4n 
=| cos cos cos 
yh 7 7 


17 Ans. (c) 
We have f (x)= cos [x ] x+cos [-n’ |x 


= cos9x+cosl0x 


Now, f (=) =cos (=) +cos(5z) 


=Oa1Se1 


f (a) =cos(9)+cos(107) =-1+1=0 


f (-2) = cos (-9z7) +cos (- 


= cos(9z) +cos(10z) 
=—1+1=0 


61 4n 20 
= | cos cos cos 
14 14 14 


) 


107) 


(j=) 


oe aa eee 
V2 2 


18. Ans. (i) 9C; (ii) OA. 


sin(10°) sin(50°) sin(70°) 
sin(50°) sin(10°) sin(70°) 


19. We have, k=sin[ dd )sin( = Jsin( 7 
18 18 18 


2 


14 


) 


. x (4sin(60° — 10°) sin(1 0°) sin(60° + 10°)) 


= 7x (sin(3x10°)) 


—-x—-— 
4° 2 
2 


8 
20. Let y=tan AtanB 


= tan Atan| = - 4) 


wna{ “Btn un 


1+ 3 tan A 


V3 tan A —tan? A 


7 1+ V3tan A 
tees 
Bees: 


dy _ (1+V3¢)(V3 - 20) -(v3r-77 V3 


dt (I 4 V3) 


i331 2h De Shea 3? 
=, 2: 
(1+ v3¢) 


_ V3 -21-v32? 
(1+ v3) 
_ _ 3? +2¢- V3 
(1+ v3) 
_ _ NB? +3t-1-NB 
(1+ v3) 
V3t(¢+ V3)—(r+ V3) 
= (143%)? 
(FI 8 


dy : 1 
ae 0 — == 
dt nen 3 


om 


1 
Thus, f= B 


=> tandA= 


fa 
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> Aue 
6 


To qn _D 
3 3 6 6 
Thus, the minimum value of tanA .tanB 


When A=", B= 


21. Ans. (b) 
We have (sec 2x — tan 2x) 


l-—sin2x 
cos 2x 


cos”? x—sin? x 


(cos x — sin x) 


cosx+sinx 

2 1-—tanx 
1+ tan x 
1 

tan| —-—x 
(s ) 


3(sin x —cosx)' + 6(sinx + cos.x)” 


aed 


22 Ans(c) 


+ 4(sin® x+cos® x) 
= 3| sin’ x—4sin? xcos x + 6sin” xcos” x 
; 3 4 ; 
—4sin xcos” x + cos x| +6(1+2sin xcos x) 
+4 (I —3sin? xcos* x) 
- 4 4 : eee 2 
3[ (sin x+cos x) —4sin xcos x(sin x+cos x) 
09 2 . 
+6sin* xcos x| +6(1+2sin x cosx) 
+4 (1 —3sin? xcos* x) 
3[1-2sin xcos’ x +4sin xcos x 
+6sin* xcos x|+6(1+2sin xcos x) 
+4 (i- 3sin? xcos” x) 
=3+6+4 


= 13. 


23. Ans. (c) 
As we know that, 
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24 


25 


26 


(sina +sinB+siny)<sin(a+B+y7) 


= sin(z)=0 
Thus, sina+sin§+siny <0 
Ans. (b) 
we have sec” 0 = a0) ; 
(x+y) 
=> 1+tan? @= 0. 5 
(x+y) 
= wo | 2] 
(x+y) 
2 2 
Axy= ” 
“>. -dggtge| es a) --(: *) 
(x+y) x+y 
2 
=> 2 4 =tan?0>0 
X+y 
=> -(x-y)’ 20 
=> (x-y) <0 
=> (x-y) =0 
= x-y=0 
> x=y 
Therefore, x = y #0 


Ans. (d) 
We have y =cos xcos(x + 2)— cos? (x +1) 


- (208 xc08(x +2)—2c0s" (x +1)] 


= 5 (20s (2x +2)+cos(1)- (1 +cos(2x+ 2))) 


- -3( — cos(1)) 
- =5x2sin” (1) 


= —sin’ (1) 


ui, 
which is a straight line passing through (z.- sin? 7 


and parallel to x-axis. 


Ans. (c) 
we have sin15°cos15° 


(2sin15°cos15°) 


Ne 


= (sin30°) 
a 
4 


27. Ans. (a, b, c, d) 
We have 


f,(0)= tan( $a +sec6)(1+sec28).... 


(1+sec4@)........ (1+sec2"6) 


(1+sec46)........ (1+sec2”6) 


_ {8 6 
2sin{ $Joos( 
(1+sec26)(1+sec 46) 


cos@ 


(1+sec86)...... (1+sec2"0) 


sin@ [jaa 


Ja +sec 460) 
cos 20 


cos@ 


(1+ sec8@)...... (1+sec2"0) 


_ 2sin@ cosé «(Ree ) 
cos 20 cos 40 


(1+ sec8@)...... (1+sec2"6) 


sin 20 . 2cos” 26 
cos 20 cos40@ 


= ea Seth (1+sec2”6) 


(1+ sec86)...(I + sec2"8) 


cos40\ cos80 
sin 40 ( 2cos 740 ( ns 2"6) 
~ cos40| cos8@ } ts 
= — snthasetts (1+ sec 2” 6) 
_ sin (2 ) 
~ cos (2" 6) 
= tan(2"6) 


28 


29. 


30. 
31. 


32. 


1 Pee 1 

Belen oe eta es 
h 4 an( 4 (5) 

1 he 8 1 

fe Ven oh Vee ely 
Is =) an( x) (2) 

1 ae: 1 

MES | coisa toe ee eta | at 
fs =) an{ 5 an( 2) 


Hence, the result. 


Ans. (c) 
We have f (0) =sin @(sin 6 + sin 30) 


= sin@(sin36 + sin@) 


= sin@ x 2sin20cos@ 


= 2sin@cos@ Xsin 20 
= sin 26 x sin 20 
= sin’ 20 
> 0 for all real 0 
Ans. (a) 
Given cot a@,.cot@,......cota, =1 


=> COSH).COSM....cOS,, = SINA,.SINA.....8ind,, 
2 
=> (cos 0r,.COS O....COS Ot, ) 


= (cos O, sina, )(cos CQ SiN A, )...(cos a, sina, ) 


sr (2e0s oO, sin ar, )(2 cos @, sin Gi )ics(2 cosa, sing, ) 


1 
eee 
9” 
> (cos OL, .COS OLy....COSAL,, ) < pa 
No questions asked in 2002. 
Ans. (c) 
Given ~@=B+yY 
=> tana = tan(B +7) 
tan p + tan 
= tana = ask 0e 
1—tan B tany 
=> tana —tana.tan B.tany = tan B + tany 
=> tana —tany = tan B+ tany 
=> tana = tan B+ 2tany 
Ans. (a) 


As we know that 4M 2=G.M 


[Fase 
2 


tan? a 


am [2 yy, tanto 


= 


33. 


34. 
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2 tan? a 
x ae care 
as x +x 


= tana 
2 
2 
= | x+x+ a <} 21a 
2 
x +x 
Hence, the result. 
1 
Given sin@ = — yee 
2 6 
1 1 
Also, cos@=-—<— 
id 3 2 
> ae af 
2 7 3 
Thus, —+—<0+Q9<—+— 
1 
> —<0+9<— 
2 ? 3 
eet 1-2x+5x? 
et y= — 
eget zo gy 


=> 3x7 yp —2xy — y=1—-2x4 5x? 

=  (3y—5)x*+2(l-y)x-(l+y)=0 
As x is real, so (y-1) +(3y—5)(y +1) 20 
+ y= 2y+1+(3y?-Sy+3y-5)20 
= 4y*-4y-420 

3+ y-y-120 

= (2v-1)"2(¥5) 


=> (2y-1)2 5 or (2y-1)<—v5 


> (Shoe 
» Borel 
=> asinr2( 4) or asinrs-[ 5] 


1 -1 
=> sint 2 a or sint < (=) 


=> sint = sin(54°) or sin¢ < sin(—18°) 


> sint > sin af or sin¢ < sin Pre 
10 10 
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35. 


36. 


37. 


=> Mere 


1 

10 2 
Therefore, t € age z U Lag 
2 10 10 2 


Ans.(d) 


or — 


Given cos(@— B)=1 and cos(a@+ B)= L 
e 


= cos(a@ — B) =cos(0) 


> a=B 
1 
Also, cos(a@ +B) =— 
e 
1 
=> cos(2ar) = — 
e 
Given -™<Q<7 
20 <2a<2n 


Thus, there are 4 values of the ordered paiss of 


(a, B) satisfies the relation cogs (2a) = 1 
e 
Ans. (b) 
1 
As 0<0<— 
4 
=> 0<tan@<1 and cot@>1 


We also know that, if 0< x<land0<a<b 


a b 
1 1 

=> then x? <x%< (=) < (+) 
XxX xX 


=> (tan ey" < (tan ae <(cot ey" < (cot@) 


> ty <t<t,<t, 
Hence, the result. 


4 4 


Gian sin’ x cos x_1 
3 5 
> ce oe es | 
2 3 

=> [143 )sint (14 = Joost x=1 

2 3 
> (sin* x+cos* x) + [sin x+ 25s | =1 

2 3 

. 2 2 Ska a A 

> 1-—2sin“ xcos* x+ rae gs x}=1 


cor 2 : 
> [sin x+FC0s" x—2sin? xcos* | =0 


cot@ 


2 
Bi ks fe ‘ 
— sin“ x—,/— cos =0 
a [2 wT 43 + 
B.S i? ‘ 
—sin“ x—,/— cos =0 
as (2 £3 + 
2 
sin x=,/—cos? x 
2 3 
2 


2 


U 


sin*x cos’x 1 


2 3 2) 


= Thus, tan? x= = 


: 8 8 
Now, sin xX COS XxX 
8 27 
.2_\4 2 
sin 
ou x) _ {eos x) 
8 27 
_ (2/5) 3/5)" 
8 27 
2, Bios 
“Bt a 
2 Pees dM 
54 53125 


38. Let f(0)=sin* 6 +3sin 6 cos@ + Scos” @ 


= 14+3sin@cos@+4 cos” 0 


= 1+Ssin20+2 (1+ cos 26) 


= 3+5sin 20 +2c0826 


Max value = ieee ga e> ae 
4 2 2 

Min value = lea ie ae ee 
4 2 2 


Therefore, the min value of 
1 x 
=a ; a5 IS’ 
sin’ 8@+3sin@cos9+5cos°@ 11 


39. Now, P:sin@ —cos@ = V2 cos 


= sin 0 = (V2 +1)cos@ 


2 Fa 


40. 


sin @ (v2 = 1) 


=> cos6 = (V2 -1)sin@ 
= cos@ +sin@ = V2 sin@ 


Q:cos@+sin@= V2 sin@ 
Thus, P=Q 


Given : = u + ; 
(=) (=) (=) 
sin} — sin} — | sin} — 
n n n 
Let —=0 
n 
Then : = ! + i 
sin@ sin2@  sin30@ 
1 1 1 
—* — 
sin@ sin30 sin20 
sin 30 —sin@ 1 
> : ; =o 
sin 6 sin 30 sin 20 
2cos20sind 1 
is sin@sin3@ _sin20 
= 2cos 20 = 1 
sin 30 sin 20 
> sin 40 = sin30@ 
=> sin 40 = sin (a — 36) 
> 46 =n -30 
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> Toi=n 
n 
> n=7 
1 
42. Let aaa 
2 1 
=> 2cos (26)-1=, 
=> 2cos?(20)=1+1=4 
3:3 
= cos" (26) == 
a4 cos(20)=+ : 


=> 2e0s?9-1= 4/2 
2; 
=> 2eos? oat |? 


2 2cos” 6 


2-sec’? 6 ~ 2cos?@-1 


(8 


Now, f (cos 40) = 


CHAPTER 


UCTION Ex-l. Let f(x)=x+2 


There are six trigonometric ratios. In this section, we shall 
describe each trigonometric function and their characteristics 
and graph. 


1. Sine function: A function f: R > R is 
defined as f(x) = sin x 
Graph of f(x) = sin x: 


Characteristics of sine function: 


. D,;=R 

= (ab 

. It is an odd function. 

. It is a periodic function 
. It is non-monotonic function Y 


NH NBWN KE 


Ifsinx=1>x=(4n+1),ne I 


7. sinx=—1>5x=(4n Donel Ex-3. Let f(x) =x +1 
8 snx=O0>5x=na,neEl 

9. Ifsinx >O>x€ (2n 7, (2n+1)n),nel 
10. Ifsinx<O0>x€ ((2n—-1)a, 2nn), ne I. 


— 


1. Ifx>y=>sinx>siny, V nye(-F, =) 

2. RULE TO DRAW THE GRAPHS OF 
DIFFERENT TYPES OF FUNCTIONS 

Rule I: y= f(x) transforms to y = f(x) + a 

Rule: Lift the graph of y = f(x), a-units upwards. 


Ex-4. Letf(Qx)=e"+1 


Y 
y’ 
Ex-5. Let f(x) =sinx+2 
Y 
A 
ue 
~= an aa Oy 
é \ / \ / ¥ 
> ie X 7 ‘ ra = 
Soo Sy 00 we 
Y 
y’ 


Rule II: y = f(x) transforms to y = f(x) —b 


Rule: Down the graph of y = f(x), b-units down- 


wards. 


Ex-1. Let f(x) =x-2 


x 


x< 
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Ex-3. Let f(x)=x°- 1 


Ex-4. Let f(x) =2"-1 


Y 
y’ 
Ex-5. Lety=sinx—-3 
Y 
A 
< an a aye 
xX’< : y f 7 Oo” ! ~ ra aN > x 
—— ae aa Sant y= 
= > y=-2 
pwae 2a 
Y 
y’ 


Rule III: y = f(x) transforms to y = f(x - a) 
Rule: Shift the graph of y = f(x), a-units right- 
wards. 


Ex-1. Let f(x) =(x-1) 


xXx 


> X 
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Ex-2. Let f(x) = (« -2)° Ex-1. Let f(x) =(« +2)" 


> xX 


X= 


Ex-2. Let f(x) =(« + 1)° 


Ex-5. Let f(x)=e"*! 
Rule V: y = f(x) transforms to y = — f(x) 


Rule IV: y = f(x) transforms to y = f(x + b) ) ' 
Rule: Shift the graph of y= f(x), b units leftwards. Rule: Take the image of the graph of y = f(x) with 
respect to x-axis. 
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Ex-1. Let f(x) =-x Ex-1, f(x)=e7 
Y 
A 
x’< > xX 
i a ae 
x 0 x 
Ex-2. Let f(x) =- |x| : 
Ex-2. f(x) =log, (—x) 
x’< > xX 4 
x'x O >~X 
Ex-3. Let f(x) =- & 
Y 
Y 
y' 
Ex-3. f(x)=2™~ 
Y 
A 
xX~< >~X 
O 
Y 
y 
Ex-4, f(x)=e'” 
Y 
y’ Y 
y’ 
Rule VI: y = f(x) transforms to y = f(-x) 
Rule: Take the image of the graph of y = f(x) with 
respect to y-axis. 
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Ex-5. f(x) =sin(—x) =—sin(x) 


y’ 


Rule VII: when y = f(x) transforms to y = f(ax), 
where a> 1 

Rule: Shrink the graph of y = f(x), a-times along 
the x-axis 


Ex-1. Let f(x) = sin 2x 


Y 
A 
> y= 
> xX 
oy y= 1 


Rule VUI: when y = f(x) transforms to y = f(ax), 
where 0<a<1 


1 
Rule: Stretch the graph of y = f(x), —-— times 
along the x-axis. e 


Ex-1. Let f(x) = sin( 3 


Ex-2. f(x) =2x? 


>< 


Rule IX: when y = f(x) transforms to y = af(x), 


where a> 1. 


Rule: Stretch the graph of y = f(x), a—times along 


the y-axis. 


Ex-1. Let f(x) = 2x 


Ex-2. Let f(x) = 2x" 


> X 


Ex-3. Let f(x) =2x° 


XxX 


> xX 


Ex-4. Let f(x) = 2sin x 


Y 

A 
>y=2 
>y=i 
> X 
>y=- 
y= 

Y 

y’ 

Ex-5. Let f(x) =3 sinx 
Y 
A 


Rule X: when y = f(x) transforms to y = a f(x), 
where 0<a<1. 


—-—times along 


1 
Rule: Shrink the graph of y = f(x), 
the y-axis. . 


x 


Ex-1. Let f(x) = (=) 


>~< 


NO 
<< 
N 


Ex-2. Let f(x) = = 


> xX 
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= lal 
Ex-3. Let /(x) 5 
Y 
y’ 
Ll «2 
Ex-4. Let f(x) = 5 sinx 
Y 
A 
~ > y=1/2 
x 
= 27 —t (e) 1 20 sos 
“ > y=-1/2 
Y 
y’ 
1. 
Ex-5. Let f(x) = Pas 
Y 
A 
« > y=1/3 
x 
- -27, —1 (e) 1 20 sos 
ue > y=-1/3 
Y 
y’ 


Rule XI: when y = f(x) transforms to y = | f(x)|. 
Rule: 1. First, we draw the graph of y = f(x) 
: 2. Leave the part of y = f(x) as it is which 
lies above x-axis 
: 3. Take the image of the graph of y=/(x) with 
respect to x-axis, which lies below x-axis. 


Ex-1. Let y= |x| 
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Ex-2. Let y= |e" Ex-1. Lety=e" 
Y Y 
A A 
xX’ < 5 > xX xX’< 6) > xX 
| Y 
y’ Y 
Ex-2. Lety=e"' 
Ex-3. Let y= |log, x| Y 
A 
Y 
x’< > X 
x’< | ? > xX e 
Y 
. y’ 
y’ 
Ex-3. Let y= log.|x| 
Ex-4. Let y= |sin x| 
Y 
A 
LV VANE ym ; >x 
- \ O; \ f x 
‘NLU? Sage 1 
Y y’ 
y’ 
Ex-4. Let y = sin|x| 
Ex-5. Let y=|x’- 1| x 
Y 
A 
x’x One > xX 
ale Y 
y’ 
Y 
y’ Ex-5. Lety=|2-|x-1|| 
Y 
Rule XI: when y = f(x) transforms to y = f(|x\). 
Rule: 1. First, we draw the graph of y = f(x) 
: 2.Remove the part of y = f(x), which lies 
left of y-axis xX’< caer c >X 
: 3.Take the image of the part of y = f(x) Pa es 
which lies right of y-axis with respect to a *s 
y-axis. My 


Rule XII: when y = max{ f(x), g(x)} 
Rule: 1.First, we draw the graph of y = f(x) and 
y = g(x) independently on the same co- 
ordinate axes. 
: 2. Take the upper part between the graphs 
of y = f(x) and y = g(x). 
Ex-1. Let y = max {-x, x} 


Y 
A 
x’ < Ze >xX 
0 * ~ 
a - 
Y 
y’ 


Ex-2. Let y= max can x} 


Ex-3. Let y= max veg x} 


Graphs of Trigonometric Functions 


Ex-5. Let y= max {sin x, — sin x}, Vx €[-27,27] 


Rule XIII: when y = min{f(x), g(x)} 
Rule: 1.First, we draw the graph of y = f(x) and 
y = g(x) independently on the same co- 
ordinate axes. 
: 2. Take the lower part between the graphs 
of y = f(x) and y = g(x). 
Ex-1. Let y = min{-x, x} 
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. 1 
Ex-4. Let y= min sin maf €[-27 ,27] 


y’ 


Ex-5. Lety= min{x°, 1, x}. 


2.1.1 Some solved examples 


Ex. 1. Let f(x) = min {sin s3 | Wal-2m 2a] 


Ex. 4. Draw the graph of f(x) = sin’x, V x € [-2z, 27] 


Ex. 6. Draw the graph of f(x) =x + sin x 
As we know that 
—l<sinx<l 
=> x-lsxtsinxsx+1 
=> x-1<sf(x)<xtl1 


Ex. 7. Draw the graph of 
f)=2™"*, Vxe[-22, 22] 
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Ex. 8. Draw the graph of f(x) = sin|x| + [x| 3. Cosine function: A function f: R — R is defined as f(x) 
= COS x. 
Graph of f(x) = cos x: 


2.2 CHARACTERISTICS OF 
CO-SINE FUNCTION 


» DpH 

« Ry= [-1, 1] 

. It is an even function. 

. It is a periodic function 

. It is non-monotonic function 
Ifcosx=1>x=2nt,ne1 

. cosx=-l>x=(Qn+1l)anel 


: cosx=0>x=Qn+1)5 nel 


9. Ifcosx> 03 x= [on c2nn5 | nel 
10. Ifcosx <0 


xe [nen %.c2n+3)5 | wnel 


ll. Ifx>y=>cosx<cosy, V x,y € (0, 2) 


Ex. 1. Draw the graph of y=cosx +1. 


y 
y=2 
XS y=1 

~< O > X 
Ex. 12. Draw the graph of f(x) = sin (x — [x]), [,] =G.I-F 
y y 
Ex. 2. Draw the graph of y=cosx-—1. 
(YLT 
xX’ O Le x x’ < - ames 

y=-1 
y ae 
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Ex. 3. Draw the graph of y=cosx-1. 


1 
Ex. 8. Draw the graph of y = 5 COS x. 


y 
Y 
Ex. 4. Draw the graph of y = 1 — cos x. ¥ 
s Ex. 9. Draw the graph of y = cos’x. 
y 
y=-1 A 
y=1 
xX’ < Oo > X 
v 


Ex. 5. Draw the graph of y = cos 2x. 


Ex. 6. Draw the graph of y = 2 cosx. 
y 


Ex. 11. Draw the graph of y = |cos x]. 


>< 


Xx 
Ex. 7. Draw the graph of y = cos q : 


2 Y 
y y 
Ex. 12. Draw the graph of y = cos |x]. 
= y 
e A 
xX’<— 1 _» xX vz 
= x’ > xX 
y=-1 O 
y. y=-1 
y 
Y 


Ex. 13. Draw the graph of y = |cos |x|| 
y 
A 


a 
wo 


3a 20 
2 


Ex. 14. Draw the graph of y = max {sin x, cos x} Vxe 
(— 2a, 27). 


Ex. 15. Draw the graph of y = min{sin x, cos x} Vxe 
(— 2a, 27). 


es 


Ex. 16. Draw the graph of 


. 1 
y = max sins, > coss| Vx e (-27, 27). 


mS 
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4. Tangent Function 

A function f: R > R is defined as 
J (x) = tan x. 

Graph of f(x) = tan x 


2.3 CHARACTERISTICS OF TANGENT 
FUNCTION 


. Dy=R-Qn+ F.ne I 
R= R 

. It is an odd function. 

. It is a periodic function 

. It is monotonic function 


Iftanx=1=x=(4nt1)7,ne I 


7. Iftanx= 


1=3>x=(4n Donel 


8. Iftanx=O0>x=n7,neE1 
9. Iftanx>0 


>xE [mn.(2n+1)%), I 


10. Iftanx <0 
sx¢((n-1)S.n0],ne I 
ll. Ifx>y>tanx>tanyVx,ye R-nanel 
Ex. 1. Draw the graph of f(x) = |tan x| 


yA 


-2n -3n -n -x |O xn 
2 2 2 


yv 
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4. Co-tangent function: A function 
f:R- Ris defined as f(x) = cot x 


Ex. 2. Draw the graph of 
F(x) = min {tan x, cot x}, Vx e [-22, 27] 


Graph of f(x) = cot x y 


y 
y=cot x 


at 

A 
te 
J) 
| 
(cn see 
Yy 

‘. 

y; 

\ 

A 


| 
a 

i 
a 

y; 
e) 


’ 


-2n -30\ - 
2 


iN) 
Pasta Mela te Fhe NE 


y 


va 


y 


5. Co-secant function: A function 
f:R- Ris defined as f(x) = cosec x 
Graph of f(x) = cosec x 

y 


2.4 CHARACTERISTICS OF 
CO-TANGENT FUNCTION 


1. Dp=R-na,ne I | | 
3. It is an odd function. ss aad ae ara mace eae gee a 1 
4. It is a periodic function ; 
5. It is monotonic function Fe ane yp GR ON Ba 
1 ae eee ae eae ene if 
6. Ifcotx=15x=(4n+1) ee nel ey stay eo ame) na Oy coe es A 
x | a | }! 
7. Ifcotx=-1l >x=(4n ae aes Ve 


8. Ifcotx=0 > x=(2n +5 .ne 1 


2.0 CHARACTERISTICS OF 
CO-SECANT FUNCTION 


1. Dr=R-ntne I 


9. Ifcotx>0 
>xE [mr (n+) ned 
10. If cotx <0 


=>xeE (2n-1)—,nx nel . ; 
2 . It is an odd function 


Il x>y= cotx <coty, . It is a periodic function 


1 
Vx,ye R-(Qn+ 1) >” nel . It is non-monotonic function 
Ex. 1. Draw the graph of 
F(x) = max {tan x, cot x}, Vx € [-2a, 27] 
y 


6. If cosee x= 1=9x=(4n+1)7,ne I 


7. If cosee x=—-1 > x =(4n Zane! 


8. cosec x can never be zero 


9. If cosecx>O>x€ (2nz, (2n+ 1)m), ne TI 


. Ifcosecx<O0> xe ((2n- 1), 2na), ne L. 


. Secant function: A function 
i ff: R — R is defined as f(x) = sec x 
y Graph of f(x) = sec x 


a 
cies ub 


x 
A 
a 
| 
<| 
arf 
pes Fd 
< 
Oh 
v 
XS 
wo. 
<| 
Ree 
a 
Y 
x 
— 
ran) 


ON 


x <4 : 1— p> xX 
-2n -30 -t -« On 
2 2 2 
Y 
y 


2.6 CHARACTERISTICS OF SECANT 
FUNCTION: 


. Dy=R-(Qn+ l)nel 

Ry =(-~,-U[Le) 

It is an even function 

. It is a periodic function 

It is non-monotonic function 
Ifsecx=1l>3x=2nn,neE 1 

. Ifsecx=-1 Sx =(2n+ lane Tl 
. sec x can never be zero 


SNIDAAKRWN > 


a TU 
9. Ifsecx>O0=> ve((4n-5(4n-1)2).ner 
10. Ifsecx <0 
sxe [cane (4n+3)2) ne i 


10. Some solved examples: 


Ex. 1. Draw the graph of y = 2°°* 


y 
A 


Ex. 2. 


ts x 


Draw the graph of y = 


Ex. 3. Draw the graph of y = 
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gsin x 


Ex. 4. Draw the graph of y = 


Qosin x 


Ex. 5. 


Draw the graph of y = 


gleos x| 


>< 


Aas : : : ; 1 1 l l > X 
e 
y 

Ex. 6. Draw the graph of y = 9 sin x| 
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Ex. 7. Draw the graph of y = sin x + |sin x| 
We have y = sin x + |sin x| 


2 sinx+sinx:sinx > 0 
sin x — sin x:sinx < 0 

a 2sinx:x €[ 2nm ,(2n+1)z |,neT 
0 :x€((2n-1),2nr),nel 


mS 


x=<— 
2n -3n -n -2n -1 
2 2 


Y, 
y 


Ex. 8. Draw the graph of y = sin x + sin |x| 
We have y = sin x + sin |x| 
_ [2sinx:x20 
0 x <0 
xX'« 


Ex. 9. Draw the graph of y = cos x + |cos x| 


We have y =cos x + |cos x| 
= ee cia 


cos x —cosx:cosx <0 


T 


2cosx: wel (20-1) 5 


one) | el 


0 xe ((@n+)£) (2n--3) Jn el 


X’~ 


-5a -m -3n -m -1 
2 2 2 


Ex. 10. Draw the graph of y = tan x- cot x 
We have y = tan x-cot x 


=1.ve{2n+)Z—nel ne I 


>< 


| 
iw) 
y trr---- 


bo 
SS) 
i 
S) 
i 
RS) 
fe) 
Na t------ 


x ~< x 
2a 52 
2 2 2 2 
Y 
v 
Ex. 11. Draw the graph of y = bas al 
sin x 
We have y = ae 
sin x 
pasts sinx > 0 
_ J sinx 
oes sinx <0 
si 
1 :xe[2nm,(2n+1)x |,nel 
i -l:x€(2nx,(2n+1)x),nel 
y 
A 
------ O———0 - - -- - 00 - ---- 00 y= 


-3n -2n —t O u 2 3a 
O——_© ----- O——_.----- O———_0 ----- oy=-1 
Y 
y’ 
Ex. 12. Draw the graph of y = 2* sin x 
We have —-1 < sinx < 1 
=> 2" < 2* sin x < 2* 
=> -2* < f(x) < 2° 
> xX 


Ex. 13. Draw the graph of y = Pana 
x 
We have -—1 <sinx<1 
ass ae < sin x < 1 
x x x 
Also, im( | =i 
x0 x 


sinx .. 
lies between the curves 


Hence, y = 
x 


1 1 
y=-— andy=-— 
x x 


It is now periodic curve and cuts the x-axis at 
x=nn,ne€ I—{0} and does not cut the y-axis 


Me 
A 


X’~< > X 


ys, 
y 


1 
Ex. 14. Draw the graph of y = sin (+) 
x 
We have -1 <sinx <1 


=> -1<sin (x-=] <1 


1 
It cuts the x-axis atx = —— ,n e€ —I {0} 
nt 


But it does not cut the y-axis. 


<< 
< 


1 
Ex. 15. Draw the graph of y =x sin( 2) 
x 


1 
We have —1< sin( +) <1 
x 
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st 
=> —x <xsin}| —| <x 
x 


ee eee 
Hence, the curve y = x sin (+) lies between 
y=xandy =—x. - 


Also, Lt [ssin(+)] =0= Lt [ssin(+)] 
x>0* x x70" x 


sne 1—{0} 


‘ 1 
It cuts the x-axis at x = —— 
nt 


y 
A 


xX“ 


=<~< 


LEVEL I 
(PROBLEMS BASED ON FUNDAMENTALS) 


Q. Draw the graphs of 
1. f(x) =sin 2x 
2. f(x) =sin 3x 


3. fo) = sin{ 2) 
. f(x) = sin( =] 


5. f(x) = sinx > 


& 


6. f(x) =sin x - : 


oa 


. f(x) =sin [+-2) 


8. f(x) =sin (+42) 
9. f(x) =sin (x- 1) 


10. f(x) =sin («+ 1) 
11. f(x) =—sinx 


12. f(x) = : — sin x 
13. f(x) =sin :-2) 2m 


14. f(x) =sin (:-2) =] 
15. f(x) = sin [x 
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. f(x) =sin |x| + 1 

. f(x) =sin |x| - 1 

. f(x) =1-sin |x | 
. f(x) = sin |x| 

. f(x) =sin |x- 1| 

. f(x) =sin |x + 1| 

. f(x) = sin? x 

. f(x) =sin? x +1 


. f(x) =sin? x- 1 
. f(x) =1-sin’? x 


. f(x) = sin? x + cos’x 
» f(x) = |sin |x| 

. f(x) =|sin |x|| + 1 

» f(x) = |sin [|| -1 

. f(x) =cos 2x 

. f(x) =cos 4x 


. f(x) =cos [5] 


. f(x) =cos (=) 


. f(x) =— cos x 
. f(x) =1-cos x 


. f(x) =cos [x- 4 


. f(x) =cos [x42] 


. f(x) =cos (x- 1) 
. f(x) =cos (x + 1) 


. f(x) =cos [x-2) +] 


. f(x) =cos [x42] —1 


. f(x) =|cos x| 

. f(x) =— |cos x| 

. f(x) = 1—|cos x| 

» f(x) = ||cos x]| 

. f(x) = |eos (x — 1)| 
. f(x) = cos |x| 


. f(x) =cos |x| + 1 

. f(x) = cos” x 

. f(x) = cos*x 

f(x) = cos” x — sin’x 
. fx= : cos” x 


. f(x) =sin x + cos x 


. f(x) =sin x —cos x 
. f(x) = tan 2x 

. f(x) = tan’x 

. f(x) = tan*x 


58. f(x) = |tan x| 
59. f(x) =cot 2x 
60. f(x) = |cot x| 


61. f(x) = tan x- cot x 
62. fix) = iets 
sin 2x 
63. f= pease 
sin 2x 
sin 2x 
64. f(x) = ———_ 
1+cos2x 
6.76) sin 2x 
1—cos2x 
66. f(x) =cosec 2x 


67. f(x) =sec 2x 
68. f(x) = tan x + cot x 
69. f(x) = cot x — tan x 


70. f(x) = sin? x 
71. f(x) = eos? x 
72. f(x) = sin? x 
73. f(x) = J- sinx 
74. f(x) = -cosx 


75. f(x) = sin x2] 


LEVELII 


(PROBLEMS FOR JEE MAIN) 


Q. Draw the graphs of 
1. f(x) =x sin x 
2. f(x) =x +sin x 
3. f(x) =x-sinx 


4. f(x) =2* sin 


x 


5. f(x) =e" sinx 

6. f(x) =sin x —cos x 
7. f(x) =sin x + cos x 
8. f(x) =x cos x 

9. f(x) =x + cos x 


10. f(x) =x-co 


Sx 


i: f= <)eex 

12. f(x) = \-sinx 

13. f(x) = Vsinx + /-sin x 
14. f(x) = Vsinx — /-sin x 


15. f(x) =sinx 4 


+ |sin x| 


16. f(x) = sin x —|sin x| 


17. f(x) =sinx 4 


+ sin [>| 


18. f(x) =sin x —sin |x| 


19. f(x) =cos x + |cos x| 
20. f(x) = cos x — |cos x| 
21. f(x) =cos x + cos |x| 
22. f(x) =cos x — cos |x| 


23. f(x) = max sin «| 


_ wil dye MeN oe u 
26. f(x) = na sin +), sin{ s+) 


27. f(x) = tan x + tan|x| 
28. f(x) = tan x — tan|x| 
29. f(x) = tan x-cotx 
30. f(x) =sin x-cosec x 
31. f(x) =cos x- sec x 
32. Find the number of solutions of 
(i) sinx =x 
(ii) sin x = |x| 
(iii) sin x = 2|x| 


: ‘ 1 
iv) sinx = — |x 
(iv) a 


: 1 
(v) snx=x+—,x>0 
x 


(vi) sinx=x+ Db g2G 
x 


(vii) sinx =x? +x+1 
(viii) sinx=—x?+x-1 
(ix) sinx =2*+2~ 
(x) sinx =2*-2~ 


(jo = * V xe [-2n, 22] 


(xii) 2°°* = 7 V xe [-2n, 22] 


(xiii) 271 = >, V xe [-2n, 22] 


(xiv) 2/S*l=1,V x © [-27, 27] 
(xv) 357% = aVxe [-27, 27] 


(xvi) 2°"* = |sin x|, Vx € [-22, 2a] 
(xvii) 2°°°* = |sin x|, V x € [-2a, 27] 
(xix) 2°°*“= |cos x|, Vx € [-27, 27] 
33. Find the maximum and minimum values of 
(i) f(x) = sin x + cos x 
(ii) f(x) = sin x — cos x 
(iii) f(x) = 3sin x + 4cos x + 10 
(iv) f(x) =5sin x + 12cos x + 12 
(v) f(x) =sin (x — 1) + cos x 
(vi) f(x) = sin x + cos (x — 1) 
(vii) f(x) =3sinx+4 
(viii) f(x) =2 —4sin x 
(ix) f(x) =— 3 —2sin x 
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(x) f(x) =3cosx +5 
(x1) f(x) =-2 cos x +3 
(xii) f(x) =3sin’x +4 
(xiii) f(x) =2 —4sin? x 
(xiv) f(x) =3sin’ x + 4cos” x 
(xv) f(x) = 2sin? x — 3cos” x 
(xvi) f(x) =3sin? x + 4cos” x + 10sin x cos x 
‘2 1 
Pe) 3sin? x + 2cos? x 
1 


3sin* x —2cos” x 


(xviii) f(x) = 


(xix) f(x) = 2 Ssin’ x+6cos? x 
(xx) f(x) = log,(3sin*x + 1) 
34. Find the domains and ranges of 
(i) f(x) =2sinx +4 
(ii) f(x) = sin x + cos x 
(iii) f(x) =sinx +cosx +1 
(iv) f(x) = 3sin x + 4cos x + 10 


(v) f(x) = sin :-2) + cos x 


(vi) f(x) = sin v2) pos{ x) 


oe Tees _# _ 
(vil) f(x) = sin| x = cos x =) 


(viii) f(x) =3sinx + 2 
(ix) f(x) = 3sin? x + 2cos” x 
(x) f(x) = 3sin? x — 4cos? x 


LEVEL Ill 
(PROBLEMS FOR JEE ADVANCED) 


Q. Draw the graphs of 
1. f(x)= sin( +) 


x 
2. f(x) = xsin( +) 
x 
3. f(x) =sin x + |x 
4. f(x) =sinx —|x 
5. f(x) = |x| + sin x 
6. f(x) = |x| — sin |x| 
7 
8 


. f(x) = |x| + cos |x| 
. f(x) = |x| — cos |x| 
9. f(x) = log, (sin x) 

10. f(x) = log, (cos x) 

11. f(x) = [sin x], where [,] = G.I.-F 

12. f(x) = [2sin x], [,] =G.LF 

13. f(x) = [sin x + cos x], [,] = G.LF 

14. f(x) = max {sin x, cos x},V x € [-22, 27] 


1 
15. f(x) = max {sn.r3,008 x} Vx e [-2¢, 27] 
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Vx e [-22, 27] 


exe sinx+cosx _|sinx—cos x 
Z 2 
feces ae a 


_ 
ioe) 


. f(x) =x sin( =) 
x 


19. f(x) = sgn (sin x) 

20. f(x) = sgn (cos x) 

21. Find the maximum and minimum values of 
(i) f(x) = sin? x + cos* x 
(ii) f(x) =sin* x + cos” x 


Level I 
32. (i) 1 (i) 1 (ii) 1 
(iv) 3 (v) 0 (vi) 0 
(vii) 0 (vili) 0 (ix) 0 
(x) 3 (xi) 4 (xii) 4 
(xiii) 0 (xiv) 4 (xv) 4 
(xvi) 4 (xvii) 8 (xvili) 4 


33. (i) Max V= J2 and Min V=—J/2 
(ii) Max V= J2 and Min V=—J/2 
(iii) Max V= 15 and Min V=5 
(iv) Max V= 25 and Min V=-1 


(v) Max V= sal cos{ 3) )-sin (3) 
Min V= Val eos( 4 2 


(3) 

) 

(vi) Max V= 2 3{cos( 3) +sin (3) 
Min V = ~aleos( 4 }+sin( 3) 


(vii) Max V=7 and Min V= 1 
(viii) Max V= 6 and Min V=—2 
(ix) Max V=—1 and Min V=—5 
(x) Max V=8 and Min V= 2 
(xi) Max V=5 and Min V= 1 
(xii) Max V=7 and Min V=4 
(xiii) Max V= 2 and Min V=—2 
(xiv) Max V=4 and Min V=3 
(xv) Max V=2 and Min V=—3 


ie i) 


) 2 


(xvi) Max V= [2 


Vx e [-2¢, 27] 


(iii) f(x) = sin* x + cos* x 
(iv) f(x) =sin® x + cos°x 
22. Find the number of solutions of 
(i) 25™* = sin x, Vx € [0, 47] 
(ii) 25"* = |sin x|, Vx € [0, 47] 
(iii) 2°°* = |sin x|, V x € [0, 87] 
(iv) 2°°°*=|cos x|, V x € [0, 107] 
(v) 2°°*=cosx, Vx € [0, 207] 
(vi) xsinx-1=0, V xe [0, 2a] 
(vii) xsin’ x -1=0, Vxe [0, 22] 
(viii) sinx =2*+2*, V xe [0, 27] 
(ix) cosx=2*—2*, Vxe [0, 27] 
(x) x’cosx—2=0, Vxe [0, 27] 


ANSWERS 


(xvii) Max V= 1/2 and Min V= 1/3 
(xvii) Max V= 1/3 and Min V=—1/2 
(xix) Max V= 2° and Min V =2° 
(xx) Max V=2 and Min V=0 
33. (i) Dy=R and R= [2, 6] 
(ii) Dp= Rand Ry= [-V2,V2] 
(iii) D/= R and R,= (1-V2,1+ 2] 
(iv) Dy= Rand R= [5, 15] 


(v) D;=R and R-= [54095 A542 


(vi) Dj= Rand R,= |-¥5 +2 +J6,V5+ " + V6 | 


(vii) Dp=R and Rp= [-V2,V2] 
(viii) D,= R and R-= [2, 5] 

(ix) D,=R and R,= [2, 3] 

(x) D,= R and R,;= [-4, 3] 


Level-III 
21. (i) Max V=1 and Min V= 3/4 
(ii) Max V= 1 and Min V= 3/4 
(iii) Max V= 1 and Min V= 1/2 
(iv) Max V= 1 and Min V= 1/4 


22. (i) 0 (ii) 4 
(iii) 16 (iv) 10 
(v) 0 (vi) 2 
(vii) 2 (viii) 0 
(ix) 1 (x) 2 


CHAPTER 


The Trigonometric Equation 


3.1 DEFINITION 


An equation involving one or more trigonometrical ratios of 
unknown angle is called trigonometrical equation. 

For examples, sin’ x — cos x -2 = 0, tanx = 1, 

cos” x + cos x —2 = 0 ete. are trigonomteric equations. 


3.2 SOLUTION OF A TRIGONOMETRIC 
EQUATION 


A value of the unknown angle which satisfies the given 
trigonometrical equation is called a solution or root of the 
equation 


For example, sin @ = z >60= Fe ioe ; 
2 6 6 
Types of Solutions: 
(i) Principal Solution 
(ii) General Solution. 
PRINCIPAL SOLUTION: 


The smallest numerical value of the angle which satisfies the 
given equation is called the principal solutions. 


GENERAL SOLUTIONS: 


Since trigonometric functions are periodic function, 
therefore solution of trigonometric equations can be 
genralised with the help of periodicity of a trigonometrical 
function. The solution consisting of all possible solution of 
a trigonometrical equation is called the general solution. 


3.3 GENERAL SOLUTION OF 
TRIGONOMETRIC EQUATIONS 


The general solution of the equations are as follows: 
Step I 


l. sn@=0 => O=na,nel 


2. cos@=0 => Q=(2n+1)> nel 


3. ttnd=0 => 
Step 0 


l. sn@=1 => 


O=nn ,nel 


O=(4n+1)~ nel 


2. cos@=1l =S O=2nt,nel 


3. tn@=1 = @=(4n+1)7 nel 


Step III 
1. sn@=-l1 > 6 =(4n-1)— nel 


2. cos@=-l => 
3. tnm@=-l => 


Step IV 
1. sinO=sina => 0=nn+(-1)'a,nel 
2. cosO@=cosa => O=2nntta,nel 
3. tn@=tana => O=nn+a,nel 

Step V 
1. sin’ O=sin’a => O=nn+a,nEl 

2. cos’ @=cos°-a => 

3. tan’ O=taa => 


O=ntta,nel 
O=nnta,nel 


3.4 RANGES OF TRIGONOMETRIC 
FUNCTIONS 


Step I 
1. -—l<sin@,cos@ <1 


2. —l<-sin@,-cos@<1 
3, —0co< tan@,cot@ <0 


4. —co<—tan@,—cot@ <oo 
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5. cosecO,secO€ (—o,1]U[I1, 2) 

6. —cosec@,— sec (—o0,1]U[1, 2) 
Step 0 

1. 0<sin* 6,cos?@<1 

2. 0<tan? 6,cot? @ <0 

3. 1 <cosec7@,sec” @ < 00 


Step III 
1. -1<-sin? 6,—cos” 0<0 
2, —co<-—tan? 6,—cot?@<0 


3. -—o< —cosec’0,— sec? @<-1 


3.5 SOME SOLVED EXAMPLES 


Ex-1. Solve for 0: sin30=0. 
Soln. We have, sin30 =0 


=> 30=nn 


=> 9= "TE , where nel 


Ex-2. Solve for 6: cos’ (50)=0., 
Soln. We have, cos” (50) = 0 


=> cos’ (50) =cos” [) 


= (50) =nn (4) 


=> bet nwt & , where nel. 
5 2 


Ex-3. Solve for @: tan@ = V3. 
Soln. We have, tan@ = 3 


> tan@ = tan( = 


> o=nn-+(), wher nel. 


Ex-4. Solve for @: sin20=sin@. 
Soln. We have, sin 20 = sin@ 


> 2sin@cos@ = sin@ 
=  sin@(2cos@-1)=0 
=> sin@ =0 & (2cos@-1)=0 


> sin =0 & cos =— 


= O= nn & O=2nn += where nel. 


Ex-5. 
Soln. 


Ex-6. 
Soln. 


Ex-7. 
Soln. 


Ex-8. 
Soln. 


Solve for 6; sin(90) =sin@. 
We have, sin(90) = sin@ 
=>  sin(99)—sin@ =0 


> 2 0s{ AEE) sin( P=?) 
0 2 

=  2cos(50)sin(40) =0 

=  cos(50)=0 & sin(40)=0 


= (50) = (2n +1) & (40)=nn 


=> 6=(2ntl)= & o-(72). 
10 4 

where nel. 

Solve for @: 5sin* @+3cos* 0 =4 

We have, 5sin’@+3cos-0=4 

> 2sin’ @+3(sin? 6+ cos”) =4 

=> 2sin?@+3=4 


=> 2sin?@=1 


> spe 
2 


> o=nns(* 
4 


ef 


, where nel 


Solve for @: tan(@ —15°) =3 tan(@ +15°). 
We have, tan(@ —15°) = 3 tan(@ +15°) 
tan(@—15°) 3 


~~ tan(-+15°) 1 

= tan(@-15°)+tan(@+15°) _3+1 
tan(@ — 15°) — tan(@+15°) 3-1 

= sin(9+15°+@-15°) 341 
sin(@ +15°-6+15°) 3-1 

=> 2sin(2@) =2 

=> — sin(26)=1 


Q=(4n+1)7.neT- 


Solve for 6; tan’ (9) + cot” (@)=2 
We have, tan’ (@)+ cot” (6) =2 
1 


=> tan? (9) +—_—_ =2 
o ( ) tan’ (0) 


Ex-9, 
Soln. 


Ex-10. 


Soln. 


Ex-11. 


Soln. 


=>  tan*(6)—2tan’(6)+1=0 
= — (tan? (9)- i) = 

= — (tan?(9)-1)=0 

= g=nnz(2), nel 


Solve for @: cos(@) + cos (26) + cos (30) = 0 
We have, 
= (cos (30) + cos(@)) + cos(20) = 0 


> (cos(3@)+ cos (8)) + cos(20) = 0 
= 2cos(2@)cos(@) + cos (26) = 

> Cos (20)(2 cos(@)+ 1) =0 

= — cos(20)=0 & (2 cos(@)+1)=0 
= cos(20)=0 & cos (6) =—> 


N 


= 9=(2n+1)(=] & o=nn (2) 
Solve for @; sin(20)+sin(40)+sin(60)=0. 
We have, sin (26) +sin (46) + sin (60) = 0 
= — sin(60)+sin (26) +sin(4@) = 0 
=  2sin(4@).cos(2@) + sin(4@) = 0 
= — sin(40)( 2 cos(2@)+1)=0 


=  sin(40)=0 & (2cos(20)+1)= 


+»  (40)=nn & cos(28) = -> 


=> 0= 
Solve for @: 
tan (@) + tan (26) + tan (@) tan (20) = 
We have, 

tan(@) + tan (26) + tan (8) tan (20) = 
= tan(20)+tan(@)=1- tan(6) tan (26) 


Soln. 
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tan(20)+tan(0) _ 
1 - tan (6) tan (20) 7 


=>  tan(30)=1 


=>  tan(30)= tan( = 
=> (30)=nn+ (4) 


=> o-( + ue wnel 
3 12 


Ex-12. Solve for @: tan(@)+ tan (26) + tan (30) 


= tan(@). tan (26). tan (30) . 
We have, 

(0) + tan (26) + tan (36) 
= tan (6). tan (20) .tan (36) 
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) 
—tan (30) + tan (9). tan (26). tan (36) 
=> tan (0) + tan (26) 
— —tan (30)(1 — tan (@).tan( (20)) 
tan(@)+tan(20) | _ 7 
| (l- tan (0) .tan (20)) | te (39) 
=> tan (30) = — tan (30) 
=> — 2tan(36)=0 
=> (36) =n 
=> = (=), nel. 
EXERCISE 1 
Solve the general values of 0: 
1. sin20=0 
2. cos38=0 
3. tan5@=0 
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35. 


36. 


. tand= 


- cos30=— 
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x3 
D 
1 
2 
V2 


2sin0+1=0 
1 


aa 


tan30+1=0 


- 2sn@-1=0 


2cos@— V3 =0 
V3 tan@ =1 


. sec(@)+2=0 


sin 26 = sin@ 


- cos3@ =cos@ 
. sin(30) =sin(@) 
. sin(50) =cos(26) 


- 7sin* @+3cos?@=4 
. sin@+sin36+sin50=0 


- cos@+cos3@—2cos 20 =0 
- gin20+sin46+sin 60 =0 


do 02 30 
sin @ 
. 2tan@-—cot@=-1 


. tan? @+(1—3)tan@ — V3 =0 


tan @ + tan 20 + tan @ tan 20 =1 


. tan@+ tan 26 + tan36@ = tan 6 tan 26 tan 30 


tnd +tan( 0+) +tan[ 0422) =3 


. 3tan(@ — 15°) = tan(6 +15°) 


tan 6 + tan 26 + tan30 =0 
cos 26 cos 40 = 2 


cot@— tan@ = cos@—-sin@ 


37. 


38. 
39. 
40. 


3.6 A TRIGONOMETRIC EQUATION 


(1— tan @)(1+sin 20) =1+ tan@ 


2sin? 6 + sin? 20 = 2 
sin 30=4sin 8.sin(@+q).sin(@-a 
4sin 0 sin 20 sin 40 = sin 30 


IS OF THE FORM 


acos@+bsinO=c 


Rule: 


Ex-1. 
Soln. 


Ex-2. 


Soln. 


1. Divide by Va? +b? on both 


),a#nn,mNEZL 


the sides 


2. Reduce the given equation into 


either sin(@+a) or cos(@+ 
3. simplify the given equation. 
Solve for @: sin(@)+cos(@)=1 
We have, sin(@)+cos(@)=1 


cx) 


= 3 { esin(0 + +500s(0)| =1 


J J 
aa, e 
Dm i= 
+ r \ 
Ala = 
Se 

rT Ala 
3 ll 
a ——— 
ahem te 

| rc aN 
= AA 

= be an 
~~ — 
Ala 


> @= [om (17 (2)-) 


Solve for 8; V3sin(0) + cos() =2 


We have, V3sin(0) + cos(0) =2 


V3 


: 1 
=> —sin0d+—cos@=1 
2 2 


> sin{4)=1 
6 


Ex-3. 


Soln. 


Ex-4. 
Soln. 


Solve for @: 
sin(2@)+cos(26)+sin(@)+cos(@)+1=0 


We have, 
sin (20) + cos(2@) + sin(@)+cos(@)+1=0 


= (sin(@) + cos(@)) + (1+ sin (20)) 
+cos(26) 


II 
So 


=> (sin(@) +cos (0)) + (sin(@) + cos ()) 
= (sin(@) +cos(0)) + (sin(@) +cos( (9) 
+(cos@ +sin @)(cos@ — sin 6) =0 


+.cos(@))(1+2cos@) =0 
+cos(@))=0 & (1+2cos@) =0 


> sin 26 Lie eee aee 
4 2 


Le nn & 9=2nn (=) 
4 3 
1 20 
> o=nn = & 0-2 +(2F) ne/ 


Solve for @: sin? @+sin@cos@ + cos* 0 =1 


We have, sin? @ + sin@cos@ +cos* @ =1 

(sin? 0 +cos° ) +sin @cos@ =1 

(sin 6 + cos @)(1—sin @cos@)+ sin @cos 0 = 1 
(sin @ +cos @)(1—sin@ cos@)=(1-sin 6 cos@) 
(sin 6 + cos @ —1)(1—sin@cos@) = 0 

(sin@ +cos@—1)=0 & (1—sin@cos6)=0 


! Yuu yY 


(sin6+cos@)=1 & sin(26)=— 
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&O= sl mm (y (=) , where nel. 


EXERCISE 2 


Q Solve for @: 
1. sin +3 cos@ = J2 
2. V2sec@+tan@=1 
3. cot@+cosecd = V3 
4. sin@+cos@ = V2 
5S. J3cos@+sin@ =1 
6. sin0d+cos@=1 
7. cosecO=1+coté 
8. tand+sec0 = V3 
9. cos@+ V3 sin@ =2cos20 
10. V3(cos@—V3sin@ ) = 4sin 20 .cos30 


3.7 PRINCIPAL VALUE 


The numerically least angle is called the principal value. 

For example, sin @ = 2 

Then, 2 
ma 5a 13x 17x 11a 


6= 9 3 > 2 
66 6 6 6 


6 


Among all these values of ee is the numerically smallest. 


So principal value of sin@ = : is 0= A 


3.8 METHOD TO FIND OUT THE 
PRINCIPAL VALUE 


(i) First draw a trigonometric circle and mark the quadrant 
in which the angle may lie. 

(ii) Select anti-clockwise direction for Ist and 2nd quad- 
rant and select clockwise direction for 3rd and 4th 
quadrants. 

(iii) Find the angle in the first rotation. 

(iv) Select the numerically least angle among these two val- 
ues. The angle thus formed will be the principal value. 

(v) In case, two angles, one with +ve sign and the other 
with -ve sign, qualify for the numerically least angle, 
then it is the conventional of mathematics, to consider 
the angle with +ve signs as a principal value. 
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1 
Ex-1. Find the principal value of sin(@) =—- 5 


1 
Soln. We have, sin(@)=- 1 
= po 
6 
4 
Hence, the principal value of 6 is - 2) 
. ws . 1 
Ex-2. Find the principal value of sin(@) = a 
Soln. We have, sin(@) = ees 
V2 
6. g28 30 
4 4 
Hence, the principal value of 6 is a 
Ex-3. Find the principal value of tan(@) = ~3 
Soln. We have, tan(0)=-v3 
4 
> @6)=-— 
(0)=-7 


Hence, the principal value of 6 is ae 


EXERCISE 3 
Find the principal values of 
l. tan@=-1 
2. cosd= a 
2 

1 
3. cos@=—-— 

2 
4. tan@= BE 
5. sec@= J2 


3.9 SOLUTIONS IN CASE OF TWO 
EQUATIONS ARE GIVEN: 


Two equations are given and we have to find the value 
of @ which may satisfy both the given equations like 
cos9=cosa, sin@=sina and tan@=tana. 
The common solution is 8 =2nm7+a@,where neZ 
Similarly, sin@=sina@ , tan@= tana 
The common solution is @=2u7+a,neEZ 


Rule: (i) Find the common value of @ between 0 and 
20 
(11) Add 27 to this common value 
(111) then we shall get the general value of the given 
two equations. 


; 1 1 
Ex-1. If sin (0) = a and cos (0) = aed , then find 
the general values of 0. 


Soln. Now, sin(@) = 


’ 


=> g== 
4 


and cos(@) =— 


Thus, the commoon value of 0 is = 
; 3a 
Hence, the general value of Ois | 2n7+ oi 


Ex-2. If sin (0) = L 


V2 
general values of 0. 


We have, sin (0) = 


and tan(@)=-1, then find the 


Soln. 


=> O=—-, — 
4 


Also, tan (6) =-] 


Thus, the common value of @ is = 


. 30 
Hence, the general values of 0 is Rea ; 
where nel. 


Ex-3. If (1+ tan A)(1+ tan B) = 2, then find all the values 


of A+B. 
Soln. We have, (1+ tan A)(1+ tan B)=2 
= It+tanA+tanB+tanA.tanB=2 


=  tanA+tanB=1-tanA.tanB 


tan A+ tan B 
1-—tan A.tan B 


=> tan(A+B)=1 


=> tan(4-+)=tan{ ©) 
=> (4+8)=ne+( 2), where m7. 


Ex-4. If sin(zcos@) = cos(zsin 6), then prove that, 


T 1 
cos} @+— | =—— 
[ i) 2/2 


Soln. We have, sin(zcos@) = cos(zsin@) 
: _ (a ‘ 
=  sin(z cos@)= sin( Z - rsin 
1 : 
= (a cos0)= (E - sin 
i eae 
= cosd= (+ -sind) 
2 
: 1 
=> cosé+sind= 5 
cos@+ ! sin@ : 
= = 
V2 V2 22 
cos( + 4 = = 
a 4)” 59 
Similarly, we can prove that, 
1a 1 
cos| @-— |=—= 
[ 4 2/2 
Ex-5. If tan(z cos@)=cot(zsin@), 
then prove that cos t 7 4 Za 
4) 2/2 
Soln. We have, tan(z cos @) = cot(zsin@) 
1 . 
=> tan (0086) = tan{ % sind) 
1 ‘ 
= (rcos0)=| =—nsind | 
: 1 
=> cos(@)+sin(6)= x 
=> | co8(6) + | sin (6) ee 
V2 V2 22 
a 1 
=> cos} d-— |=——= 
[ 4 2/2 
Ex-6. Ifsin.A=sin B and cos A = cos B, then find the values 
of A in terms of B. 
Soln. Given snd4=sm Bo eects (i) 
and cosA=cosB ha eteeteees (ii) 


Ex-7. 


Soln. 


Ex-8. 


Soln. 
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Dividing (1) and (ii), we get, 


sinA_ sinB 


cosA cosB 
= tanA=tanB 
= A=nn+B,wherene I 


If A and B are acute +ve angles satisfying the 
equations 3 sin’ A+2sin? B=1 and 
3sin2A—2sin2B =0, then find A + 2B 

Given equations are 

3sin? A+2sin? B=1 

and 3 sin 2 A—2 sin2 B=0 
From (ii), we get, 
3sin2A=2sin2B 
sin2A_ sin2B 


=> 
2 3 

sin2B - 3 

—- sin2A 2 


From (i), we get, 

3 i) dee \ 

5(2sin A) +(2sin B)=1 
= =(I=c0s24) + (I= c0828)= | 
> EDN Ce 

2 2 


= = cos2A+cos2B= = = 
> sin2Bcos2A+sin2Acos2B =sin2B 
=> sin (2A + 2B) =sin2B 
=> sin(24 + 2B)=sin(— 2B) 
= (2A+2B)=(a-2B) 
=> (24+4B)=2 


> (A+2B)=— 
2 
1 
Solve: ge saa and tanx + tany=1 
: 1 
Given eS and tanx + tany=1 


=>  tan(x+y)= tan( =) 


tan x + tan y sii 


1— tan x.tan y 


=> 1—tanx.tany=1 
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Ex-9. 
Soln. 


Ex-10. 


Soln. 


=> tan x.tany=0 
=> tanx=0 & tany=0 
=> x =n =y 


Thus, no values of x and y satisfying the given 
equations. 

Therefore, the given equations have no solutions. 
Solve: sin x + siny=1,cos2x—cos2y=l1. 
Given sin x + siny = 1 

and cos 2x—cos2y=1 

From (ii), we get, cos 2 x-—cos2y=1 
=> 1-2sin?x-1+sin? y=1 


: : 1 
> sin’ x—sin’ y=—> 


> y=nn+(-l)" sin (3). 
where nel 
? : 1 
> sin x —sin y=—— 
a) 


Adding (i) and (iii), we get, 


2 sige 
2 


1 
> sin x = — 
4 


=> sonn+(-t)'sin™ F)ne, 
Subtracting (1) and (iii), we get, 


2sin y= > 


> gee 
4 


= yonne(-f'sin"(2)ner, 


If rsin@ =3 and r= 4(1+sin 6),where 0<0< 27, 
then find the value of 0. 
Given equations are 


rsin@ =3 

and r= 4(1+sin @) 
Eliminating (i) and (ii), we get, 
4(1+sin @)sin 0 = 3 

4sin* 6+ 4sin@-3=0 


> 
=> Asin? @+6sin@—2sin@—3=0 
=> 2sin 6(2sin 6 +3)—1(2sin@ +3)=0 


Ex-13. 


Soln. 


Ex-14. 


Soln. 


Ex-15. 


=  (2sin@+3)(2sin@-1)=0 
> qieee 
2-2, 
. 1 
> sn@d=— 
2 
=> poe 22 
6 6 


Find the set of values of x for which 
tan3x — tan 2x 
1+ tan 3x. tan 2x ~ 
tan3x—tan2x _ 


We have, —————————- = 
1+ tan 3x. tan 2x 


=> tan (3x —2x)=1 
> tanx=1 
1 
> Sate NARS nel 


But the values of x do not satisfy the given equation. 
Hence, the set of values of x is @. 

Find the number of solutions of the equation 

tan x + sec x = 2 cos x lying in the interval 


[0, 27] 


Given equation is tan x + sec x = 2 cos x 


=>  (I+sinx)=2 cos’ x 
=> (1+sinx)= 2(I —sin 5 
=>  (1+sinx)=2 (1+sinx).(1-sin x) 
= (l1+sinx)(1-2+2sinx)=0 
=>  (1+sinx)(2sinx—1)=0 
=> (l+sinx)=0 & (2sinx—-1)=0 
=> sinx=-l1& sinx=5 
= po 2 OF 
2 6 6 


1 F : . 
But x= 5 doest not satisfy the given equation. 


Thus, the values of x are a and -F 


Hence, the number of solutions is 2. 


Find the number of values of x in the interval [0, 3m ] 
satisfying the equation. 


Qsin? x+5sinx—3=0 


Soln. 


Soln. 


Given equation is 2sin? x+5sinx—3=0 
=> 2sin? x+6sinx—sinx-3=0 

=> 2sinx(sinx+3)—I(sinx+3)=0 
=  (sinx+3)(2sinx—-1)=0 


> sin x = -3, a 
2 


? 1 
> smnx= 
2 


pad 5x 13a 17a 
6° 6° 6° 6 
Hence, the number of values of x is 4 . 


=> 


Ex-16. Find the smallest positive value of x such that 


tan(x + 20°) = tan(x —10°).tan x.tan(x + 10°). 


Given, 
tan(x + 20°) = tan(x —10°).tan x.tan(x + 10°) 
HAMEED hate 16°) ane dA) 
tan x 


sin(x+20°)cosx _ sin(x—10°)sin(x +10°) 
cos(x+20°)sinx cos(x —10°).cos(x + 10°) 


sin (x + 20°) cos x + cos(x + 20°) sin x 


sin (x + 20°) cos x — cos(x + 20°) sin x 


sin (x —10°)sin (x + 10°) +cos (x —10°).cos (x +10°) 


~ gin (x —10°)sin (x + 10°) —cos (x —10°).cos (x +10°) 


sin(x + 20° + x) _ _ cos(x + 10°—x +10°) 
= sin(x+20°-x) — cos(x + 10° + x-10°) 


sin(2x+20°) _cos(20°) 


~~ sin(20°) cos (2x) 

=> sin(2x + 20°)cos(2x) =—sin(20°)cos (20°) 
= 2sin (2x + 20°) cos (2x) =- 2sin (20°) cos (20°) 
=> sin (4x + 20°) +sin(20°) = — sin (40°) 

=> sin (4x + 20°) = —sin (40°) — sin(20°) 

= sin(4x+20°) = —2sin(30°) cos (10°) 

= sin(4x+20°) = —cos(10°) 

sin (4x +20°) = —sin(80°) 

=> sin(4x-+20°) = sin (—80°) 

= sin(4x+20°) = sin(a—(—80°)) 

> (4x+20°)= (1 —(-80°)) 


The Trigonometric Equation 127 


= (4x+20°)= 260° 
= 4x= 260° 20° = 240° 


=> x= 60° 
Hence, the smallest positive value of x is 60°. 


EXERCISE 4 


12. 


13. 


14. 


20 
. Solve: a Be and cos x + cos y = 


. If cos@= A and tan@=-1, then find the genral 
V2 


value of 0. 


. Find the most general value of 0 which satisfy the 


1 1 
equations sin@ =— and tan0d =—~. 
2 3 


. IfA and B are acute +ve angles satisfying the equations 


3sin? A+2sin? B=1 and 3sin2A —2sin2B =0, then 
find A + 2B. 


If tan (A —B)= 1 and sec(A+B)= then find the 


smallest +ve values of A and B and their most genral 
values. 


. Solve: xty= and sin x = 2 sin y. 


N | 


1 
. Solve: a gy and tanx + tany=1. 


. Solve: rsin@d=3 and r=4(1+sin@),0<0< 27 


. If sin A4=sinB and cosA=cosB, 


then find the values of A in terms of B. 


. Solve: sinx+siny=1 


cos2x—cos2y=1. 


. Find the co-ordinates of the point of inter section of 


the curves 
y=cosx &y=sin2x 
Find all points of x, y that satisfying the equations 
3 


cosx + cosy +cos(x+y)=—>. 


If 0<0,9<2z and 8cos@ cos@ cos(0 +o) +1=0, 


then find 90& Q. 
1 1 


Solve: 45™* + 3°SY =11, 5.16* +2.3°° =2. 


if Zope = 
2 2 
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3.10 SOME IMPORTANT REMARKS TO 
KEEP IN MIND WHILE SOLVING A 
TRIGONOMETRIC EQUATION 


1. Squaring the equation at any stage should be avoided 
as far as possible. If squaring is necessary, check the 
solutions for extraneous roots. 


2. Never cancel terms containing unknown terms on both 
the sides, which are in product form. It may cause roots 
loose. 


3. Domain should not be changed. If it is changed, nec- 
essary correction must be made. 


4. Check the denominator is non zero at any stage, while 
solving equations. 


5. The answer should not contain such values of angles, 
which may be any of the terms undefined. 


6. Some-times, we may find our answers differ from 
those in the package in their notations.This leads to 
the different methods of solving the same problem. 


Whenever we come across such situation, we must check 
authenticity. This will ensure that our answer is correct. 


7. Sometimes the two soltuion set consists partly of 
common values. In all such cases the common part 
must be presented only once. 


3.11 TYPES OF TRIGONOMETRIC 
EQUATIONS 


TYPE 1 


A trigonometric equation reduces to Quadratic/Higher 
degree Equations. 


Rules: 1. Transform the terms to be a only one trigono- 
metric ratio involving angles in same form. 


2. Factorize the equation and express it in f(x) x 
g(x) =0 
=> f(x)=0 or g(x) =0. 


3. Solve both the equations one by one to get the 
general value of the variables. 


Ex-1. Solve: 5cos2x + 2cos* (5) +1=0. 
Soln. The given equation can be expressed as 


5(2cos” x-1)+(1+cosx)+1=0 


=> 10cos*x+cosx-3=0 


=> (5cosx+3)(2cosx—1)=0 


=  (5cosx+3)=0,(2cosx-1)=0 


3 
> SE aaa a 


=] 
cos x = — = cos} — 
2 3 


_1/{% 
> s=2nnta = 2nntoos"'(4), 


x= nme ne Z. 


EXERCISE 5 


1. 4sin4 x+cos*x=1 
2. Acos* xsinx —2sin? x =2sinx 

: 7 re) 
3. sinx —cosx—4 cos’x sinx = 4 sin? x 


4. 2cos2x+V2sinx =2 


2 


: 3, 
5. 1+sin? x+cos ee 


6 


6. sin°x+cos gee 
16 


: 1 
7. sin’ x+cos® x= 2008" 2x 


8. 2sin? x =cos” 3x 
9. cos4x = cos” 3x 
10. cos2x =6tan’ x—2cos” x 


TYPE 2. 
A trigonometric equation is solved by factorization 
method. 


Rule: Simply reduces to a single trigonometric ratio of the 
unknown angles and factorize by basic algebraic 
method. 

Ex.-1 Solve: (2 sin x — cos x) (1 + cos x) = sin’ x. 

Soln. The given equation can be written as 

(2 sin x — cos x) (1 + cos x) 
= (1-cos x) (1+ cos x) 


=> (1 +cos x)(2 sinx-—cos x-—1+ cos x)=0 


= (1+cosx)(2sinx—1)=0. 


=> cosx=-l,sinx=1/2 


; | ree he 
> COS Va Le LOS hg UE a é ; 


=> yx=2nntZ, xenn+(-l)'ZneZ, 


EXERCISE 6 


1. 2sin? x+sinx—1=0, where 0S x< 22 


2. 5sin* x+7sinx—6 =0 Where 0S x< 27 


; 1 
3. sin” x—cosx ==, where O<x<2n 


4. tan? x—2tanx—3=0 


5. 2cos?x—V3sinx+1=0 


TYPE 3. 
A trigonometric equation is solved by transformation as a 
sum or difference into a product. 


Rules: 
1. The given equation is reducible to 


F(x) x g() =0 
= f(x)=0,g(x)=0 


2. Solve both the equations one by one to get the general 
value of the variable x. 
Ex.-1 Solve: sinx + sin3x+sin5x=0, 


1 
O<sx<—. 


2 


Soln. The given equation can be written as 


(sinx + sin5x) + sin 3x = 0. 
=> 2sin3x.cos2x+sin3x=0 
=> sin3x(2cos2x+1)=0 


=> sin 3x =0, cos 2x = -1/2 

(5) 
=> sin 3x=0, cos2x =cos a 
=> 3x=nT7, 2x= Inn, ne Z 


nv 1 
> Vegi a eee 
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EXERCISE 7 


Q. Solve for x 


1. cos x —cos 2x = sin 3x 


2. sin 7x + sin 4x + sinx=0, O<x< 


3. cos 3x + cos 2x 


= sin oe +sin = <x< 
= 5 5 ,OSx<S2n 


4. sinx+sin2x+sin3x 


Na 


=cosx+cos2x+cos3x, -™<x<a 
. cos 2x + cos 4x = 2 cos x 


. sin2x+cos2x+sinx+cosx+1=0 
. tanx+tan2x+tan3x=0 


. tan3x+tanx =2tan2x 


oO On nH WN 


_ (1=tanx)(1+sin 2x) = (1+ tan 4x) 


10. sinx—3sin2x+sin3x =cosx—3cos2x +cos3x 


TYPE 4. 
A trigonometric equation is solved by transformation as a 
product into a sum or difference: 


Rule: 
1. The given equation canbereducedto f(x) = 0, g(x) =0 
2. Solve both the equation one-by-one to get the genral 
value of the variable x. 
Ex.-1. Solve: 4 sinx.sin 2x . sin 4x = sin 3 x 
Soln. The given equation can be written as 


(2 sin 2x . sinx ) . 2 sin 4x — sin 3x = 0 

2 (cos x — cos 3x ) sin 4x — sin 3x =0 

2 sin 4x cos x — 2sin 4x cos 3x — sin 3x = 0 
(sin 5x + sin 3x) — (sin 7x + sin x )— sin 3x =0 
(sin 7x — sin 5x )+ sin x =0 


sin x (2 cos 6x + 1)=0 


YUuUUVY 


sin x = 0, cos 6x = —1/2, 


U 


; 2, 
sinx =0, cos6x = cos( 2) 

2 
=> x=nnN, 6x = Inn Sn eZ 


=> xsnmx=(3nt1)"neZ 
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EXERCISE 8 


1. cosx.cos 2x.cos3x=1/4, OS x<a2 
_ sin3a = 4sina.sin(x+a).sin(x-@) 
. sin 2x. sin 4x .+ cos 2x = cos 6x 

. secx.cos5x+1=0.,0<x<a2 
. cosx.cos 6x =-1 


AB WN 


TYPE 5 


A trigonometric equation is of the form 


n-1 


by sin” x +b, sin" x.cos x + 


n-2 


. 2 
b, sin" “ x.cos” x +....... +b, cos” x =0 


where, bo,b,,b,......00+ ,5, €R is a homogenous equation 
of sinx and cosx, where cosx is nonzero. 


Rule: 1. Divide both the sides by highest power of cos x. 
2. The given equation can be reduced to 


by tan” x + b, tan” x+......... +b, = 
3. and then use the factorization method. 


Ex.-1 Solve: 2sin* x—5sinxcosx—8cos” x =-2 
Soln. The given equation can be written as 


a) : 2 
2sin* x —S5sinxcosx —8cos* x 


=—2 (sin? x +cos” x) 
=> 2tan” x —5tan x —8 =—2(tan? x +1) 
=> 4Atan?x—Stanx—6=0 
=> (tanx—2)(4tanx+3)=0 


3 
> ai ae 


=> X=ntt+a,x=nr+B, 


where a=tan! (2), B= tan”! - >) ,neZ. 


EXERCISE 9 


Q. Solve for x: 
1. 5sin? x—7sinxcosx+6cos” x =4 


. . 2 
2. 2sin? x—5sinxcosx—8cos* x =—3 
3. sin 3x.cosx + sin” xcos? x, O<x<2n 


Type 6 
A Trigonometric equation is of the form R (sin m x, cos n 
x, tan p x, cot g x ) = 0, where R is a rational function and 
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m,n, p, q € N, can be reduced to a rational function with 


respect to sin x, cos x, tan x and cot x. 


Rule: 1. Use half angle formulae of tangents: 


21an{ =) 
_ 2 


1—tan? (5) 
cosx= 
1+ tan? (5) 
2: 
ran 5) 
2 
tan x= 
1- tan 1-tan?(*) 
2 


Ex.-1 Solve: 14+ 2cosecx = — 


Soln. The given equation can be written as 


fe 1+tan2| ~ 
sin x 2 2 


=> 2Asinx+2)= [i +tan? (=) sin x 


2 tan = 
a 2 2 42 
1+ tan? ~ 
¥ 2 tan — 
--(1+10n? 3) 2 
2 1+tan?~ 
2 
BE 5 2t 
=> 2 1+t° |x : 
( ( )>( 5 


where ¢ = tan (x/2) 


=> £42°+4+3t+2=0 
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=> Bie 2 a. 2 = P-] 
+t +f 4+¢t4+2t+2=0 ia |-0 
> (+02 4+1+2)=0 : 
2 
=> t+1=0, +t4+240 = 2r’-1-VJ2=0 


= tan ¥)=-1=tan( =} = (v2+1)(r-v2)=0 


1 
=> t=J2,-—~ 
V2 


x 1 
=> Se 
When sin x + cos x = ./2 


2 


1 
=> yx=2nt-—,nEZ- 1 1 
2 => —=sinx+—~cosx=1 


v2 V2 


EXERCISE 10 = sin x4} =1=sin( 2 


1. Solve: (cosx—sin x)(2 tan x +secx)+2=0 = vt nett, neZ 


- 3X 3x 
Sin 5 O08 Sey 1 
2. Solve: 2 ees When sin x + cos x = ——— 
2+sinx 3 ft 
x x 1. & 1 1 
3. Solve: cot] — |—cosec] — |=cotx => = —=sinx+—=cosx=-— 
5 2 2 V2 2 
4. If 6,,0,,03,,0, be the four roots of the equation aa sin( 9 §. 4 egy (- 4 
sin (0 + ot) = ksin20 , no two of which differ by a 4 6 
multiple of 27, then 1 1 
r = [x42 mm een (-2) 
prove that 6, +0, +03 +0, =(2n+1)7,neZ- 4 6 
na 0 
TYPE 7 > x =n —(-1) eae 


A trigonometric equation is of the form R(sinx + cosx, sinx 
. cos x) = 0, where R is a rational function of the argument 
of sinx and cosx. 


EXERCISE 11 


Rule: 1. Putsinx+cosx=t 
2. Use the identity Orepiyetone: 


; 2 
(sinx + cosx) =1+2sinxcosx 1 3 


. sin?x+sinxcosx+cos* x=1 


2 . . 
ie 2. sinx +cosx=1-—sinx cos x 


> sin x COS x = 


: 3s. 
3. 1+sin? x+cos° Ragan 


2 
t'-1 
3. So, the given equation reduces to Aft 4. sin 2x — 12 (sinx—cosx)+12=0, 0<x<2a 
and then solve it. 
TYPE 8 
Ex.-1 Solve: sinx +cosx— 2V2 sinx cos x=0. A trigonometrical equation is based on extreme values of 
Soln. Let sinx +cosx=t sin x and cos x. 


Rule: 1. Whenever terms are sin, cos in power | and 
all terms connected with plus sign and number 
of terms in L.H.S (with +ve or —ve sign ) then 

So, the given equation can be reduced to each term must have in the extreme value. 


Pei 


— sin x . cos x= 
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2. In such problems, each term will be +1 when 
the value of R.H.S is +ve and each term will be 
(—1) when the value of R.H.S is —ve. 


Ex.-1 Solve: sin 6x + cos 4x + 2=0. 
Soln. The given equation can be written as 
sin 6x + cos 4x =—2 


=> sin 6x =—1 and cos 4x =-1 


; . 32 
> SURGES RIN 4 PORE = ON 


= 6x =2nn+ 24x = nn +n,n eZ 


= (oe a ee 
a) 4 peer 
= pan ee 
rie eae aa 
a2 Bn Sm Tn 
Sg Het aeeee 
» yt a 
4’ 4 


Hence, the general solution will be, 
1 52 
=> x=2nt+—,2nt+—,nEeZ 
4 4 
= x=2nn +2 (2ntl)n+ 2 neZ 


1 
=> Bas Ce 


EXERCISE 12 


Q. Solve for x: 
1. sin®x=1+cos* 3x 
2. sin* x=1+ tan® x 
3. sin? x+cos” y =2sec” z 
4. sin3x + cos 2x+2=0 
5. cos 4x + sin 5x =2. 
TYPE 9 


A trigonometrical equation involving with exponential, 
logarithmic and modulii terms: 


Rule: Whenever equation contains power term, then we 
should use the following method. 
1. Equate the base if possible 
2. Ifitis not possible to equate the base, take log of both 
the sides and make its R.H.S is zero, then we proceed 
further. 
Ex.-1 Find the values of x in (-2,1 ) which satisfy the 
equation. 


2 3 4 5 
gl|cos x|+cos x+|cos x| +cos x+|cos x| Esty beste toce = 64 


Soln. The given equation can be written as 


g!t|cos x[+cos” x+|cos xf +cos* x+|cos xP + Syed tooo _ 92 
=> 1+ |cos x| +cos” x+ |cos x +cos* x +..toce =2 
l = 
1-|cosx| — 
1 


=> cosx=t— 
2 


When cos x = — 


ss) 


= cosx=cos (<) 
3 


1 
=> baanee eS 


When cos x =— i = cos( =) 
2 3 


2 
> x= nnn eZ 


Hence, the values of x are +” 
3 


EXERCISE 13 


Q. Solve for x: 


2 3 4 5 
‘a 1 +]e0s x/+eos x+|cos x{ +cos* x+|cos x] +........ to co 4 


2. 14sin@+sin?@+sin? @ +... to co 
= 4423 


ip eS las 1 
sin® x-— sin x+— = 


3. |cos x| 2 2 
4. einx _ p-sinx_y~_g 
5. If alsin? x+sin’ xtsin® x4. toco]log, 2 satisfies the 


equations x? ~9x+8=0, then find the value of 
cos x 1 

—— , 0<«x< = 

cosx+sinx 2 

6. log,.., tanx+log,,,, cotx =0 


: 2 : 2 
a 38in 2x+2 cos x +3}! sin 2x+2sin* x =28 
8. log.o., sinx + log, cosx = 2, where x > 0 


TYPE 10 
A trigonometrical equation involving the terms of two sides 
are of different nature: 


Rule: 1. Let y=each side of the equation and break the 


equation in two parts. 


2. Find the inequality for y taking L.H.S of the 
equation and also for the R.H.S of the equation. 

3. Use the A.M = G.M. on the right hand side of 
the equation. 

4. If there is any value of y satisfying both the 
inequalities, then the equation will have real 
solution, otherwise no solution. 


EXERCISE 14 


Q. Solve for x: 


1. 2cos” i digas oeye” 
2 x? 2 


4x 
2. 2cos* =) =2*+2* 
6 
PROBLEMS FOR JEE ADVANCED EXAM 
4 
Ex-1. Solve for x: secx-—cosecx = 3 


Soln. The given equation is 


4 
Sec X — COSCCX = 3 


1 1 4 
> ee ee ee es 
cosx sinx 3 

-,  3(sinx—cosx)=4sin xcosx (i) 


Put (sinx—cosx) =f 


=> 1-2sinxcosx=?f7 


= 
> sin xX COS xX = 


ea 
(i) reduces to 3t = 4 5 


3¢ = 2(1-1°) 

2r +3t-2=0 

or? +4t-t-2=0 
2t(t+2)—(t+2)=0 
(¢+2)(2t-1)=0 


1 
t== 


Y vu ud d 


2 


’ 


= 

= 

Q 

5 

~ 

ll 
Nl N 


F 1 
> SOS 


Is 


[ I 25 1 
— Sin xX — —cosx 


V2 V2 


Ex-2. 


Soln. 


Ex-3. 
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=> sinx—cosx=2 
It is impossible, since the maximum value of 
(sin x—cos x) is J2 


Solve for x: 
sin 2x +12 =12(sin x — cos x) 


The given equation is 
sin 2x +12 =12(sin x —cos x) 


Put (sinx—cosx)=t 

=> 1-2sinxcosx=?7 

= 2sinxcosx = (1-17) 
(i) reduces to (I = 1°) +12=128 
(1-2?) =12(r-1) 
(¢+1)(t-1) =-12(¢-1) 
(¢—-1)(¢+14+12)=0 
(¢-1)(t +13) =0 
t=1,-13 


when t=1, then sinx—cosx=1 


YUduQd dy 


1 
0) Be} F 


F 1 . | Uw 
=> Sn) 2—— |= si) — 
[ i] 3) 


1, 1 
=> [sins = cos x 


when ¢=-13 
sin x — cos x =—13 
It is impossible, since the maximum value of 


(sin x- cos x) is iD : 


Solve for x: |sec x + tan x| =|sec x| +|tan x| 
in[0,27]. 
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Soln. 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


The given equation is 
|sec. x + tan x|=|sec x| +|tan x| 
=>  secx.tanx 20 

sin x 


=> 5 20 
COS’ x 


=>  sinx20,cosx#0 


= ve[0.n]-{3} 


xe nee U = 
= a ae 


1 T 
Hence, the solution set is [0.2 U Gea : 


Let n be a positive integer such that 


sin ae + cos a LM nan. 
2 2 


n 2n 


The given equation is 


o(Z)eoo(Z)-3 
» de eelSes 
s cos{ = =) Vn 


4 2n) WW? 
It is satisfied for n = 6 only. 


If cos2x + asinx =2a-—7 possesses a solution 
then find a. 
The given equation is cos2x+asinx = 2a—7 


=> 1-2sin?x+asinx=2a—7 


=> 2sin’ x—asinx+(2a—8)=0 


at,fa* —16(a—4) 


> sinx= 
4 
atva’ -16a+64 
> sinx= 
4 
: at (a-8)° 
>  sinx =——— 
4 
+(a-8 
> Peres Ges) 
4 
> ite 84 
4 
: a-4 
> sinx= 
2 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


Ex-8. 


Soln. 


a-4 
ae ke (pee 
i [ 2 


=> —2<(a-4)<2 
=> 2<a<6 
=> ae|2,6] 
00 100 1 


Solve for x: sin’? x — cos!” x = 
The given equation is 


«100 100 
sin“ x—cos x=1 


It is possible only when sin x =1,cosx =0 


Hence, the general solution is 
1 
xX=nw+ > nel 


Solve for x: 


0 


: 29 
sin!’ x+cos!° x= 160 2x 


The given equation is 


1 10 


: 29 
sin! x +cos!° x= 76008 2x 


[s9s28) [29828 29 =, 
=> + =—cos' 2x 


2 2 16 
> = (1+ 100s? 2x +5cos* 2x) = = cos! 2x 
(1 +10cos* 2x+5cos* 2x} =29cos* 2x 
24cos* 2x-10cos” 2x-1=0 
(2cos? 2x-1}(12cos” 2x +1)=0 


(2cos” 2x - 1) = 0, since (12cos” 2x +1) #0 


Y Ydudsd 


cos” 2x = 


Ne 


=> 2cos*2x-1=0 


=> cos4x=0 


U 


4x=(2n+1)n el 


=> xa (Qnt)o nel 


Hence, the solution is x =(2n + on el 


Solve for x: 


Si Be 
sin” x-— sin x+— 
cos x| 2 2=1 


The given equation is 


2 32s 1 
sin” x-— sin x+— 
cos x| 2 2=1 
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1 Soln. The given equation is 


3 
=> sin’ x— Fsinx-+ 5 logleosx|=0 


N 


x? —2x° sin? [E)eet =0 


’ 35 | 
2 
= | sin’ x—sinx+— |=0,log|cosx|=0 2 
[ 2 2 [+2 sin?(Z)x] +i-sin'(Z}s=0 
3 
when sin’ ae as +}=0 It is possible only when 
2. .2{ © - .4({0\ | 
a (2sin? x—3sinx+1)=0 [ aye [=}x}=0,1-sin (E}x=0 
a (2sin? x—2sinx-sinx+1)=0 when 1-sin'(Z)x-=0 
= 2sinx(sinx-—1)—(sinx—-1)=0 
. 1 
=  (2sinx-1)(sinx—-1)=0 asin'{2)s=1 
= (2sinx—1)=0,(sinx—1)=0 - - 
1 sin’ [=x = sin? (4) 
=> SEO 2 2 
: “(Sm 
> sinx =~ ,since|cos.x|=0 2 2 


+x=(2n+1),nel 


= x=nnt+(-l)" [Z)ner zs 
6 when [ —sin? Gam 
0 2 


when log|cos x= 
= log|cosx|= log! => x? =sin? Gr 
2 


=> lcos x|=1 ‘ 

=] 
= cosx=+tl =e 
SxS] 
when cosx=1 


; Hence, the number of solutions is 2. 
=> X= Zn 


Ex-11. If cos*x+acos* x +1=0 has atleast one real 


when cosx = —I solution, then find the value of a. 


=(2n+1)a Soln. The given equation is 
Hence, the solution is cos* x+a cos” X4+1=O0 2 2 eee (i) 
n 2 — 
x =2nn ,(2n+1)a,na +(-1) [Z).mer Let cos” x =t 
Then ¢€[0,1] 
Ex-9. Find the number of solutions of (i) red ‘Pah 
i) reduces to (© +at+1= 
cos(sV/x— 4).cos (xx) =! 
since it has at-least one real root in [0, 1] , SO 
Soln. It is possible only when Ph OO ada ELE 
cos(V/x—4) =1. and cos(Vx)=1 = |aj>2,a<-2 
x =4andx=0 => a22,a<-—-2;a<s-2 
x =0 does not satisfy the equation simultaneously. => as-2 
Hence, the solution is x = 4 => ae(--~,- 2] i 
Therefore, the number of solution is 1 
Ex-10. Find the number of solution of Ex-12. If the equation tan* x—2sec” x +b” =0 has 


y ee: at-least one real solution, then find the value of b. 
x" — 2x" sin 5 )* +1=0 Soln. The given equation is 
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Ex-13. 


Soln. 


Ex-14 


Soln. 


. Find the number of ordered pairs (a,b 


tan’ x—2sec? x +b =0 
an tan* x-2(1+ tan? x)+7 =0 
= tan*x—2tan?x+1=3-b? 


= (tan? x—1) =3-)° 


(3-b?)=(tan’ x-1) >0 


an 
- (3-2°)20 
=> p’<3 
= |bj<v3 


If a,b €[0,27] and the equation 
x? +443sin (ax + b)=2x has at-least one 


solution, then find (a +4). 
The given equation is 


x? +4+3sin(ax+b)=2x 
= (x°-2x+1)+3+3sin(ax+b)=0 
= (x-1) +3(1+sin(ax+b))=0 


It is possible only when 
(x-1)=0, (1+sin(ax +5))=0 


> x*=l, sin(ax +b) =— 


=> sin(a+b)=— 
=> (a+b)=(4n-1)7 nel 


> (a + b) = 22 ; 
) satisfying 


2 
the equations |x|+|y|=4 and vol Et. 


The given equation is 


Ie]+[y[= 
= —-4<x,y<4 
=> 

ux’ 
Also, vol 2 = 

mx (4n +1) nel 

ay 2 oe 
=> x’ =(4n+1) 
=> =] 


=> x=21 
Then |y|=4-1=3 
y=43 
Thus, the possible ordered pairs are 
(1,3),(1,-3),(-1,3),(-L-3) 
Ex-15 Find the number of values of x in (-2x : 2r) 
and satisfying logieos x |sin x] + login x |cos x| = 2 
The given equation is 
locos |sin x| + login x |cos x| = 


Soln. 


It is possible only when 
sin x| =|cos x| #1 


=>  |tanx|=1 


> yo 
4. 4 4 4 


Hence, the number of values of x is 8. 


Ex-16 The number of solutions of tan x+sec x =2cosx 
n [0,27) is 
(a) 2 
(c) 0 


(b) 3 
(d) 1, 
[JEE MAIN - 2002] 


Soln. Ans. (a) 
The given equation is 
tanx+secx =2cosx 


sinx +1 
=2cosx 


U 


cosx 
: 2 
sinx+1=2cos* x 


1+sin x = 2(1—sin x)(1+ sin x) 


= 
= 
= (l+sinx)(1-2+2sinx)=0 
=> (l+sinx)=0,(2sinx—1)=0 
=> 


sinx =—l,sinx =— 


J 
Me 
| 
& 
ll 
ala 


> x= 
au 5a 
Hence, the solutions are 


66 


No questions asked in between 2003 to 2005. 
The number of values of x in the interval [0,377] 


Note. 
Ex-17. 
satisfying the equation 2sin? x+5sinx-—3=0 
(a) 4 (b) 6 
(c) 1 (d) 2. 
[JEE MAIN - 2006] 


Soln. 


Note. 


Ex-18. 


Soln. 


Note. 


The given equation is 
2sin? x + 5sinx-3=0 


Qsin? x + 6sinx—sinx-3=0 


+  2sinx(sinx+3)-—(sinx+3)=0 
=> (sin x +3)(2sinx—1)=0 
~ (sinx+3)=0,(2sinx-1)=0 
= (2sinx-1)=0 
; 1 
=> sinx=— 
2 
yet Sm lin Vn 
66 6° 6 


Hence, the number of solutions is 4. 
No questions asked in between 2007 to 2015. 


Find all the angles 6 between z and —z that satisfy 
the equation 


6 
5cos(20) + 2cos” (5) +1=0. [Roorkee — 1984] 
The given equation is 


5cos(26) +2cos” (5) +1=0 


= 5(2cos” @ -1)+(1+cos0)+1=0 
=> 10. cos” @+cos@ —3=0 
=> 10. cos” @ + 6cos@ -5cos@ —3=0 
-, 2cos@(5cos@+3)—1(Scos@+3)=0 
-, (2cos@-1)(5cos@+3)=0 
> Sib = ese 
2 5 


When er es 
2 
Then gee 
3 3 
3 
When ee = 


1 = 3 
@=—+cos | -— 
Then 3 [ | 


a | 
—cos | ——= 
> 


Hence, the solutions are 


@=4 2 + cos! ae ee eos = . 
cae 5), <2 5 


No questions asked in between 1985 to 1986. 


and -> 


Ex-19. 


Soln. 


Ex-20. 


Soln. 
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Find the general solution to the following equation 

2(sin x - cos 2x) = sin 2x(1 + 2sin x) +2cosx=0, 
[Roorkee — 1987] 

The given equation is 

2(sin x — cos2x)—sin 2x(1+2sinx)+2cosx=0 


= 2sinx—2cos2x-—2sinxcosx 
—sin2x+2cosx=0 
= 2sin x(1—cosx)+4cos* x 
—4cos* x —2cosx+2=0 
=> 2sin x(1—cos x) + 4cos* x(cos x —1) 
—2(cosx—-1)=0 
=> (cosx—1)(4cos? x-2-2sinx)=0 
an (cosx—1)(2sin? x +sinx-1)=0 
= (cosx—1)(sinx+1)(2sinx—1)=0 
: : 1 
=> CO beeen 
+ x=2nn, (4n—1)> , nm +(-1)" (=) 


Solve for x and y; 
xcos* y+3xcos ysin? y=14, 


xsin° yt 3x cos” ysiny=13. 
[Roorkee — 1988] 
The given equations are 


xcos* yt 3x cos ysin? y=l14, 
xsin° yt 3xcos” ysiny =13 
Adding and subtracting, we get, 
x(cosy+sin yy =27 

x(cos y— siny) =1 


Dividing (11) by (i), we get, 
3 


(cos y+sin y) 2s 
(cos y—sin yy 
(cos y +sin y) ytsiny) _ 
ic (cos y—sin y) y-—sin y) 
l+tany _ 
Te tan y = 
=> tany= z 
2 
ee tan! 3) 
2 
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Ex-21. 
Soln. 


Ex-22. 


Soln. 


(1 
Put the value of = tan’! q into (ii), we get 


(3-4 


- l 


> 1=5N5 
Hence, the solutions are 


1 
x=5/5 and y=tan! q 


Solve for x; 4sin* x+cos* x =1 [Roorkee — 1989] 


4y=1 


The given equation is 4sin* x + cos 
4 4 a) ae 
=> 4sin” x +cos x= (sin x+cos _) 
= 4sin*x+ cost x =sin* x +cos* x + 2sin*x cos” x 
= 3sin‘ x—2sin* xcos* x =0 
=> 3sin* x —2sin? x+ 2sin* x =0 
bad ee 
=> 5sin” x-—2sin* x=0 
Fe) me) = 
> sin x(Ssin x-2)=0 


= sin? x=0, (Ssin? x-2)=0 


: j 2 
> sinx=0, sin’ x= 


fs 2 
> x=nn, nt+a, where a =sin (2 


Find all the values of ‘a’ for which the equation 


sin’ x +cos* x+sin2x+a=0 is valid. 

Also find the general solution of the equation. 
[Roorkee Main — 1990] 

The given equation is 

sin’ x +-cos* x+sin2x+a=0 


~ 1-2sin? xcos*x+sin2x+a=0 


1 
> 1—5(4sin” xcos” x)+sin2x+a =0 


1 
1-5 (sin2x)° +sin2x+a=0 


2—(sin 2x)” +2sin2x+2a=0 
(sin 2x)” — 2sin2x—2=2a 
( 


sin2x-1) —3=2a 


Note. 
Ex-23. 


Soln. 


Note. 


Ex-24. 


Soln. 


= (sin2x-1) =2a43 
+ 2a+3=(sin2x-1)’ 20 
=> a 

2 


Also, (sin2x-1) >0 


= (sin2x-1)20 
=> sin2x21 
=>  sin2x=1 
=> 2x=na+(-1)" (=) 
2 
=> v= 4(-1)'(2).ne1 


No questions asked in 1991. 
Find the general solution of the equation 
(v3 - 1)sin6+ (V3 +1)coso =2 
[Roorkee — 1992] 
The given equation is 


(V3 -1)sin@ +(V/3 +1)cos@ =2 


=  sin@cos(75°) + cos@sin(75°) = 
sin( 0472) = 

2 fa). 45 
sin 0+). : =sin() 

= io): 72 4 

=> [0+ )=ne+(-1)"(2), ner 


7 o=(ne+y(4)-7]. ner 


No questions asked in 1993. 
Solve for 8 sec@ — cosec@ = : 
[Roorkee Main — 1994] 


: ee: 4 
The given equation is sec @ — cosec @ = 3 


3(sin 6 — cos @) = 4sin 8 cos 
Let sin@ —cos@=t’ 
lege 


Then sin @cos@ = 


Equation (i) reduces to 


wa4x( 5") -2(1-) 


2r? +3t-2=0 
(2t-1)(t+2)=0 


=> 


=> 


= 
= 
when ¢ =-2, (sin@ —cos@) =-2 


It is not possible. 


1 
when t=—, Fey eee pe 
2 2 


> sin{- 2) = 
A) 34s 


> sin{ 0-4) =" sina 


re OA: 


1 n . -] 1 
=> |0-—|/=n7+(-1) a, where ~@=sin | —= 
[oF ) =m) ea 
n 1 
= @.=[ mn +(-1) a=) nel 
Note. No questions asked in 1995. 


Ex-25. If 32tan®@=2cos*a@—3cosa@ and 3cos20=1 5 
then find the general values of a. 
[Roorkee Main — 1996] 


Soln. Given 3cos20=1 
1 
=> cos20=-— 
3 
1-tan?@ 1 
l+tan?@ 3 
= 1+tan?@=3-3tan’@ 
=> 4tan?@=2 
=> ey ee 
2 


Also, it is given that, 


=> 32tan®@=2cos* a—3cosa 
Ly > 
= 32 5 =2cos° a@-—3cosa 
=> 2cos*a—3cosa=2 
=> 2cos?a—3cosa—2=0 
=> 2cos?a—4cosatcosa—2=0 
-, 2cosa(cosa—2)+1(cosa—-2)=0 
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(2cosa +1)(cosa@—-2)=0 


=> 
+ (2cosa+l)=0, (cosa—2)=0 
1 
=> cosa=-—,2 
2 
=> cosa =2 is not possible. 


Also, when cosa@ =— : 


20 


=> x=2nt+— 
3 


Note. No questions asked in 1997. 


Ex-26. Find the general values of x and y and satisfying the 
equations 5 sin x cos y= 1, 4 tan x = tan y. 

[Roorkee Main — 1998] 

Soln. Given equations are 


5 sin x cos y= 1 and 4 tan x = tan y. 


=> Ssnmxcosy= lo a eeaeee (i) 
and 4sinxcosy=cosxsiNnyo so saaeeaeee (ii) 
Dividing (1) by (ii), we get, 
4 

cosxsin y = BREE (iii) 
Adding (i) and (iii), we get, 

sin (x + y) =1 
> (x+y)=(4nt1)> nel sects (iv) 
Subtracting (111) from (i), we get, 

sin(x-y)= - = sina 
= (x-y)=mat(-l)"a,mel aaa. (v) 


From (iv) and (v), we get, 
2x=(2n+m)n+2+(-1) M7 
=x x=(2n+m)—+=4(-1)"2, a=sin"'(-2] 
2°4 
and 


2y=(2n—m)n+>—(-1)" a, A= sin! (-2 


SY 


m 
> y=(Qn-mZ45-(yns 
Note. No questions asked in 1999. 
Ex-27. Find the smallest positive value of x and y 
satisfying (x—y)= : ,cotxt+coty=2. 


[Roorkee Main — 2000] 
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Soln. 


Ex-28. 


Soln. 


Given equations are (x -— y) = 


AIA 


? 


and cot x + cot y= 2 
= cosxsiny+sinxcosy =2sinxsiny 
—, sin(x+y)=cos(x—y)—cos(x+ y) 
—, sin(x+y)+cos(x+y)=cos(x- y) 


V2 


=> 


Also, (x - y) = * 


Thus, piel &y= 
12 6 
Solve the following equations for x and y; 


lose” x-see” y) = 


1 


3(2e0see x+V3 [see Bee 


The given equations are 


g(cosee sec” y) =] 


n(2e0see-x+3 see »} 65 


From (i), we get, 
cosec”x —3sec” y=0 


2 2 
=>  cosec’x =3sec* y 


=  cosecx=v3 sec y| 
Also, from (ii), we get, 


2cosee x+/3 see y)) =64= 2° 


2cosec x + 3 |sec y| =6 


3 


=> 
=> 2cosecx+cosecx =6, from (iil) 
=  3cosecx=6 

= cosecx=2 

> 


: 1 
sin x=— 
2 


 sin(x+ y)+Leos(x+ )=—~cos(x- y) 


[Roorkee Main — 2001] 


= s=nn+(-'(2), nel 


a2 


Again, Ree 
= |cosy|= Ne. 
2 
cos Soe = 
> JY 4 6 


LEVEL I 

(QUESTIONS BASED ON FUNDAMENTALS) 
Tcos” @+3sin’ @=4 

sin 20 + sin 40 + sin 60 =0 
tan’ 6 + (1— V3) tan — V3 =0 
tan @ + tan 26 + tan 6 tan 20 =1 
3 tan(@ — 15°) = tan(@ + 15°) 
tan @ + tan 26 + tan 30 = 0 
4sin@ sin 20 sin 46 = sin30 
2 sec0 +tand=1 

sin (2013 )@ + cos(2013)6 =2 
cos 0 + V3 sin @ = 2cos 20 


. Solve: 
. Solve: 


. Solve: 


Solve: 
. Solve: 
Solve: 
Solve: 


. Solve: 


. Solve: 


— 
=) 


. Solve: 


— 
— 


. Solve: 


N | 


20 
ee ee and cos x + cos y= 


— 
NO 


. Solve: xtyet and tanx + tany = 1 


— 
iss) 


. Solve: 


_ 
& 


. Solve: sinx+siny=1, cos2x—cos2y=1 


— 
Nn 


find (A+2B), 
16. 


V3 


smallest +ve values of A and B and their most general 


values. 


rsin@ =3 and r=4(l+sin@),0<@<2z 


. IfA and B are acute +ve angles satisfying the equations 
3sin* A+2sin° B=1 and 3sin24=2sin2B, then 


2 
If tan (4 — B) = 1 and sec(A+B)=—~, then find the 
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17; Ifsin A = sin B and cos A = cos B, then find the values 2 If Gnd ee ( _ J3)tan x _ B = Oaeaeis 
of A in terms of B. 
ee A es. 
18. Solve: 4sin" x+cos" x =1 (a) pee (b) nn (c) nn (d) nn 
19. Solve: 4cos” xsin x —2sin” x =2sinx 3 
a8 6 7 4. If tan? 6+ cot? @ =2, then Gis 
20. Solve: sin” x+cos” x= ié ze - % P 
(a) rs (b) er (c) sr (d) asi 
21. Solve: sin 7x + sin 4x + sinx=0, OS x<— 
2 5. If tan@+cot@=2, then Ois 
22. Solve: cos 3x + cos 2x 1 1 1 
3x : (a) nt+— (b) na-— (c) (d) nx-—. 
= sin{ =] +sin( 3), O<x<27 3 4 3 
2 2 6. The set of values of x for which 
23. Solve: sinx+sin2x+sin3x tan3x—tan2x _ 
=cosx+cos2x +cos3x 1+ tan 3x tan 2x 
24. Solve: cos2x+cos4x = 2cos x b 1 1 a 1 
25. Solve: sin2x+sinx+cos2x+cosx+1=0 (a) @ (b) a (c) casas (d) ae 
: el 7. If sin 5x + sin 3x + sin x = 0, then the value of x other 
26. Solve: cos xcos2xcos4x = 4 a 
oe than zero, lying between 0< x< 5 
27. Solve: sin3a = 4sina@ .sin(x +a).sin(x—@) (a) a (b) a (c) u (d) 4 
28. Solve: sin2xsin4x+cos2x=cos 6x ° . er é 
oe ; 8. If wand Bare acute positive angles satisfying the equa- 
29. Solve: sin3x.cos x +sin“ xcos* x tion 3sin? @ + 2sin? B =1 and 3sin 2a —2sin2B = 0, 
+sinx.cos’ x =10<x<2x then a +28 is 
30. If 6,,0,,0;,0, be the four roots of the equation 1 1 1 
a (a) 0 (b) — (C) es eg 
sin(@+a@)=ksin26 , no two of which differ by a 4 3 2 
multiple of 27 , then prove that 9. If 2sin? x+sin?2x=2, -m<x<z, thenx is 
1 
8, +O, +63 +0, =(2n+1)7neZ (a) = (b) = (c) 1 (d) None 
LEVEL II 10. The real roots of the equation cos’ x+sin* x =1 in 
(MIXED PROBLESMS) (-1,7) are 
Solve the following equations and tick the correct one. @-< a 0 (b= ca 0, ur 
2 1 2 2. 
1. sin ea oe 
1 
(c) 0,= (d) 0,—,— 
(a) 2 @ t= : ie 
373 3° 3 11. The general solution of cos® x—sin® x-1=0 is 
nm 20 2m 50 
(c) ae (d) we (a) nim (b) 2nt 
3 3 3. 3 ie i 
(c) nt+— (d) 2na7+— 
2. If 3tan* @—2sinO =0, then @is 2 2 
(a) nt (b) n+ (-I" 12. If 4sin* x+cos* x =1, then x is 
P i (a) nz (b) na+sin7! i? 
(c) na —(-1)"= (d) ntt+— 5 
: : ej 2m (d) 2nn + 
3 4 
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20. 


pA 


22. 


23, 
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. The number of points of intersection of 2y = 1 and 

y=cos xin atepeE is 
2 2 

(a) 1 (b) 2 
(c) 3 (d) 4 

. The number of values of x in the interval [0,37] 
satisfying the equation 2sin? x+5sinx—3=0 is 
(a) 6 (b) 1 (c) 2 (d) 4 

. The number of values of x in [0,57] satisfying the 
equation 3 sin? x —7sinx+2=0 is 
(a) 0 (b) 5 (c) 6 


. The number of solution of the equation 


(d) 10 


1 i 
|cot x| = cot x ++—, 0<x<27z, is 
sin x 


(a) 1 (b) 2 (c) 3 (d) 4 


. The number of solution of |cosx|=sinx such that 
0<x< 27 is 
(a) 2 (b) 4 
(c) 8 (d) None 
. Thenumber of solution of the equation tan x.tan4x =1, 
O0<x<7, 1s 
(a) 1 (b) 2 
(c) 5 (d) 8 
. The number of solution of the equation 
12cos* x—7cos* x +4cosx—9=0 , 1S 
(a) 0 (b) 2 
(c) infinity (d) None 


The sum of all solution of the equation 


cos@ .cos 7 46 .COS inter = is 
3 3 4 


100z 


(a) 15a (b) 30a (c) Sao (d) None 


The number of solution of 16% * +16 * = 
O0<x<27, is 

(a) 2 (b) 4 (c) 6 (d) 8. 
The smallest positive value of x such that 

tan(x + 20°) = tan(x + 10°). tan x.tan(x—10°) , is 
(a) 30° (b) 45° (c) 60° (d) 75° 


The maximum value of 
1 
sin( + =) +cos [» + =) in [o =) is attained at 
6 6 2 


1 
(a) D 


10, 


a a a 
(b) A (c) S (d) ry 


24. 


25, 


26. 


27. 


28. 


29. 


30. 


31. 


The minimum value of 2°!"* + 2°°S* is 

(a) | 
i 

(c) 2 2 


If cos p@ + cos g@ =0, then the different values of 0 
are in A.P., whose common difference is 


Tv 


@ 5+ 5-9 
2a Pein 

©) xq pq 

If tan 2x. tan x = 1, then x is 

(a) A (b) (6n1)7 

(c) (4nz1)7 (d) (2nz1)7 


The maximum value of 5 sin 8+ 3sin(@— @) is 7, then 
the set of all possible values of a is 


[ane +4) 
3 


(b) | 2nr+ =) 


(d) None 


If tan sin |=cor{ Zsind | , then sin@+cos@ is 


(a) 2n-1 (b) 2n+1 (Cc) 2n (d) n 


If sin{ Zcot8) = cos( Stand) , then @ is 


(a) G + *) (b) [ane + =) 


(c) G = =) (d) [ane + =) 


If tan(zcos@)=cot(zsin@), then the values of 
1 
cos(o- = is (are) 
4 
@+ &- O45 @N 
= = BMeret ni 
) B c 7a one 


If 3tan(@ — 15°) = tan(@+15°), then Ois 


(a) G + *) (b) G + 2) 


(c) Gan (d) None 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


If tand+tan( or | tan( 042 |3 , then @ is 


(a) Qn+1)5 (b) G + 4 


(c) (4n+1) = (d) None 
The equation a sin2x + cos2x = 2a—7 posses a solution 
if 

(a) a>6 
(c) a>2 


(b) 2<a<6 
(d) None 


The number of all possible triplets (a,,4,43) such 


that a, +a, cos2x +a; sin? x= 0 forall x, the number 
of possible 5-tuplets is 
(a) 0 (b) 1 

If a, +a, sinx +a; cosx +a,sin2x+ a; cos2x = 0 
holds for all x, then the number of possible 5-tuplets 
is 

(a) 0 (b) 1 (c) 2 


The number of solution of the equation 


(c) 2 (d) None 


(d) infinity 


oe : : 
I+sinx.sin* > =0 in [-7,7] is 


(a) 0 (b) 1 


The solution of 


(c) 2 (d) 3 


sin* x+cos* x +sin2x+a@ = 0 1s solvable for 


(b) -3<a<l 
(d) -l<a<l 


The equation sin* x — 2cos” x +a” =0 is solvable for 
(a) -3<a< v3 (b) -J2<as 2 

(c) -lsasl (d) None 

The number of pairs (x, y) satisfying the equations 
sin x + siny =sin (x + y) and |x|+|y|=1, is 

(a) 2 (b) 4 (c) 6 (d) infinity 
The value of ‘a’ for which the equation 


Acosec” [x(a + x)| +a’ —4a=0 , has a real solution, 
if 
(a) a=1_ (b) a=2 


(c) a=3  (d) None 


If sinx + cos x= 


(a) x= y= 


(c) y=2 


1 
y+—,xe [0, a], then 
JY 


(b) y=0 


(d) x= 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


$2. 
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|tan x + sec x| = |tan x| + |sec x|, x € [0, 271], 
if x belongs to that interval 


1 1 
(a) [0, | (b) [0.2 U (| 
(c) 0.22) U [2.20] (d) (a, 27]. 


5 
The number of solutions of ¥ cos (rx) =5 in the 


interval [0, 271] is r=l 
(a) 0 (b) 1 (c) 5 (d) 10 
If f(x) = max {tan x, cot x}. The number of roots of 
: 1. 4 
the equation f(x)= in (0, 272) is 
f(s) 2+.3 
(a) 0 (b) 2 (c) 4 (d) = 


If sin x + cos x + tan x + cot x + sec x + cosec x = 7 
and sin2x=a—bVc, thena—b+2c is 


(a) 0 (b) 14 (c) 2 (d) : 
If sin4x + cos4x + 2 =4 sin x cos y and 
0<x,y< 5+ then sin x + cos y is 

3 
(a) 2 (b) 0 (c) 2 (d) 5 


The equation cos4x — (A + 2) cos2x — (A + 3) = 0 
possesses a solution if 

(a) A>—3 (b) A<-2 

(c) -3<A<-2 (d) Ae zt 

If 0 < @<2zand 2sin? @—Ssin@+2>0, then 

the range of 0 is 


w (05) o( Ea 


(c) 02) U (1, 27) 


(d) None. 

The number of values of x for which 

sin 2x + cos 4x = 2 is 

(a) 0 (b) 1 (c) 2 (d) © 
The number of solutions of the equation 
+x + 4x42 sinx=0in0<x<2zis 

(a) 0 (b) 1 (c) 2 (d) 4 
The number of solutions of the equation 

tan x + sec x = 2cos x lying in the interval [0, 27] is 
(a) 0 (b) 1 (c) 2 (d) 3 
The number of solutions of the equation 
2(sin4 2x + cos* 2x) + 3 sin2 x cos2 x = 0 is 
(a) 0 (b) 1 (c) 2 (d) 3 
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54. 


55; 


56. 


57: 


58. 


59. 


60. 


61. 


62. 


Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


. cos 2x + a sin x = 2a—7 possesses a solution for 


(a) alla (b) a>6 

(c) a<2 (d) ae [2,6] 

If 0 <x <2 mand 81°™* + 81°°S* = 30, then x is 
T TU T 
we by d — 

(a) 6 (b) 5 (c) a (d) 4 


If 1+sin@+sin°@+......too=4+23, 


1 1 
0= — b) d= = 
(a) 6 (b) 3 

T 1 1 20 

@=— ide d = mie 

(c) 3 or 6 (d) 3 or 3 


If tan (cos) = cot (sin), then the value of 
cos(0-4) is 
4 
1 1 
ese, (c) a 
V2 2V2 


The most general values of x for which 


(a) : (b) (d) None 


sin x + cos x= Pan {1, a’ —4a+ 6} are given by 
(a) 2nt,ne N 
(b) 2na+ vine N 


7 neN 
4 


(c) nn+(-1)" i 


(d) None 
If x € [0, 27] and sin x + sin y = 2 then the value of 
xt+yis 


(a) x (b) . 


The number of roots of the equation 


(c) 3a (d) None 


x+2tanx= S in the interval [0, 27] is 


(a) 1 (b) 2 (c) 3 (d) © 

The number of solutions of the equation cos( Vx-4 ) 
cos (Vx) =lis 

(a) None (b) 1 (c) 2 (d) >2 


The number of solutions of the equation 


‘ UX 2 
sin | —=| =x Oia x+4 
ea 


(a) forms an empty set 
(c) is only two 


(b) only one 
(d) is greater then two 
Number of real roots of the equation 


sec 0+ cosec @= VI15 lying between 0 and 277 is 
(a) 8 (b) 4 (c) 2 (d) 0 


63. The general solution of the equation 
sinl00 x —cos100 x = 1, is 


(a) Qnn+ = nez (b) mnt nez 


(c) n+ 7 mne2 (d) dna Nez 


64. 


The number of solution of the equation 2°* = 


in [-27, 271] is 

(a) 1 (b) 2 (c) 3 
The general solution of the equation 
p08 x + 1 — 3.95" x is 

(a) nt.nEz 

(b) (n+1])a,neEz 

(c) (n—l)a,neEz 

(d) None 

If x € (0, 1), the greatest root of the equation 


sin27x = V2 coszx is 
1 1 3 
= b) — = 
(a) A (b) 5 (c) ri 


The number of solutions of tan (57cos a) 

= cot (Szsin a) for ae (0, 27) is 

(a) 7 (b) 14 (c) 21 

The number of solution of the equation 
x 

1+ sinx . sin’ (5) = 0 in [-2, 2] is 

(a) 0 (b) 1 (c) 2 


The number of solution of the equation 


(d) 4 
65. 


66. 


(d) None 
67. 


(d) 3 
68. 


(d) 3 
69. 


1 P 
|cot x| =cot x + ——,V xe [0, 27] is 
sin x 


(a) 0 (b) 1 (c) 2 (d) 3 
70. The real roots of the equation 
cos’x + sin4x = 1 in (—a, m) are 
1 1 4 
a) -—,0 b) -—, 0, 
(a) 5 (b) ie 
t nu 1 
c) —,0 d) 0, —, = 
(c) 5 (d) iOS 
LEVEL III 


(PROBLEMS FOR JEE ADVANCED EXAM) 


Solve the following trigonometric equations: 


x x 
1. cot} — |—cosec| — |=cotx 
5) 5) 


sin 6x 
2. 8cos x.cos2x.cos4x = — 
sin x 
tanx  tan2x 
3. +2=0 
tan2x tanx 


4. Solve: cos x cos (6x) =-1 
5. Solve: cos(4x) + sin(5x) = 2 


|sin x| 


6. sin2dx+5cosx+5sinx+1=0 


7. sinx + sin 2x +sin 3x = cos x + cos 2x +cos 3x 


20. 


21. 


22: 


23. 


: ; 4 1 
5 sin* xt sin* (x42) 7 


in the interval OS x<2 


. sin? xtanx+cos~ xcotx—sin2x 


=1+tanx cotx 


4 7 4 
. sin? 4x + cos’x = 2 sin 4x cos*x 


aa ss Ee 
. sin x+cCos iat aia 


. sintx+cos* x 


- 2eos{ 2s + 7 co [2s - =) 
6 6 


4 


1 
. If cos [» By *) +COSX=4 , then find all values of a so 


that the equation has a real solution. 


; 1 ied 
. Find the number of roots of cosx—x+—=0 lies in 


9 


Find the number of integral ordered pairs satisfy the 
cos(xy) =x 


equations 
2 a a =y 


. Find the number of real solutions of 


2016 2016 ‘ 
sin ’x—cos”’ x=1 in [0,27] 


. Find the number of ordered pairs which satisfy the 


equation x* + 2xsin(xy)+1=0 for y€[0,2z]. 


. Find the number of solution of the equation 


sin 5x . cos 3x = sin 6x . cos 2x in [0,7] . 


. Find the number of solution of the equation 


cos 3x. tan 5x = sin 7x lying in fo, 4 : 


The angles B and C (B > C) of a triangle satisfying 
the equation 2 tan x — A(I + tan? x) = 0, then find the 
angle A,if 0<A<1. 


Determine all values of ‘a’ for which the equation 


cos! x— (a+2) cos” x — (a+3)=0 has a solution and 
find those. 
Find all the solution of the equation 


sinx+sin2[ J(1-cos.)’ +sin? x )=0.n ote le ‘ 
8 De? 


If the equation 


24. 


25. 
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sin* x—(k + 2)sin® x—(k +3) =0 hasa solution, then 
find the value of k. 

Find the number of principal solutions of the equation 
4 16" x ae 2 6sin x 

Find the general solution of 

sec x =1+cosx+cos” x+cos? x +...... 


INTEGER TYPE QUESTIONS 


1. 


10. 


15. 


. Find the number of solutions of sin x = 10 


Find the number of values of x in (0, 57) satisfying 
the equation 3sin? x—7sinx+2=0 


. Find the number of integral values of k, for which the 


equation 2cosx+3sinx=k +1 has a solution. 


. Find the number of distinct real roots of 


sinx cOSx cosx 


sinx cosx| =0in|—~,™ 
4’°4 


COS Xx 


cosx cosx sinx 


. Find the number of pairs (x, y ) satisfying the equations 


sin x + sin y = sin (x + y) and |x|/+|y|=1 


. Find the maximum value of 


2 


l+sin?x cos*x Asin 2x 

f(x)=| sin?x I+cos*x  4sin2x 
sin? x cos*x 14+4sin2x 
|x| 


. Find the number of solutions of 


tan x+cot x =2cosec xin [-22 : 2r| . 


. Find the number of soltions of 


1 
cos x.cos2x.cos4x= 4 in[0,7] : 


. If x,y €[0, 27], then find the number of ordered pairs 


(x, y) satisfying the equation sinx . cosy = 1. 


If x €[0,3z], then find the number of values of x 


1 
isfyi ion |cot x] = cot x + —— 
satisfying the equation | | ae 


. Find the number of solutions of 


tan x tan(4x) = 1, forO<x<az 


. Find the number of integral values of n for which the 


equation sin(sin x + cos x) =7 has atleast one solution. 


. Find the number of real solutions of 


sin{x} = cos {x} in [0, 27] 


. Find the number of solutions of 


(v3+1)+(/3-1)" =2* 


Find the number of values of y in [—27, 27] for which 
|sin(2x)| + |cos(2x)| = |sin(y)| 
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LINKED COMPREHENSION TYPE 
(FOR JEE ADVANCED EXAMS ONLY) 


PASSAGE I 


An equation is of the form f (sin x+cosx, tsinxcosx ) =0 
can be solved by changing the variable. 


Let sinxtcosx=t 
ee 2 4-403 ao 
sin’ x +cos* x+2sinxcosx=t 


=> 142sinxcosx=1? 


Thus, the given equation is reducible to 


pHi 
(ize 


On the basis of above information, answer the following 
questions . 
1. If 1—sin2x =cosx—sinx , then x is 


(a) dn (2am =n el 


(b) dn (nn +) el 


(c) [2m 2) nn +) el 


(d) None 


2. If sinx+cosx=1+sinxcosx, then x is 


(a) dn (ann + ©, nel 


(b) 2nn (nn +), nel 


(c) [2-2] {nn + nel 


(d) None 


3. If sint x+cos* x =sinxcosx, then x is 


(a) na,nel (b) (6n+1)% nel 


(c) (4n+1)7 nel (d) None 
4. If L4+-sin® x-+.c0s" x=Ssin2s, then x is 


(a) (2n-+1)x{ 20 +4), nel 


(b) (2n-+1)x{ 20-2), nel 


(c) [2m +4) {20+ F), nel 


(d) None 


5. If (sinx+cos x)= 22 sin xcos x , then x is 


(a) [2m +4).ne7 (b) [2ne-4). ner 


(c) [m+ |. ner (d) (m2). ner 


PASSAGE II 


o- is aroot of the equation (2sin x— cos x)(1+ cos x) = sin? x 


B is a root of the equation 3cos* x-10cosx+3=0 


and y is a root of the equation 1—sin2x=cosx-sinx, 

1 . ; ; 
0<a,B,y =5 . Then on the basis of above information, 
answer the following questions. 


1. cosa+cosB+cosy is equal to 


és 36 +2V2 +6 (b) 3/3 +8 
62 
(c) 3N3+2 (d) None 
6 
2. sina+sinB+siny is equal to 
14+3V2 5 
(a) 14+3V2 (b) = 
6V2 6 


34+4/2 1+V2 


(c) (d) 
6 2 
3. sin(a@— 8) is equal to 
(a) 1 (b) 0 
6 6 
PASSAGE ITI 


Solutions of equations asinx +bcosx=c. General value 
satisfying two equations. 
acos@ tbsin @ =c, where @ satisfying two equations. 
(a) The equations be first converted to, where 
a=rcos0, b=r siné. 
(b) Satisfying two equations. Find the common value 
of lying between 0 and 27 and then add 2nz. 
On the basis of above information, answer the following 
questions. 
1. The number of integral values of k for which the 
equation 7 cos x + 5 sin x = 2k + | has a solution is 
(a) 4 (b) 8 (c) 10 (d) 12 


2. If cos3x+ sin( 2x - 2) =-—2, then x is 


(a) (6n+1)2 nel (b) (6n—1)7 nel 


(c) (Qnt1)2.ne 1 (d) None 


3. The value of x such that -™#<x<z7 and satisfying 


1+|cos x|+cos” x+|cos xf tenses 


the equation 8 = 4? , then x is 


1 20 
a) — b) — 
(a) 3 (b) 3 
4. The number of solutions of the equation 


eon —e sine —~4=0 is 


(a) 1 (b) 2 


PASSAGE IV 


Suppose equation is f(x)- g(x)=0 or y= f(x)=8(x), 
say, then draw the graphs of y = f(x) and y = g(x). 

If graphs of y = f(x) and y = g(x) cuts at one, two, 
three,......... , ho points, then number of solutions are one, 
two, three, ...... , Zero, respectively. 

On the basis of above information, answer the following 
questions: 

x 


1. The number of solutions of sin x = 10 is 


(a) 4 (b) 6 (c) 5 (d) None 
2. Total number of solutions of the equation 


1 20 
(c) mc (d) 37 


(c) 4 (d) 0 


3x+2tanx =" xe[0,2e], i 
(a) 1 (b) 2 (c) 3 (d) 4 


3. Total number of solutions of sin {x} =cos{x}, where 
{} =EPF, in [0,27] is 


(a) 3 (b) 5 (c) 7 (d) None. 
4. If I-sin v= a +a has no solution, when 
aé R*, then 
re 3 9 
(a) aeER (b) @4>>+-= 


2 3 
ae 


(c) aE 0,34 (d) ae ee ee . 
oF ae De 8 


5. Total number of solutions of cos 2x = |sin x 


’ 


1 . 
where Aa ST 


(a) 3 (b) 4 (c) 5 (d) 6 
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PASSAGE V 


Whenever the terms of two sides of the equation are of 
different nature, then equations are known as non-standard 
form, some of them are in the form of an ordinary equation 
but can not be solved by standard procedures. 

Non standard problems require high degree of logic, 
they also require the use of graphs, inverse properties of 
functions, in-equalities. 

On the basis of above information, answer the following 
questions: 

1. The number of solutions of the equation 


2e0s{ =) = (3° + ci is 
(a) 1 (b) 2 (c) 3 
2. The number of solution of the equation 
2cos* [ sin’ x= (2 + i? ),0 <x ks is 
2 2 
(a) 1 (b) >1 (c) 0 (d) None 
3. The number of real solutions of the equation 
sin(e*)=5"+5™ ig 


(a) 0 (b) 1 
(c) 2 (d) infinitely many 


2 
4. If OSx<2m and ee x JF — yt sv2, then 


the number of ordered pairs of (x, y) is 


(d) None 


(a) 1 (b) 2 
(c) 3 (d) infinitely many 
5. The number of solutions of the equation sin x = xt 
x+1is 
(a) 0 (b) 1 (c) 2 (d) None 
MATCH MATRIX 
1. Match the following columns: 
Column - I Column - IT 


(A) The equation 
sin x + cos x = 2 has 
(B) The equation 
V3sinx+cosx=4 has 
(C) The equation 
3sinx+4cosx=6 has 
(D) The equation 
sinx cosx=2 has 


(P) One solution 


(Q) Two solution 
(R) Three solution 


(S) No solution 


2. Match the following columns: 


Column - I Column - IT 
cos(A+B) -sin(A+B) cos(2B) 
(A) If} sin A cos A snB |=0 
—cos A sin A cos B 
then B is (P) nx 
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cos@ 
(B) if —sin@ 
—cos0@ 

then @ is 

1+sin?@ 

(C) If} sin?@ 
sin? @ 

then @ is 


sin@  cos@ 


cos@ sin@ 


—sin@ cos@ 


cos’ @ 
2 
1+cos* 0 


sin? @ 


3. Match the following columns; 


Column - I 
(A) If 4sin* x+ 


then x is 
(B) 


where 0 <x 
then x is 


(C) 


where 0 <x 
then x is 


If 2sin? x+ 
where 0 <x 
then x is 


(D) 


cost x =1, 


If sec x.cos(5x)+1=0, 


< 27, 


+22 2 
If 815" * +81 * =30, 


<27, 


sin? 2x =2 
<2n, 


4. Match the following columns; 


Column - I 


(A) If cos@+cos30+cos50, 


+cos70=0 


then @is 


(B) If sinx—3sin2x +sin3x 


=cosx —3cos2x + cos3x 


then x is 
(C) 


then @ is 


If sin4@ —sec20 =2, 


(D) If tan(x+100°) 
= tan(x + 50°). tan x 


.tan(x — 50°) then x is 


=0 
1 
(Q) (2n+1)> 
4sin 40 
4sin4@ |=0, 
1+ 4sin 40 


(R) (2n- 5 
710 


8) 24 


Column -II 


(P) 


Ala 


(Q) 


1 
(R) a 


(S) 


nt, nel 


Column -II 


nT TU 
ele Ven eg 
6 


ae 


(Q) 


TU 
nt+—,nel 
2 


nu 


me 5 10° 


(S) 


(Ty) 


5. Match the following columns: 
Column - I 

(A) The number of real roots of 
cos’ x+sin* x =1 
in (-7, 2), is 
The number of real 
roots of cosec x = 1+ cotx 
in (-22 , 27), is 
The number of integral 
values of k for which, 


(B) 


(C) 


Column - II 
(P) 8 


(Q).o44 


(R) 3 


the equation 7 cos x + 5 sin x 


=2k+ 1 has a solution is 
The number of solutions 
of the pair of equations 


2sin? 9 —cos2@=0 and 
2 cos? @—3 sin@=0 in 
[0, 2n| is 


6. Match the following columns: 
Column - I 


(A) If cos3x.cos* x + sin 3x , 


(D) 


.sin? x =0 then x is 


(B) If sin3a0=4sina, 
sin (x + a) sin (x—-@) 


then ais, where a# nz 


(C) If |2tanx-1 


? 


+|2cot x —1|=2 then x is 


(D) If sin’? x+cos!? x, 


= = cos! (2x) then x is 


7. Match the following columns: 


(Q) [nz + 


(S) 2 
CE yy 27 


Column - II 


(P) [nes =).n el 


A/a 


ner 


(R) (72 +2) nel 


If a & B are the roots of a cos@+ bsin@ =c, then 


Column - I 


(A) sina+sin B is 


(B) sina.sinf is 


(C) tan ©) + tan £ is 
(D) tan) ran( is 


8. Match the following columns: 


Column - I 


(A) If sin5x =16sin? x, 
then x is 


Column - II 
2b 


(S) 


ge ae 


Column - IT 
(P) (2n+1)7 nel 


(B) If 4cos” x.sinx —2sin’ x, 
= 3 sinx then x is 

(C) If tan? (2x) + cot? (2x) 
+2tan(2x)+2cot(2x)=0 (R) nat a nel 


(Q) nx,nel 


(D) If tan? x.tan? 3x.tan 4x 
= tan? x—tan? 3x + tan 4x 
then x is 


(S) G ay “| 


Column - II 


9. Observe the following columns: 
Column - I 

(A) If cos(6@) + cos(46) 

+ cos(26) + 1 =0, 

then @is 

If 3—2cos@- 4sin0, 

—cos 20+ sin 20= 0, 

then @is 


(P) 2na,nel 


(B) 
(Q) a nel 


(C) If cos0@.cos20.cos3@ = ~ ; 
then Ois (R) (4n+1)> nel 
(D) If sin(50)+sin (0) 
= sin(36), then 0 is (S) (2n HS 
ASSERTION AND REASON 
Codes: 


(A) Both A and R are individually true and R is the 
correct explanation of A. 

(B) Both A and R are individually true and R is not 
the correct explanantion of A. 

(C) A is true but R is false. 

(D) A is false but R is true. 

. Assertion (A): The number of real solutions 

of sinx=x?+x+1 is 1 

Reson (R): since |sin x| <1 

(a) A (b) B (c) C (d) D 

. Assertion (A): The number of real solutions 

of cosx =3* +3~ 

Reason (R): since |cos x| <1 

(a) A (b) B (c) C 

. Assertion (A): The maximum value of 

3 sinx+4cosx+10is 15 

Reason (R): The least value of 2sin? x+4 is 4 


(d) D 


(a) A (b) B (c) C (d) D 
. Assertion (A): The greatest value of 
sin* x+cos* x is 1 


Reason (R): The range of the function 
f (x)= sin* x+cos’ x is ] 


10. 


Time: 3 Hrs. 
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(a) A (b) B (c) C (d) D 


. Assertion (A): a cosx+b cos3x <1 for every x in R 


Reason (R): since || <1 


(a) A (b) B (c) C (d) D 


. Assertion (A): The set of values of x for 


1+ tan 3x. tan 2x 


Reason (R): since tanx is not defined at 


x=(QntI)5,nel 


(a) A (b) B (c) C (d) D 


. Assertion (4): The number of solutions of the equation 


tan x + sec x = 2 cos x lying in the interval [0,277] is 2 
Reason (R): The number of solutions of the equation 
3sin? x—7sinx+2=0 in [0, 57] is 6 


(a) A (b) B (c) C (d) D 


. Assertion (A): The number of solutions of 


tanx. tan4x=1 in (0, 2) is 5 
Reason (R): The number of solutions of 
|cos x|=sinx in [0, 471] is 4 


(a) A (b) B (c) C (d) D 


. Assertion (A): 


If tan sin 6] =cot [Zoos 0] , then 


sin +cos@ =+J/2 


Reason (R): —~J/2 <sin@+cos@< V2 

(a) A (b) B (c) C (d) D 
Assertion (A): sin A = sin B = sinC = 2sin(18°) 
Reason (R): If cos A = tan B, 

cos B=tanC, cosC = tan A 


(a) A (b) B (c) C (d) D 


SELF ASSESMENT I 
CH: TRIGONOMETRIC EQUATIONS 


Max. Marks: 100. 


Give answers of the following questions: 


1. 


Solve for x: sinx + cosx 
min {1a —4dat of 


aeR 


. Solve for x: |cos x| =cosx—2sinx, 
. Find all values of a for which the equation 


sin’ x+cos* x +sin2x+a =0 is valid. Also, find the 
general solution of the equation. 


. Find the smallest positive root of the equation 


/sin(l -x)= Vcosx , 


. Solve for x and y: 


38in x+c08 y =| , 5sin’ x-+cos” We 5 
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. Solve for x and y: 


1-2x-x’ =tan?(x+y)+cos?(x+y). 


. Solve for x and y: x* +2xsin(xy)+1=0. 
. Find the range of y such that the equation in x, 


y+cosx=sinx has a real solution. For y = 1, find x 
such that 0<x<27. 


. For what values of k, the equation 


sinx + cos (k +x) + cos (k—x) =2 
has real solutions. 


_ If sin50 =asin® 0 +bsin® 0+csinO+d 


for every 0 €R, then prove that 
(i) at+b+ct+d=0 (ii) atb+c=1 
(ili) 5a+4b=0 (iv) b+4c=0. 


QUESTIONS ASKED IN PAST ITT-JEE EXAMS 


1. 


The genral solution of the trigonometric 
equation sinx+cosx=1 is given by 
(a) x=2na,nel 


(b) s=(2an+),n el 


(c) = [na +(-1) at el 


(d) None of these [ITT-JEE - 1981] 


. Find the point of intersections of the curves 


y=cosx & y=sin3x 


where x€ - _ 4 [IIT-JEE-1982] 


. Find all solutions of 


4cos” xsinx —2sin? x =3sinx. [IIT-JEE-1983] 


. There exist a value of 0 between 0 and 27 which 


satisfies the equation 


sin* @ —2sin? @-1=0? [IIT-JEE-1984] 


. No questions asked in 1985. 
. Find the solution set of 


20 3 
ae eee cos x+cos y =— , where x and y are real. 
[IIT-JEE-1986] 


. Find the set of all x in the interval [0, 2] 


for which 2sin? x-—3sinx+120. [IIT-JEE - 1987] 


. The smallest +ve root of the equation 


tanx—x=0 lies in 


4 
0 (08 
0 (22 


[IIT-JEE-1987] 


9. 


10. 
. Number of solutions of the equation 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


The general solutions of sin x —3sin 2x + sin3x 
=cosx—3cos2x+cos3x is 


(a) nn += nel 


nT TU 
b) —+-—,nel 
) >t" 


(d) 2na+cos! (2). nel [IIT-JEE-1989] 


No questions asked in between 1990 to 1992. 


tan x +secx =2cosx lying in the interval [0, 2 r| is 
(a) 0 (b) 1 
(c) 2 (d) 3. [IIT-JEE-1993] 
Determine the smallest +ve value of x (in degrees) for 
which 
tan(x + 100°) = tan(x + 50°) tan x tan(x — 50°). 
[IIT-JEE-1993] 

Let n be a +ve integer such that 
sin (=) + cos (=) = va . Then 

2n 2n 2 
(a) 65n<8 
(c) 4<n<8 


(b) 4<n<8 

(d) 4<n<8 
[IIT-JEE-1994] 

Let 2sin? x+3sinx-—2>0 and x*-x-2<0 (xis 

measured in radians). Then x lies in the interval 


57 
o (8) 


4 
o (53 


[IIT-JEE-1994] 
Find the smallest +ve value of p for which the equation. 
cos(psin x) = sin(pcos x) has a solution 


for x € [0,27] [IIT-JEE-1995] 


Find all values of 0 in the interval - ae 4 satisfying 
the equation 22 


(1—tan@)(1+ tan@)sec” 6 + ptm’? = 9 
[IIT-JEE-1996] 
Find the general value of @ satisfying the 


equation tan? 6 + sec 20 =1 [IIT-JEE-1997] 


Find the real roots of the equation 

cos’ x+sin* x =1 in the interval (-7, 1) 
[IIT-JEE-1997] 

The number of values of x in the interval [0, 5a] 

satisfying the equation 3 sin? x —7sinx+2=0 is 

(a) 0 (b) 5 


(c) 6 (d) 10 [IIT-JEE-1998] 
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: ; n os 28. If sin@=cos@, then the possible values of 
20. Let be an odd integer. If sin(n@)= > b, sin” 6 for 
each value of 6 then ie fos o- =| are... [IIT-JEE-2008] 
(a) by =1,b =3 m 2 
b) by =0, 5, = 
(b) 5) =0,5,=n 29. For 0<0< , the solutions of 
(c) 6 =-1,b=n 2 
(d) by =-1, b =n? -3n+3 [IIT-JEE-1998] 6 (m-1)x mm 
21. No questions asked in between 1999 to 2001. x cosec| @ + 4 cosec| @ + er 4/2 
22. The number of values of k for which the equation es 
7cosx+5sinx =2k+1 has a solution is > ee je 
(a) 4 (b) 8 (a) — (b) = 
(c) 10 (d) 12 [1IT-JEE-2002] 4 6 
23. No questions asked in between 2003 to 2004. (c) ua (d) 5a [IIT-JEE-2009] 
24. Let (a,b) €[-2, 2] be such that cos(a—b)=1 and 12 12 
cos (a + b) a 2 . The number of pairs of a, b satisfying a ete eivalucsot i eae 
e n 
the system of equations is (-2.2] Spe nal ie 2 (OEE 
Cae Ol and tan @ = cot 50 as well as sin(20) = cos(46) is 
(c) 2 (d) 4 [IIT-JEE-2005] ce 
aK [IIT-JEE-2010] 
25. Find the values of te “5°95 so that 31. The +ve integer value of n > 3 satisfying 
BP ooei4 \ the equation 
2sin¢=———* wee R-{1-3} UPS pc aa les ge NN 
3x* —2x—-1 3 ee on 137 a 
[IIT-JEE-2005] i tg a (REE oc a IT-JEE-2011) 
. 2 } 
26. a OS 20, 2sin’ @—Ssin@+2>0,thenthe range | 35 No questions asked in between 2012 to 2013. 
of Ais 
33. For x € (0,7), the equation 
W4 5a 52 : 
(a) (0.2) u{=.27) (b) [0.2 )u(e.20) sin x +2sin2x—sin3x =3 has 
(a) infinitely many solutions 
(c) [0.2] U(m,2m) — (d) None of these (b) three solutions 
6 (c) one solution 
[IIT-JEE- 2006] (d) no solution 7 [IIT-JEE-2014] 
27. The number of solutions of the pair of equations 34. a number of distinct solutions of the equation 
2sin? @—cos20=0 and 2cos* @—3sin@=0 in the zoos" 2x+cos* x+sin* x+cos° x+sin® x =2 
interval [0,277] is 
(a) 0 ee (b) 1 in the interval [0, 271] is ...... [IIT-JEE-2015] 
(c) 2 (d) 4 [IIT-JEE-2007] 
ANSWERS 
Exercise 1 
1 Os nel ge ay 
2 5 
2. O=(2n+1)2,nel 5. p= ney 
nt 
a Oe 3 aa 6. = Cre er 
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28. 


29. 


Go a wer 
ae 


O=ne+(-l)" nel 


0=2nnt nel 


: 9 =nn+0.,0=tan'(V2),ne/ 


@=nn+(-1)""! (=). el 


2nn 


- @= ned 
3 4 


eS nel 
3 12° 


; d=nn+(-1)' 2 nel 


O=2nnt7 nel 


O=nn+7 nel 


: O=nnt> nel 


nn 


. O=—,2 ee nel 
3 3 


O=(2n+1)7, 2nt nel 


nn 


. O=—, nwt, nel 
3 


4 


a=(4n—1)5, nn +(-l)"=, nel 


6 


@=nn-+tan"(2), pe nel 
2: 4 


snare". eee” ged 
3 4 


39. 


40. 


; 9= 7, (2n+1)7 


; 6=In +, 
2 


g="S + nel 


. O=nT, nat nasa", nel 
3 V2 


(2n+1)= nel 


2nn,nel 


1 
: aa clea nr,nel 


O=(2n+1)> nel 


Q=nn+7,nel 


TU 
PaO athe 


Exercise 2 


1. 
2. 


3. 


10. g= 


O=nn+ (A) T—F nel 


9-(2nn 2) nel 
4 


@=(4n41)e-= nel 
2 6 
@=(4nt1)=-7 nel 
ae 
9-(22) 7 nel 
3) 6 
TU 


O=nn+(-1)'2-Znel 


O=nn+(-1)'7-Znel 
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Exercise 3 1 3a 
2. x=nn,x=nn+(-l)" —,x=na-(-l)"—,neZ 
1. g=2t aa: Fag 
4 af J 
1 3. x=nmt+Q,where @=tan | -—|,neEZ 
oo fae 3 
3 1 
= 9-28 4. x=nn+(-l) iene 
5 ag te EZ 
4. ga2% — as 
3 1 
5. gut 6. x=na+(-1) gone 
4 1 
Exercise 4 - BEET eee 
70 
1. Ue ce 2 MC 8. xann+neZ 


2. @=2nn+™ neZ 
EF 0=2nn += neZ nu 1 


ie ae Ope ep 
2 4 


6 Exercise 6 
na 5x 72 
1 TU TU 1. MS ee 
B=3x|Qm-nn— 242 | mneZ 6 6 12 
2. x=sin 1(0.6), x=a-sin |(0.6) 
5 xa tan yon nEeZ 5 
ie a Ae 3. ye 
2° °3 


6. No. Solution., x=@=y 


10 TU = 
7. x=n1, Pag or, re vant 


ni 
5. x=nm+(-l) —,nEeZ 
8. ey (-1) 3 
6 66 
9. A-B=2nnt,neEZ Exercise 7 


10. x=na+(-1)" 2 oy = mn = m,n eZ 


> ~=0.2 2 2k Ae 
iL. [-% cos) (£,cos4] (= 4°2°9°9 
8 8 8 8) \ 4° V2 coe 5x 9n 132 
Qn 2n ae ee ee ak 
12. x=2ma+—, y=2(m—-n)xn+—,mneZ 
2 3 4 ya 2 5h 2m 4m On 13H 
13 ge ig , BB ed ee, 
3. <3 
5. r= Qnt) =, neZ 


14, x= n+ (-1" 


2 
6. xSnn—" tone ez 
&y=2mr+—,mneZ 4 3 
3 7. x=nmttaneZ 


Exercise 5 8 


; eon ez 
2 2: 
1. 0=nnt+a, where sina=[nez 
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9. xonn— = neZ 
4 
1 
10. x= ST) ott EZ 
Exercise 8 


rok EK 5x 2n 7H 
63° 8° 8° 3° 


8 
2: xantt > neZ 
eign mm ne” ner 
2 8 16 
ann 3m Sx Tx IIx 
4. x= 


64° 4°64’ 6 
5. x=(2n+l)a,neZ 
Exercise 9 


1. x=na+tan '(3),na+tan'(4),neZ 


2. No Solution 
3. No solution 


Exercise 10 


Li x= 2nnt > neZ 

2. x=(4nt)>neZ 
2 

3. x= dna neZ 


Exercise 11 


l. x=2nn7, Inns neZ 
14 
2. x= nm, (4ntl)~,neZ 


3. ee ee 
4 4 


Exercise 12 
1. No Solution 
2. No Solution 
3. No Solution 
4 


; x22nws ne Z 
2 
5, x=2nn +2 .neZ 


Exercise 13 


20 


6222" 
3.3 


3. x=nT, ne +(-I)" nel 


1 
4, 53 -1) 
5. No solution 


6. x= 2nn + nel 


ah s= (nm 2),Qn41)% 1 el 


8. ps 
4 


Exercise 14 
1. No Solution 
2. x=0 


Level I 


1. O=nnt nel 


2 6s ig set 

4 
3. 0=nnt+—,na-—,neEel 
4 eT 

3. 12 


1 

T -1 

6. @=nn,nn+— .na tan [homer 
3 V2 


os o = 4 (-1)" (2). el 


3 


8. 0=2nn-7 nel 


9. @=nn,nel 
10 = 2 (2420 |ne! 
ee a ee 
11 xa ttn yoo ann neZ 
12. x=Q=y 
Re ee 
er 


14, x=na+(-1)" sin"( 4). el 


y= nm +(-1)" sin! ().n el 


Nn 
N/a 


(6: Be omnes Se. 
2 4” 6 


pees (2m—n)n—-2 +" mneZ 
2 4 6 


17. A=nn+B,nel 


18. 0=na+aQ, where sina= [ne 


19. x=n0 xennt (l= 
16 


4 

7 7 7 7 
_m 5H 2n 4m On 130 
Cle eo ae SR 


24. x= nts in eZ 


25: venn-42nnt =n eZ 


_&  3n SH 2n TK 


26. x=—,-—,— ,— ,— 
63 8 8 3 8 
2s xanmt > neZ 
ie: pt OE aye” wey 
2 8 
29. No solution 
Level II 
1. (b) 2. (a, b) 3. (a, d) 
5. (a) 6. (a) 7. (c) 
9. (a,b,c) 10. (b) 11. (a) 
13. (b) 14. (d) 15. (c) 
17. (b) 18. (c) 19. (c) 
21. (b) 22. (c) 23. (a) 
25. (c) 26. (b) 27. (a) 
29. (a) 30. (c) 31. (a) 
33. (b) 34. (d) 35. (b) 
37. (c) 38. (b) 39. (c) 
41. (a) 42. (b) 43. (b) 
45. (c) 46. (c) 47. (c) 


49. (a) 50. (b) 51. (c) 


- () 
- (d) 
. (a, b) 
- (b) 
- (b) 
- (b) 
- (b) 
- (¢) 
- (a) 
- (b) 
- (a) 
- (a) 
- (a) 
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53. (d) 54. (a) 55. (d) 56. (c) 
57. (c) 58. (a) 59. (c) 60. (b) 
61. (b) 62. (b) 63. (b) 64. (d) 
65. (a) 66. (c) 67. (b) 68. (a) 
69. (c) 70. (b) 
Level III 


1. v= dnt neZ 
1 
2. RENOEEN)) | Be aS 


3. xsnmt nel 
4. x=2na+nm=(2n+)a,nel 


5. x=(2nnt+|=(4nt) nel 
2 


6. <enn~ nel 
4 


gL 5x 7m 13H 2n 42 
8° 8° 8° 8° 3°3 


nm a 

ge a 
sea ae Be 
a 
9. x=(2n4+l1)— 
x=(2n 5 


10. x= 


PE Ay ed 
2 12 


11. et cos Z neZ 
2 3 
12. x= nnn" neZ 


13. ese esB 


14. 1 
15. 1 
16. 1 

1 37 
vn. (0543) 
18. 5 
io 
20. 90° 
Hi. <3e e509 
22, ,_ 1% 

4 

BB (23 9 
24. 3 
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INTEGER TYPE QUESTIONS 237 
Ty. XS 5 i Le ara 


— 


8. x=7,—. 
2 


9. ne chennt  wez 
4 4 


HINTS AND SOLUTIONS 


EXERCISE 1 
27. Given equation is 


SO OT ON A OS 
NWBAADAHABRNAD 


— 


COMPREHENSIVE LINK PASSAGE Pas 
co 

Passage-I: 1.(d) 2.(a) 3.(c) 4. (b) 5. (a) sin 0 

Passage-II: 1. (a,b) 2. (a,c) 3. (c) alee 3(1 s cosec6) -¢ 


+3=0 


Passage-III: 1.(b) 2.(b) 3.(a,b,c,d) 4. (d) = 
Passage-IV: 1.(b) 2. (c) 3. (b) 4. (b) 5. (b) => (cosec’# - 1) +3 (1 + cosec@) =0 
Passage-V: 1. (a) 2.(c) 3. (a) 4. (b) 5. (a) 
> (cosec@ —1+3)(1+cosec@) =0 
(MATCH MATRIX) => (cosec@ + 2)(1+cosec@) = 0 
1. (A) > (S), (B) > (S), (©) > (S), D) > (S) a cosecO = —1,-2 
2. (A) > (Q), (B) > (RB), (C) > (S). 
3. (A) > (S), (B) > (P), (C) > (Q),(D) > (, Q) = sin@=—1,sin@ = _l 
4. (A) > (S), (B) > (P), (C) > (Q, R),(D)> (T) 2 
5. (A) > (R), (B) > (8), (C) > (P), (D) > (S) X a( 2 
6. (A) > (8), (B) > (P), (C) > Q), (D) > R) pe Re) oe) [-Z].ner. 
7. (A) > (BR), (B) > (8), (©) > (@), (D) > Q) ; hae 
8. (A) > (Q), (B) > (R), (C) > (S), (D) > () 28. Given equation is 
9. (A) > (S), (B) > (R), (C) > (Q), (D) > (P). 2 tan 0 — cot @ =—1 
ASSERTION AND REASON = een 
1. (a) 2. (a) 3. (b) 4. (b) => 2tan@ = -1 
5. (a) 6. (a) 7. (b) 8. (b) tan@ 
9. (d) 10. (a) 2tan 70 + tan@ -1=0 
SELF ASSESMENT I 2tan 76 + 2tan@ — tan@ —1=0 


1 


1. xennt (1-4, Keg 2 tan O(tan@+1)—(tan@ +1)=0 


(2 tan @—1)(tan@ +1)=0 


SS 


Y @vyudd dy 


1 
2. x=2mn OTE NITES Geet (2tan@—1)=0,(tan@+1)=0 
n 1 
3. x= EO sin“! {1 20043}, where ene ols 
Qe ne 1 > 9-(m-").o=nn+a,a=ta0"( 5] 
2°2 4 2 
1 72x 29. Given equation is 
4. x=-+— 
2 4 tan? 6 + (1— J3)tan@ — V3 =0 
7m 1 7m 50 llxz x lla 5x 2 
, , : : tan“ 6 + tan — ¥3(tan@+1)=0 


=> tan @(tan@ +1)— V3 (tan@ +1)=0 


6. x=-l, yonme +1, neZ 


=> (tan o-J3)(tan@ +1) =0 

> tan@ = V3,tan@=-1 

=>  6=nn+,0=nn—7 nel 
3 4 


32. Given equation is 


tand+tan( 0+] tn( 042) —3 


> tno +tan( +0 }+1an{ x-(4-0}]=3 
> tand+tan( £40 |-tan{ Z—0)=3 


J3+ tan 0 _ J3—tan 0 a 


=> tan@ + = 
1-3 tan@ 1+ V3 tan@ 
8 tan @ 
=> ne = 
1-—3tan* 0 
9tan@ —3 tan? @ 
= rs ee, 
1-—3tan“ 0 
3tan @ — tan? 0 
= Oe 
1-3tan* 0 
=> tan (30) =1 
=> 30=nn+~ 
4 
= Gas ner 
3 12 


34. Given equation is 
tan 8 + tan 20 + tan 30 =0 
=> tan + tan 20 + tan(20+6)=0 


tan (20) + tan(@) 
=> tan@ + tan 20 + = 
1 — tan (26) tan (0) 


1 
tan @ + tan 26)| 1 =0 
mes ( ee Hf : atime 


when (tan 0 +tan 20) =0 
2tan@ 
> Ane ——— = 
1-tan“@ 


> tano(1+ 2 }=0 
1-tan“@ 


> tnd =01+ —2 |= 
1— tan“ @ 


2 


> tan@ =0, —_,—_ = 
1—tan* 0 


36. 


37. 


38. 
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=> tan@ =0,1-tan* @ =-2 


> tan@ = 0, tan” @ =3 


=> O=nn,0 =nn 7 nel 


1 
when | 1 =0 
i mle 


1 
1- tan 6 tan 20 _ 
> 1- tan 6 tan 20 = -1 
=> tan @ tan 26 = 2 


=> tno 2a 2 


=> 


1-tan?6 
> tan? @=1-tan?@ 
> bint be2 Ste? ao-= tan { 
2 V2 
=> O@=nnta,nel 


Given equation is 
cot 0 — tan@ = cos@ —sin@ 


=> (oso-sina) ees) <9 


sin @cos@ 
=> (cos @ — sin @) = 0,(cos@ + sin@) = sin @cos @ 
=> tan@ =1,(cos@ + sin@) = sin@cos6 
when tan@=1 
> Q=nn+— nel 


when (cos@+sin@) = sin @cos@ 


No real value of 0 satisfies the given equation. 
Given equation is 


(1 — tan @)(1+ sin 26) =1+tand 

> (cos @—sin@)(cos 0 + sind)” =(cos@ +sin@) 
=> (cos @ + sin @)(cos 26 — 1) =0 

=> tan(@)=—I,sin* 6 =0 

=> tan(@) = —1,sin(@) =0 

= O=nn-7O=nnnel 


Given equation is 

2sin* 6 +sin? 20 =2 

> 2sin’ 0+ 4sin* @cos* 6 =2 
=> sin? 6 + 2sin? @cos* 6 =1 


> 2sin? @cos’ 6 =1-sin? @ 
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> 2sin* Ocos” 6 = cos” 6 


=> (2sin? @-1)cos” 0=0 


l 


(2sin? @-1)=0,cos” 6 =0 
> sin? 0 =~,cos6=0 


= O=(2n+1)> O=nt 7 nel 


39. Given equation is 
sin (3a) = 4sin @ sin (0 + @)sin(0 — a) 


= — sin(3~)=4sin6(sin? 6—sin? a) 
> 3sin or — 4sin® or = 4sin o:(sin? @ — sin? ar) 
It is possible only when 
sin? @ = S 

4 

2 
> sin? @= 2) 
2 

=> d= nnn el 


40. Given equation is 
Asin @ sin 20 sin 40 = sin 30 
=> 7: =sin30 


(6) |=sin30 
(9)]= 


4sin 6 sin? ( (36) )-sin? 


=> 
> 4sin 6 sin” ( (36) )-sin? 
=> 


sin 6| 4sin” (3 0) —4sin* (0) + 4sin? @—3]=0 


U 


sin 6| 4sin” (30) - 3]=0 


U 


sin@=0,| 4sin? (30)-3]=0 


=>  sinO=0,sin? (30) = 


oNane) 


1 
> COTES ett 


EXERCISE 2 


9. Given equation is 


cos@ + V3 sin@ =2co0s20 


> 1.0804 A sind = 00828 


> cos(0- =~ cos26 


3sin@ —4sin° 6 


a4 [0-4] =2na220 


Taking +ve one, we get, 


9=-(2nn+2] 
3 
Taking —ve one, we get, 
2 
= = BEE ed 
3 9 


10. Given equation is 
V3(cos@ — V3 sin ) = 4sin 26 .cos30 
=> V3 cos 3sin6= 2(sin5@ — sin @) 
=> 3 cos@— sin @= 2(sin 50) 


3 


=> seo nd (sin 58) 
2 2 


when 7 is odd 
50 =(24-+1)n-(=-0) 


= 40 = (2k +1)a—7 


EXERCISE 4 
4. Given tan (A - B) =1 


1 
A-B)=— 

= ( ) 4’ 
Also, sec(4+B)= 


=> cos(4+B)= 


=> (4+B)=7, 


Here, we observe that A — B is +ve 


So, A>B 
=> A+B>A-B 
Ape: Vy ee 
6 6 
or 5 
Aap, Wisp = 
4 4 
On solving, we get, 
Ane 4a2% 
24 24 
or 
pele” |gite 
24 24 


General values of tan(A-B)=1 
is (4-B)=nn +7 nel 
General values of sec(A+ B) = e 
V3 
is (4+8)=2nn+7 nel 


On solving (1) and (11), we get 


7 

Az=(2 —+— 
(2n+m) ore 
B=(2n- eee 
2 24 


5. Given sinx =2siny 


; (= 
> sin x = 2sin rua 


(= ie 
= sinx =2 ig, SOR 


sin x = V3 cosx+sinx 


V3cosx =0 


cosx=0 


Y vy dy 


x=(2n+1)5 


T 1 
when x=(2n+l)-, then ad a 
Hence, the solutions are 


x=(2n+1)~ 
2 
nel 
=nn-— 
s 6 


: 20 
6. Given a alee and cos x + cos y= 


N | Wo 


10. 
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3 
Now cosx+cosy= 5 
20 3 
> cosx+cos| —-—x |=— 
3 2 
1 cher 3 
=> cos x — —cosx+—sin x = — 
2 2 2 
1 3h 3 
> cosx +—sinx = 
2 2 2 
=> cosx+vV3sinx=3 


It is not possible, since the maximum value of L.H.S 
is 2. 


So, the given system of equations has no solutions. 


. Given equations are 


rsin@ =3 

and r= 4(1+sin @) 
Eliminating (i) and (ii), we get, 
4(1+sin @)sin 0 = 3 


Asin? 6+4sin@ —3=0 


=> 
= Asin? @+6sin@—2sin@—-3=0 
=  2sin@(2sin@+3)-1(2sin6+3)=0 
= (2sin@+3)(2sin@-1)=0 
> gape 
2. 32, 
i 1 
> sind=— 
2 
=> ga 28 
6 6 
. Given xtyst and tanx + tany=1 


=>  tan(x+y)= tan( = 


tan x + tan y = 


l 


1— tan x.tan y 7 
= 1—tanx.tany=1 

= tan x.tan y =0 

=> tanx=0 & tany=0 

> xX =n =y. 

Thus, no values of x and y satisfying the given 
equations. 

Therefore, the given equations have no solutions. 
Given equations are 

sinx+siny=1 .- (i) 
and cos2x—cos2y=1 
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Now, cos2x—cos2y=1 i ey 
=> cos*| —— |=1 
=>  1-2sin?x—1+2sin? y=1 2 
=> -2sin* x-1+2sin* y=0 = cos? (252) 
> pi De eee 2a Ve 
2(sin x—sin y)= 1 =) 

1 = =o 
=> (sin x + sin y)(sin x— sin y) = —= 

2 => x=y 
> (sin x—sin y) = -5 (di) The given equation 
On solving, we get, 4cos*(*2") +-4cos{ == Joos{ 22} +1=0 


sinx =0,siny=1 
7 reduces to 4cos” (x) + 4cos(x)+1=0 
> x=nt,y=(4n+1)—,nel > 
2 > (2cos(x) +1) =0 

Hence, the solutions are 1 
=> cos(x)=-= 

X=nt 2: 


wg onel 


20 
=(4n+1)— == 
y (4n+1)5 


3 
13. Given equation is 


11. Given curves are y=cosx & y=sin2x 


Thus, sin 2x = cosx 8cos@ cos@ cos(8 +g) +1=0 


1 


> 2sin xcos x = cosx > 2cosOcospcos(8 + 9) =—7 
=> (2sin x—1)cosx =0 =  4[cos(0+~)+cos(0- ¢) |cos(0+9)+1=0 
2sinx—1)=0,cosx =0 
= ( i ) ‘ = — 4cos’ (0+ g)+4cos(@- g)cos(0+ 9) +1=0 
> SC On For all real 0< 0,9<7, 
is yah EE 16 cos” (8-@)-1620 
ree => cos’ (9-@)>1 
th as 
Se Nee 20 = cos’ (0-@)=1 
Hence, the solutions are ax 6-9 =0 
[: *) [S.-8) (E 0| (= 0] => 0=0 
Go 2 Ge De Pe when @ =@, then the equation 
12. Given equation is 4cos’ (8+ @)+ 4cos(@-@)cos(8 + g)+1=0 
= cosx-+cosy+cos(x+y)=—— aus 
ma) = 4cos’ (20) +4cos(20)+1=0 
= 2(cosxt+cosy)+2cos(x+ y)+2=1 (2 (26) +17 0 
= cos = 
x+ x- x+ 
=> 4cos{ = eos{ 52} + doos?[ 2) 1 = (2cos(20)+1)=0 
_ 1 
me Vener (aca ree pr esa cae a ee > cos(20) =—— 
2 D 2 2 
For real x and y => (26) == 


1600s*{ =") 1620 1X 
3 


EXERCISE 5 
1. Given equation is 


4 


- 4 
4sin” x +cos x=1 


Asin* x =1—cos* x 


=> 
> Asin’ x= (1 +cos” x)sin? x 
> sin? x(4sin? x—cos’? x- 1) =0 
ae a) = 
> sin x= 0,(Ssin x-2)=0 
: : 2 
> sinx =0,sin? x=— 
5 
=> 


1 os 2 
X=nNT,xX=nkta,a=sin (2 


2. Given equation is 


2 Z eS z 
4cos* xsinx—2sin“ x =2sinx 


> 4(1—sin? x)sin x—2sin” x = 2sinx 
> 2(1- sin? x)sin x— sin? x=sinx 
> 2sinx —2sin? x —sin* x—sinx =0 
> sin x — 2sin? x —sin? x =0 

> 2sin? x + sin? x—sinx=0 

> sin.x(2sin? x +sin.x-1) = 0 

= — sinx=0,(2sin? x+sinx-1)=0 
> “vs6 ise 

> sinx=0,sinx =1,sinx =—2 

> sinx=0,sinx=1 

> xennjx=(4ntl)> nel 


3. Given equation is 
sin 3x +cos2x=1 
> sin3x =1—cos2x 
> sin x(3-4sin? x) =2sin? x 
> sin x(3—4sin? x—2sinx)=0 
=> sin x= 0,(4sin? x +2sinx—3)=0 


~2+V4+48 
8 


-1+ 13 
4 


= sin x=0,sinx = 


=> sinx=0,sinx= 
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— sin x=0,sinx = 


ie 
4 


Jat 
; 


n | 
> x=nn,x=nnt+(-l)' a,a=sin [ 


4. Given equation is 


2cos2x+V2sinx =2 
V2.Jsinx = 2(1—cos2x) 


=> 
=> wes sinx = 4sin? x 
=> ,/sin x = 2V2 sin? x 
=> {sin x (1 - 2V2 sin??? x) =0 
1 
=> sin x =0,sin*”” x =—— 
2/2 
sin x= 0,sin : 
=> x=0,sinx=—= 
af 2 


1 
= vannn=nn4+(-1)"{2)nel 
5. Given equation is 
3 3 3%, 
1+sin° x+cos ae 5 nee 
> 1+(sin® x+cos* x) = 3sin xcos.x 


> 1+(sin® x+cos? x)—3sin xcosx.1=0 


=> (sinx+cosx+1)(2—sinxcosx 
—sinx—cosx)=0 
= (sinx+cosx+1)=0 


=> sinx+cosx=—-l 


=> x=nn+(-1)" (-4)-2.1 el 


6. Given equation is 
; 7 
sin® x + cos® x = — 
16 


> 1—3sin* xcos? x =— 
16 


=> RO? vie yp Secs” 
16 16 


> Ba ¥eos 
16 
2 3 
> Asin“ xcos a 
> sin? (2x) = 2 
4 
= (2x) = nn 
=> pe Oe es 
3 6 


. Given equation is 
sin’ x+cos® x = Doe 2x 

16 
(sin* x+cos* x) —2sin* xcos* x= 00s? 2x 
(1 —2sin* xcos” x) —2sin* xcos* x= 00s" 2x 
(1 —4sin? xcos” x) +2sin* xcos* x= 00s" 2x 
16(1 — Asin’ xcos* x + 2sin* xcos* x) 
=17 (cos’ x+sin* x—2sin” xcos” x) 
= 17(1 —4sin x cos” x) 


: 4 in9 2 
32sin* xcos* x + 4sin? xcos* x-1=0 


=> 
= 2sin*(2x)+sin? 2x-1=0 
=> sin’ (2x) = eee v5 

4 
=> sin?(2x)= = 


. Given equation is 

2sin? x +2 =cos* 3x 
2sin? x +2 =1-sin? 3x 
2sin? x +sin? 3x+1=0 

2sin’ x +(3sinx—4sin" x) +1=0 


2sin? x +9sin? x—24sin* x+16sin® x +1=0 


YY vu’d 


16sin® x—24sin* x +2sin? x+ 9sin? x+1=0 
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> sinx =-1 


=> x=(4n-1)> nel 


9. Given equation is 


2 
cos 4x = cos* 3x 


> 2cos? 2x —1= cos” 3x 
> 2cos? 2x =1+ cos” 3x 
It is possible only when 
2cos? 2x =1+ cos” 3x 

It is true for x = 0. 


Hence, the solution is x=nz,neEI 


10. Given equation is 
cos 2x = 6 tan” x —2cos” x 
. 2 
=> 2cos* x -1=6 “= —2cos? x 
COs” x 
> 2cos* x — cos” x = 6—6cos” x—2cos* 
> Acost x +5cos* x-6=0 
> Acost x +8 cos” x —3cos? x -6 =0 
=> 4cos” x(cos x +2)—3(cos” x +2)=0 
> (4cos* x-3)(cos” x+2)=0 
> (4cos” x-3)=0 
> eng 
4 
=> x=nntonel 
6 
EXERCISE 6 


1. Given equation is 


2sin* x +sinx—-1=0, 


: -1+3 1 
> sin x = =-,- 
4 2 
: 1, 
> sinx =—,sinx=—-1 
2: 
nm 5x 30 
> NS fa 
6 6 2 


2. Given equation is 
5sin’ x+ 7sinx—6=0 


5sin? x +10sinx—3sinx-6=0 


> 
> S5sin x(sinx + 2)—3(sinx+2)=0 
=> (Ssin x —3)(sinx + 2) =0 


x 


=> (Ssin x —3) =0,(sinx+2)=0 
=> (Ssin x —3) =0 


: 3 
> sin x =— 
5 


> x =n+(-1)" aa.=sin"| 2] 


Hence, the solution 1s 


*(2) (2) 
x=sin | —]|,a7-sin | = 
5 5 


. Given equation is 
2 1 
sin“ x —cosx =— 

4 
4sin? x—4cosx—1=0 
4—4cos* x—4cosx-1=0 
3—4cos” x—4cos x =0 


Acos* x +4cosx—3=0 


—4+8 3 
COS x = So 
8 a: 


Y Yuu oy 


. Given equation is 

tan? x —2tanx—3=0 

(tan x —3)(tanx+1)=0 
(tanx—3)=0,(tanx+1)= 0 
(tan x —3)=0,(tanx+1)=0 


tanx =—l,tanx=3 


! vu Ud 


. Given equation is 

2cos” x — V3 sinx+1=0 
2—2sin? x—V3sinx+1=0 
3-2sin? x— V3 sinx =0 

> 2sin? x + V3 sinx-—3=0 


-V3+V27 _-y3+3v3 


U 


U 


= sin x = 
4 4 
4,3 2,3 
> sin x = ——— , — 
4 4 
V3 
> sinx =— Aa 


xenn—4x=nm+o,a= tan (3): 
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: 3 
=> sin x = — 
2 


=> vann+(-1)'()net 


EXERCISE 7 
1. Given equation is 


cos x—cos2x=sin3 x 


=> 2sin( = in(2 = 2sin( 2) 
2, 2 2 
> asin( =) sin[ 3} ~cos{ 2 =0 
2 2 2 
> sin{ =) = 0 sin 
2; 
when sin( =) =0 
2 


Then leer 
2 


se ) 


Taking +ve sign, we get, 


=n 
2 


1 
=> x=nt+— 
4 
Taking —ve sign, we get, 
t 
x=2nn-—,nel 
2 
2. Given equation is 
sin7x + sin4x+sinx =0 
=> (sin 7x + sin x)+sin4x =0 


> 2sin 4x cos3x + sin 4x = 0 
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4. 
3. 


=> sin 4x(2cos3x+1)=0 
=> sin4x=0 , (2cos3x+1)=0 
> sin4x=0, cos3x=—> 
> 4x=nT, x= nme = 
2 
=> pe OE AEE ey 
4 3 9 

Hence, the solutions are 

2 
a0 2222 

9 4 2 


. Given equation is 


. {3x ale 
cos3x + cos 2x = sin} — |+ sin} — 
(F)+sin() 
5x x : x 
> 2eos{ 5) cos( 2) = 2sin xeos| =] 
2, 2, 2 
5x . x 
> 2 cos( = )-sins cos()=0 
2 2 
5x , x 
> 2 cos( = )-sins = 0,c0s(=}=0 
2 2 
5x : x 
> cos} — |=sinx,cos] — |=0 
[F -sinncoe(5) 
5x 1 x 
> cos} — ]|=cos| ——.x |,cos} — |=0 
[Feo 5-7} on 5) 
> (=) =2nee( 2-1) (2)= (an 
2 2 2 2 


=> po OE G22) a= Onde 
4ntt 

= x= 2(n—2x),x=(2n+l)a 

= _a mW 3m 13m 17K TH Sa 29K 


x= ’ 2 ? ’ 2 2 
B53 1S 1a 5 

Do yourself. 

Given equation is 


3° 15 


cos2x+cos4x = 2cosx 


> 2cos3xcos x = 2cosx 

> (2cos3x-1)cosx =0 

=> (2cos3x—1)=0,cosx = 0 
1 

= CORE Ot =U 


poe” pas 
3 9 2 


l 


6. Given equation is 


sin2x+cos2x+sinx+cosx+1=0 


=> 


=> 


=> 


(1+ sin 2x) +(sin x + cosx)+cos2x =0 


(sin x +cos x) + (sin x + cos x) 


2 


+(cos x—sin? x) =0 


(sin x + cosx)(2cosx+1)=0 


(sin x + cosx)=0,(2cosx+1)=0 


1 
tan x =—l,cosx =-— 
2 


pps eae et 
4 3 


7. Do yourself. 
8. Given equation is 


tan 3x + tan x =2tan2x 


Y YUudyedy 


sin4dx — 2sin2x 


cos3xcosx  cos2x 
2sin2xcos2x 2sin2x 


cos 3x cos x cos 2x 
cos 2x 1 
cos3xcosx cos2x 
cos2x 1 
cos3xcosx cos2x 


2sin 2s( 


2sin2x=0, [ 


sin 2x = 0, 2cos* 2x = cos 4x + cos 2x 


sin 2x = 0, 2cos” 2x = 2cos* 2x —1+ cos2x 
sin2x =0, cos2x =1 
2x =n ,2x =2nt 


nv 
ee mee 


9. Given equation is 


(1 — tan x)(1+ sin 2x) = (1+ tan x) 


=> 


=> 


2 


(1-tans)(14 22) = (1+ tanx) 
1+tan“ x 


(1-tan.x)(1+tanx)’ =(1+tanx)(1+ tan? x} 
(1 tan? x)(1 + tan x) =(1+ tan x)(I +tan? x) 
((1- tan? x)— (1+ tan? x)}(1+ tan x)=0 
tan’ x(1+tanx)=0 

tan? x =0,(1+tanx)=0 


tan? x =0,tanx=—1 


1 
=> sas are 
10. Given equation is 
sin x — 3sin 2x +sin3x = cos x —3cos2x + cos3x 


=> (sin 3x + sin x) — 3sin 2x 
= (cos3x + cos x) — 3cos 2x 


=> 2sin2xcosx—3sin2x =2cos2xcos x —3cos2x 


=  sin2x(2cosx—3)=(2cosx-3)cos2x 


= SME (66 =3)= Oban 3) 
cos2x 
sin 2x 

> =! 
cos 2x 


=> tan2x=1 
> eT ee 
4 


nu 
=> x=—+—,nel 
2 8 
EXERCISE 8 


1. Do yourself. 
2. Do yourself. 
3. Given equation is 


sin 4xsin 2x = cos 6x — cos 2x 
sin 4x sin 2x =—2sin 4x sin 2x 
3sin 4x sin 2x = 0 
sin4x=0 ,sin2x = 0 
4x=n7,2x=nn,nel 

nt nn 


x =—,x=—,nel 
4 2 


4. Given equation is 


% YUUUY 


secxcos5x+1=0 
> cos5x+cosx =0 
=> 2cos(3x)cos (2x) =0 
= 2cos(3x)=0,cos(2x)=0 
a cos(3x)=0,cos (2x) =0 
=> 3x=(2n41)5,2x=(2n+1) nel 


> x= (Qn+1),x=(2n41)7 nel 


Hence, the solutions are 
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5. Given equation is 
cos(6x)cos x =—1 
=> 2cos(6x)cos x =—2 
= cos 7x+cos 5x =—2 
It is possible only when 
cos(7x) =-1,cos(5x)=-1 


> x= (Qnt1)2,x=(2n+1)E nel 


EXERCISE 9 
1. Given equation is 


5sin* x —7sin xcosx+10cos’ x =4 
5tan? x—7tanx+10 =4sec* x 
5tan* x—7tanx+10=4+4 tan’ x 
tan? x —7tanx+6=0 

(tan x —1)(tanx-6)=0 


tanx=1,6 


Y @UUde gd 


1 2 
X=ENE +7 x= NE +O.,00= tan "(5) 


2. Given equation is 


ee . 2 
2sin* x —Ssinxcosx —8cos* x =—3 


> 2tan” x — Stan x —8 =—3sec” x 

> 2tan” x —Stanx—8 =-3-3tan’ x 
> Stan” x —Stanx-5=0 

=> tan” x —tanx-1=0 


145 


=> tan x = ——— 
2 


1+ 
=> vsnnsavantan( 8) 


3. Given equation is 

3 ee) 2 : Bier 
sin” xcosx+sin* xcos’ x+sinxcos’ x =1 
. rire. & 2 = 
sin xcos x| sin x+sin xcosx+cos ra 
sin xcosx[1+sin xcosx ]=1 

2sin xcos x[2+2sinxcosx |=4 


sin(2x)(2+sin(2x))=4 


Y Ue’ ud 


sin? (2x) +2sin(2x)-4=0 


-~2+/20 


2 


U 


sin(2x) = 
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-2+25 aie 


= sin(2x)= ==> = 


It is not possible . 
So, it has no solution. 


EXERCISE 10 


1. Given equation is 
(cos x — sin x)(2tanx+secx)+2=0 


=> (cos x —sin x)(2sinx +1)+2cosx=0 


a 1—tan?(x/2)  2tan(x/2) 


1+tan?(x/2) 1+ tan?(x/2) 


4tan(x/2) si}a( ee 


1+ tan” (x/2) 1+ tan? (x/2) 


Xx é 
Put tan =) =t and then solve it. 


2. Given equation is 


3X 3x 

sin” —— cos” — 
2 2 _ cosx 
2+sinx 3 


z ae 


a 
Re at 
| 
Q 
° 
17) 
oo. 
N|& 
Roe SS 
aie] 
es, 
— 
+ 

n 
e, 
Ns 
bs 
Son 


It is not possible. 
So, it has no solution. 
3. Given equation is 


x x 
cot] — }—cosec| — |=cotx 
(5)-coe( 5) 
cos(2)-1 
a 


x _ {x 
— |}=-—sin| — |cotx 
z)=-sin(5) 
> 2sin id +cotx |sin i =0 
2 2 
= 2sin = +cotx |=0,sin ua =0 
2 2 


> 2sin? 


when sin( 3 =0 
2 


=> x=2nn,nel 


when [asin 2) 00 x= 0 


. (x cos x 
=> 2sin| — |=-— 
2 sin x 


2 
— cos” 2 + Asin? = cos a 
2 2 2 


> Asin 


‘ol 
SE a 
SS “> NI 

a eS” 

& 

n 

a, 

5 : 

N 

| 
Sey 

+ 

= 
NN” 

II 

=) 


> sin? a 
2 
= — sin?{~|=0,| 4sin2} ~]+1]=0 
2 2 
> sin? =o 
2 
> sin[ = ]=0 
2 
> x=2nn,nel 


. Given equation is 


sin(@ + a) =ksin (20) 


=> sin 0 cosa@+cos@ sin @=k sin (26) 

ran(S) 1- tan 1-n'[5) 
2 

1+ tan 1+tan"( 2) 1+ tan 1+t0n"( 2) 


((2m(8) Peel 
sim 2) [rem ( 2) 


cosa+ sina 
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( oy Joosae[ #5 sina > sinx+cosx=1 
> 1 1 1 
Ley +0 => —=sin x + cos x = —= 
Bo ae 
2t 1-t 
=e 142? )\14+2 > sin{ x42] : 
t > j= 
+ +f 4 V2 
=> — 2t(1+ 2? )cosa+(1- #4 sina = 4kt(1-2 
(erlower(rwaesltr) |) te 
=> (sina) fe (4k + 2cosa) r oa 
2. Gi tion is 
+(4k-2cosa)t-sina=0. a a 
ian eee ee any (i) 
Let ¢), t, t; and f, are its four roots 2 
APs ense = 1+(sinx+cosx)(1—sinxcos x) =3sin xcosx 
a 
aE sina : Put sinx+cosx=t¢ 
SF 055 . | 
> sin x .cos x = 
Se 2cos a —4k 
eer ra Now, equation (i) becomes 
sing 2 
SiGRy=— =-l=s, me -1 =) 2 
a iio =s (i 1) 
Ae 5S, — S83 
Now, tan _727)=3f72 _ 
[ - sos sia) Se4) 
= oo 128.2800) => 24+3t-f-37°4+3=0 
> 34-6 -37°4+5=0 
= tan LEP) “(; => 437 -3-5=0 
= PEP AO Op SpES ES 
6, +0, +0, +0, sah ces 5t-5=0 
. 29 eee 5 => ¢(t+1)+2t(t+1)-5(¢+1)=0 
=> (6, +0,+6,+6,)=(2n+l)z,ne1, > (? +2¢-5)(t+1)=0 
—2+ 24 
EXERCISE 11 => te=-l,t= ne 
1. Given equation is 
had -~2+/24 
sinxtcosx=l—sinxcosx a, (i) =e sin x+ COs a er 
Put sinx+cosx=t¢ > sinx+cos x=-1 
2 = 1. 1 ae 
= sinx.cosx= 1 = Wo ae 
u 1 
Now, equation (i) becomes > sin( 9 + =) =-— 
4) 2 
2-1 
pa nan) 
> s=nn+(-t)'(-4)-Zne7 
= =2-/7 
: fon 3. Given equation is 
> —3= 
Mec ae sin 2x —12(sin x —cosx)+12=0 
= (1+3)(r-1)=0 | | 
2sin xcos x —12(sin x —cosx)+12=0 
=>  (t+3)=0,(t-1)=0 
sin x cos x — 6(sin x—cos.x)+6 =0 a) 
sinx+cosx =1,sinx+cos x =—3 ; 
Put sinx+cosx=t 
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pa4q It is possible only when 


=> sinx.cosx= 4 


x=1,tan®x=0 


sin 
Now, equation (i) becomes as sin? x =1,tanx=0 
= pA eo 
—6¢+6=0 => xantt— ,x=nm,nel 
>  —-1—-1244+12=0 There is no common value which satisfies both the 
= te = above equations 
ones Hence, the equation has no solution. 
=> (t-1)(t-11)=0 2 . 2 2 2 
; 3. Given sin® x+cos* y =2sec* z 
> sinx+cosx=1 
\ Here, L.H.S< 2 and R.H.S> 2 
: 1 
> sin( + *) = vo It is possible only when 
n(™\ 1 sin’ x =1,cos” y=1,sec? z=1 
> x=n«+(-1) (#)- nel 5 : 
4 => cos’ x =0,sin y=0,cos” z=1 
=> x=0,~,20 => cos” x =0,sin” y=0,sin?z=1 
2 : : 
as och => cosx=0,sin y=0,sinz =0 
Hence, the solution is 
> x= (Qntl)> y= ma,2=kn 


: . 30 
as . 
where, n,m,kel 


4. The gi i i : he, 
e given equation can be written as 4 Givenequakonis 


sin 3x + cos 2x +2 =0 


sin6x+cos4x=-—2 


= sin 6x =—1 and cos 4x =-1 
aig It is possible only when 
=. ore cos 4x = cos sin 3x=—l,cos2x =—1 
37 372 
> Di AI okt ane ea A > Bag he 
T t 
> se, ot oF pet > x=, X= 
3. 4 2 4 2 2 
n 5n Tn 11x Hence, the general solution is 
> KS as 
4.4 12 12 x=2nn+ nel 
_m 3n Sn In 2 
CTR a A 5. Given equation is 
2 ; m St cos 4x + sin 5x =2 
4° 4 It is possible only when 
Hence, the general solution will be, cos4x =1,sin5x=1 
u4 52 
=> Ree eS ee => 4x = 2n7,5x=(4n+1)~ 
t t 
= x=2nt+7(2n+l)a+7neZ ay enh ni, ai 
_ di 1 
> sia aL eZ Thus, w= satisfies both 
EXERCISE 12 Hence, the solution is 
2. Given equation is x=2nn+S=(4n+1)2 nel 


sin* x =1+ tan® x 


EXERCISE 13 
1. Given equation is 


3 5 
714 |c0s x|+c0s? x+|cos x| +cos* x+cos x| Pesiccoe to co iz 4 
1 
=> 7 eos 3 a4 = 7? 
1 
=> —_—_—_— = 
1—|cos x| 
> 1—|cosx|=— 
1 1 
= |cos x|=1--=— 
2 2 
1 
> cosx =t— 
2 
20 


1 
Hence, the values of x are ace. 


2. Given equation is 


1+sin@+sin? 6+...=4+2V3 


1 
=> =442V3 
1-—sin9@ 

1 
=>  1-sin@=——~ 
4423 

> sin@ =1— l 


4+ 2/3 
1 Dogs 


4+ 23 2 
> o=nn+(-1)'()ner 
3. Given equation is 


sin ee ia 
[c's alae ame 


sin’ x- Sree + + log lcos x| a 
= 2 2 
2sin? x— 3sin x +1)log|cos x|= 0 


(sin x —1)(2sin x —1)log|cos x| = 0 
( 


=> 
=> sin x —1) = 0,(2sin x—1) =0,log|cos x|=0 
. : 1 
> sinx=1, sinx=~,log|cos.|= 
; 1 
=> sinx=-—, =1 
2 


: 1 
> Sie, OS cosa 


The Trigonometric Equation 


169 


= v=nn+(-i)'( 2 ).s=2nm,x=(2n+i)m 


4. Given equation is 


eons _ e sine —~4=0 
1 ; 
t---4=0,t=e™ 
t 
i” —4¢-1=0 
(t-2) =5 


t=2+5 

esinx =2+J5 

sin x= log, (2+ V5) 
sin x= log, (2+ V5) 
sin x= log, (2+V5)>1 


It is not possible. 
So, it has no solution. 


Yu Yudds dy gy 


. We have 
alsin? x+sint x-+sin® X-beecseeees toce]log, 2 
2 
sin® x 
ie —cos” a Be? tan? xlog, 2 tan? 
= =e Seo — pian x 
Let @= 2» 


Thus, a? -9a+8=0 


=  (a-1)(a-8)=0 


> a=1,8 


when a = 1, then 2° * =1=2° 


=> pian’ x _ 1 _ 70 
= tan? x=0 
= x=nnr,nel 


when a = 8, then 2 * =3=23 


> tan? x =3 
=> tanx = 3 
cos x 
Now, —————— 
cosx+ sinx 
1 1 


7 l+tanx 341 


2 
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6. Given equation is EXERCISE 14 
log... , tanx +log,,,,, cotx =0 1. Given equation is 
. 1 
cosx sin x x 
= — log.95x (Sin.x) + log, , (cosx) = 2 Here, L.H.S. <2 for 0<x< 5 
It is possible only when and R.H.S. >2 
sin x = cos x So, it has no solutions 
2. Given equation is 
> tanx=1 
2 x +x x =x 
=> es 2cos ram 2* +2 
4 
It is possible only when x = 0. 
7. Given equation is Hence, the solution is x = 0. 
3sin 2x+2cos? x ae isin 2x+2sin? x = 28 
= 3sin 2x+2cos? x a 3i-sin 2x+2—2 cos” x = 28 LEVEL Il 
: 1. Given equation is 
= 3sin 2x+2cos? x + 3 =28 x x 
goin 2x42 cos” x cot 5 — cosec 5 =cotx 
27 F 
= at 2 = 28, g = 32242008" x cos(x/2)-1 
a > ——— = cot x 
5 sin (x / 2) 
> a’ —28a+27=0 ‘ 
2sin* (x/4 
3s een = So OE es 
sin (x / 2) 
=> a=27,1 ; 
2 sin“ (x/4) 
_ sin 2x+2 cos” x —33 => - =cotx 
when a= 27 ,t0en 2 : 2 sin(x/4) cos(x/4) 
sF sin 2x +2cos* x =3 => tan(x/4) + cot x =0 
= sin 2x +1+cos2x =3 sin(x/4) cosx 
: => ———— + = 
=> sin 2x +cos2x =2 cos(x/4) sinx 
It is not possible. x 
; > cos| x-— |=0 
when a = 1, then 38in 2x+2 cos x 30 4 
=> sin 2x+2cos” x =0 = cos( 2) =0 
> sin 2x+1+cos2x=0 
P 3x t 
=> sin 2x+cos2x =—-1 > 7 72a), 
=> sin 2x+ I cos2 Bee 1 
4B ‘i J2 Ae nD => x=(4n+2)—,nel 
=> sin( 2x44) : a Gi tion i : 
— |=-—= . Given equation is 
A) a ‘ | 
sin 6x 
1 nf a 8cos x.cos 2x.cos 4x = —— 
> 2x+—|=nm+(-1)"| -— sin x 
4 4 = Asin 2x cos 2x cos 4x= sin6x 
=> x= 2 * 4 (-1)" (-2)-Z.ner > 2sin 4x cos 4x = sin 6x 
2 a + — sin8x—sin6x =0 
8. Do yourself. = 2cos(7x)sin x =0 


=> cos(7x)=0,sinx =0 
> (7x)=(2n+1)F.x=n0 
1 
> x= (2n +1) xana.nel 


2. Given equation is 


tanx  tan2x 
+ 


= tan2x tanx — 
= (tan x+tan 2x)” =0 
=> (tan x+tan 2x)=0 

=> sin(2x+x)=0 

=> sin (3x) =0 

> 3x=nt 

2s nt 


x=—,nel 
3 


4. Given equation is 
cos xcos (6x) =—1 
=> 2cos(6x)cos x =—2 
=> cos(7x) + cos(5x) = -2 
It is possible only when 
cos(7x) =—1 ,cos(5x)=—1 
=> Tx = (2k +1)m ,5x=(2m+1)a 


= x= (2k +1)> .x= (2m +1) 


when & = 3 and m = 2, then common 
value of x is 7. 
Hence, the general solution is 


x=2nn+n=(2n+l1)a,nel 
5. Given equation is 
cos(4x)+sin (5x) =2 
It is possible only when 
cos(4x) =1,sin(5x)=1 
=  4x=2kn 15x =(4m-+1)> 


=> pe ese eed 
2 10 


when k = | and m = 1, then the 


. a 
common value of x is Bs 


Hence, the general solution is 
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v= [2m +E) =(4n41) ne] 
2 2 


. Given equation is 


(1+ sin 2x)+5(sinx+cos x) =0 


(sin x + cosx) +5(sinx +cosx)=0 


=> 
=> ((sinx + cos.x)+5)(sin x + cos x) =0 

=> ((sinx + cos x) +5) =0,(sinx +.cos x) =0 
=> (sin x + cosx)=0 

> tanx =—1 


u 
x=nn-—,nel 
4 


. Given equation is 


sinx + sin 2x +sin 3x = cos x +cos 2x +cos 3x 
= (sin3x+sinx)+sin 2x =(cos3x +cosx)+cos2x 
= 2sin2xcosx+sin2x =2cos2xcos x +cos2x 
= sin2x(2cosx+1)=cos2x(2cosx +1) 
=> (sin2x—cos2x)(2cosx+1)=0 
= (sin2x—cos2x)=0,(2cosx+1)=0 
when (sin 2x-cos2x)=0 


=> tan2x=1 


nu ww 
> x=—+— 
2 8 

when 2cosx+1=0 
1 


=> cosx=—-— 
2 


2, 
> x= nme 


Hence, the solution is 


oe 5x 9n 13m 2n 40 
8° 8° 8° 8° 3° 3 


b) 


. Given equation is 


sin?x cos? x d 
——+ —2sinxcosx =2 


cosx  sinx 
sin* x + cos* x F 
> ———— = 2sinxcosx+2 
sin x COS x 
- 2 2 ae) y) ; 
=> 1-—2sin“ xcos* x =2sin“ xcos x +sin(2x) 


> 4sin” xcos’ x+sin (2x)-1=0 
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= sin’ 2x+sin(2x)-1=0 
=n sin(2x)= EVA _ VS 
= sin(2x)= =< 


=> sin(2x)=sina@,a =sin™ Gra 


=> (2x)=na+(-l)" o 


nn vol 
ae ia 
=> x +(-1) 5 


. Given equation is 


a) 2 ; 4 
sin” 4x +cos° x =2sin4xcos' x 


> sin’ 4x —2sin 4xcos* x + cos” x =0 
2 
= (sin? 4x —cos* x) +cos* x—cos* x =0 
= x5 ane 2 6 
(sin 4x —cos x) +cos x(1-cos ) =0 


It is possible only when 


(sin? 4x —cos* x) = 0, cos” x(I —cos° x) =0 


Now, cosx =0,cos? x=1 

when cosx=0 then x=(2n+ 5 
: 1 

So, sina( n+ }n=0 


which is true 
cos? x =1 , then X=" 


which will not satisfy the equation 


when 


sin(4.x)—cos* x= 0 


Hence, the solution is x =(2n+ i) 


. Given equation is 


ear | 4 _7 : 
sin” x + cos Reg Seas 
; i 
> 1—2sin” xcos” x = sin (2x) 


4—8sin* xcos” x =7sin(2x) 
4—2sin? 2x-7sin(2x)=0 

2sin* 2x+7sin(2x)—4=0 

2sin* 2x+8sin(2x)—sin(2x)-3=0 
(2sin(2x)+1)(sin(2x)+4)=0 


Y bu vy 


12. 


U 


l 


Yu uy 


=> 


=> 


(2sin(2x)+1) =0,(sin(2x)+4)=0 


. Given equation is 


sin’ x +cos* x =cos (4x)+ > 
1—2sin? xcos” x =cos(4x)+ : 
2-4sin? xcos* x = 2cos (4x) +1 
2-sin? 2x= 2cos(4x)+1 
2cos(4x)+sin? 2x =1 
2(1-2sin? 2x) +sin?(2x)=1 


3sin2 (2x)=1 


1 
aD RA oe 
sin” (2x) ; 
- 2 1 . 2 
sin (2x)=, =sin a 
2x=nnt+a 


ee” nel asin u 
Qi 2 3 


Given equation is 


sin* x +sin* eae eek 
4 4 


dsint x sin'( +2 )=1 
2 4 3 
(2sin? x) +[2sin?(+4)) =| 
4 
(1-cos (2x))" + C - cos( 28 + a) 


(1-cos(2x))" +(1+sin(2x)) =1 
1—2cos(2x)+1+2sin(2x) =0 
2-2 (cos (2x) —sin (2x)) =0 


2 


= 


= (cos(2x)—sin Ox))=4 


=> og ee nee 
4 4 


T 
=> AN Tist = OR eet 


1 
. We have a = cos x+%) rc081 


T ; , T 
COS XCOS (4) re sin xsin( +COS X 


3. 
—cosx——sinx+cos x 
2 2 


3a 
= —cosx-——sinx 
2 2 


The equation will provide us a real solution if 


2 Seg ae 
2 2. 


> - Fees 


aneey =o Beet PG 
2 2s De 2 2 
By intermediate value theorem there is a root 


lies in (0.2). 
2 


Hence, the number of roots is 1. 


. Now, cos(xy) tan (xy) = xy 


=> sin(xy)= xy 
It is possible only when xy =0 
=> x=landy=0 


Thus, the solution is (1, 0). 
Hence, the number of integral ordered pairs is 1. 


. Given equation is 


in 2016 2016 .._] 


Ss xX — COS 


2016 
x 


=> sin?’!® x =cos +1 


17. 


18. 


19. 


The Trigonometric Equation 


It is possible only when 


in 2016 


2016 
S x=1, cos x=0 


= sinx=1,cosx=0 


Hence, the solution is 


x= 2nn+> nel 


Thus, the number of solutions is 1. 
Given equation is 


x’ + 2xsin(xy)+1=0 

= (x+sin (xy))’ + (1 = sin? (xy) =0 
= — (x+sin(xy))’ + cos” (xy) =0 

It is possible only when, 

(x+sin(xy)) =0 ,cos”(xy)=0 

=  (x+sin(xy))=0 ,cos(xy)=0 

= cos(xy) =0 


> xy=(2n+1)2 nel 
1 
when x = 1, n = 0, then ya 


when x =—1, n= 1, then y= 


Hence, the number of ordered pairs are 


ia} 


Given equation is 
sin 5x . cos 3x = sin 6x . cos 2x 


(sin (5x) — 2sin (3x)cos(2x))cos(3x) =0 
(sin (5x) — sin (5x) —sin(x))cos (3x) = 0 
sin (x)cos(3x) = 0 
sin(x)=0,cos(3x)=0 


Yuu vy 


xsnmx=(2ntl)7n el 


Hence, the number of solutions is 5. 
Given equation is 


cos 3x. tan 5x = sin 7x 


=> cos (3x) sin (5x) = sin (7x) cos (5x) 
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sin (5x)cos(3x) = 2sin (3x) cos(3x)cos (2x) 
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=> 2cos(3x)sin (5x) = 2sin(7x)cos(5x) 
=> sin (8x) + sin(2x) = sin(12x) + sin (2x) 
=> sin (8x) = sin (12x) 
=> sin (12x) —sin (8x) =0 
=> 2cos(10x)sin(2x) =0 
=> cos(10x)=0 ,sin(2x) =0 
= 10x = (2n+1)5,2x=n0 
> x= (2n+1) x=" nel 
=> x= i 
20 


Hence, the number of solutions is 2. 
20. Given equation is 
2tan x - A(1+ tan? x) =0 
> Atan? x —2tanx+A=0 
Let it has two roots, say, tan B and tan C 


2: 
Now, tanB+tanC= 7 


— tan B.tanC = 1 
tan B + tan C 


Now, tan(B+C)= Sac 


=> tan( — A) =00 


21. Given equation is 


cos* x — (a +2)cos? x—(a+3)=0 


=> cos* x—2cos” x-3=a(1+cos” x] 
=> (cos” x-3)(cos” x+1) = a(1+cos” x) 
> (cos*x-3)=a 

> a+3=cos? x 

Clearly, OS a+3<1 

> 3<a<-—2 


22. Given equation is 


sins+ sin = (t= cosx) + sin? - 0 


=> 


=> 


=> 


sinx+sin{ 7) J2(0—6085))=0 


sin x= -sin{ =) 2(1-cos x) 


sin 7x=2sin? (=) (1 —cos x) 


sin *x= fi - al — cos x) 


(ets 


cos x = cos| — 
4 


x= 2nnt nel 


ie 6 132 
Hence, the solution is x = a 


23. Given equation is 


l 


Yuiovu 


sin’ x—(k+2)sin? x-(k +3) =0 
sin’ x —2sin? x—3 = k(sin? x+1) 


_ sin* x —2sin? x—3 
(sin? x+1) 


(sin? x+ 1)(sin? x- 3) 


sin? x+1 
(sin? x+1) 


k= (sin? x-3) 
k+3=sin’ x 
0<k+3<1 


—3<k<-2 


24. Given equation is 


U 


l 


4 1690’ * _ 26sin x 
4 q2sin’ x = 4psinx 


1+2sin x _ y3sinx 
4 4 


1+2sin? x =3sinx 
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= 2sin? x —3sinx+1=0 sinx+2cosx cosx cosx 
43 Oe ean eee ene De sinx+2cosx sinx cosx/=0 

. : : sinx+2cosx cosx sinx 
=> 2sin x(sin x—1)—(sinx-1)=0 
=> (2sin x —1)(sinx—1)=0 (C. > C,+C, +65) 
= eer 1 1 1 cosx cosx 

ae (sinx+2cosx)|l sinx cosx|=0 
zs ma SK OT 1 cosx sinx 
6° 62 
oa Ox. xe 1 COS x COS x 
Thus, the number of principal solutions is 3. : : 
D5: Given equation ts (sinx+2cosx)|0 sinx—cosx 0 =0 
0 0 sin x — cos x 


secx =1+cosx+cos’ x+cos?xt...... 
; . 2 
(sinx + 2cosx)(sinx—cosx) =0 


> sec x= 
1—cosx tanx=1,-2 
1 1 : : Tu. 
=> = So, there is only one solution x =— in 
cosx l—cosx 4 
=> 2cosx=1 eee 
4 4 
= Oe a 4. Given equation is 
sinx+sin y = sin(x+ 
=> x=2nnt > nel = e (* ») 
asin( =22) cos( =") -cos{ 22] =0 
2 2 2 
INTEGER TYPE QUESTIONS x+y y 
; oe FN 4sin sin sin =0 
1. Given equation is 
ry eee ‘ = 
3sin° x-—7sinx+2=0 sin{ “22.) -o,sin( ¥) =0,sin( 2] =o 
> 3sin? x —6sinx—sinx+2=0 2 2 2 
=> 3sin x(sin x — 2)—(sinx—2)=0 x+y=0,x=0,y=0 
= (3sin x —1)(sinx—2)=0 It is also given that |x|+|y|=1 
1 = = = 
= sinx= 3,2 when x =0, then |y|=1 => y=+1 
1 when y =0, then |x|=l1= x=+1 
=> sin x = — 
3 1 


1 
=— =_ =-+— 
Hence, the number of real solutions is 6. WHEE: Psa eh be 2 po 2 


2. Given equation is 


d th age 
2cosx+3sinx=k+1 ae aioe aay 


=> —V13 <(k+1)< V13 Hence, the pairs of solutions are 
1 1 1 1 
> 1 "FS J =1 (0.1). (0.-1).(40).-140) 5-5 }{ -3.5] 
= k=—4, -3, -2,-1, 0, 1,2 Thus, the numbers of pairs is 6 
Hence, the number of integral values of k is 7 5. Given expression is 
3. Given equation is ; P 
l+sin°x cos’ x 4sin 2x 


sinx cosx cosx 


Oye Mas: Goes 8 f (x)= sin’ x l+cos°x 4sin2x 


: a) 2 j 
cosx cosx sinx sin* x cos’ x 1+4sin 2x 
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l+sin?x cos’ x 4sin 2x 
=| sin? x 1+cos” x 4sin 2x 


sin? x cos*>x 14+4sin2x 


l+sin?x cos*x 4sin2x 
= —1 1 0 


-l 0 1 


= 4sin2x+ (I + sin? x + cos” x) 
= 4sin2x+2 
So, the maximum value is 6. 

6 We have, —l<sinx <1 


> eee 
10 


=> -10<|x|<10 


Clearly, the number of solutions is 6. 
7. Given equation is 


tan x+cot x=2cosec x 
1 2 


> 7 ae 
sinxcosx sinx 
1 
> cosx =— 
2 
na 5 
> x =t—,t— 
3 3 


Thus, the number of solutions is 4. 
8. Given equation is 


1 
cos x.cos2x.cos3x= ri 


2(2cos3xcos x)cos2x =1 


( 
2(cos4x +cos2x)cos 2x =1 
2(cos4x)cos 2x + 2cos* 2x =1 


2(2cos* 2x— \cos2x + 2cos” 2x=1 


10. 


4(cos® 2x) +2cos* 2x—2cos2x=1 
2cos” 2x(2cos2x +1)=(2cos2x +1) 
(2cos” 2x-1)(2cos2x +1) =0 
4cos4x(2cos2x +1) =0 

4cos4x =0,(2cos2x+1)=0 


cos4x = ee 


4x=(4n+1)>,2x= 2nn to 


x=(4n41)2,x=nnt—2nel 
8 
tee 250 
8° 8°66 


Hence, the number of solutions is 4. 


. Given equation is sinx.cos y=1 


It is possible only when 


sinx=l,cosy=1 


=> pone and y=0,27 
2 2 


Also, when sin x =—l,cos y = —1 


> xe yen 
ied 


Hence, the number of ordered pairs is 5 


jl is ee Gl asl 
2 2 2 2 2 


When cot x is positive 
The equation becomes 


cotx =cotx+ 


sin x 


cosec x= 0 


It is not possible, 
when cot x is negative. 
The given equation becomes 


=> —cotx=cot x+— 
sin x 
1 
> 2cot x +—— =0 
sin x 
> 2cosx+1=0 


1 
> cos x =— = 
2 


11. 


14. 


> x=2nnt nel 
2n 40 

> x=—,— 
3. 3 


Hence, the number of solutions is 2. 
Given equation is 


tan(4x)tanx =1 
cos(4x)cos x —sin(4x)sin x =0 


cos(5x)=0 


Sx=(2n+1)5 


x= (Qnt1)7 nel 


_ 4m 3n Sa TH ON 


Hence, the number of solutions is 5. 


. Given equation is 


sin x(sinx+cosx) =n 
=> n= sin x(sin x+cos x) 
= sin*x+sinxcosx 
1—cos(2x) q sin (2x) 
2 2 
=> sin(2x)—cos(2x)=2n-1 
=> atone i2 
|= v2 <n< 


2 2 
> n=0, 1 


=> 


Hence, the number of integral values of 77 is 2. 
. Given equation is 


sin{x}= cos {x} 


=> tan {x}=1 
> ee ie aa A ee 
4 4 4 4 4 4 


Hence, the number of solutions is 6. 
Given equation is 


(v3+ i)" +(\3 - i)" = 23% 
= (J3+1)" +(V3-1)" =(2V2)" 


15. 
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It is satified only when x = 1. 
Thus, the number of solutions is 1. 


Here, | <|sin (2x)]-+|cos(2x)| < v2 and |sin(y)|<1 
It is possible only when [sin (y)| = 

=> sin(y) =+1 

— y=t—,+—. 


Thus, the number of values of y is 4 


PAST IT-JEE QUESTIONS 


1. 


Ans. (a) 
The given equation is sinx+cosx=1 


fore 1 1 
=> —=sin x + —=cos x = —= 


V2 V2 v2 


1 
> eae 


T ; : : 
But x =2n7 + P does not satisfy the given equation. 


Therefore, the solution is x =2nz,neI 


. We have cosx=sin3x 


cosx = sin3x = cos( 2 - 3x] 


=> s=2nn{ 2-31] 


Taking +ve sign, we get, 


s=2nn+( 4-31] 
2 


> 4x =2nn+— 
2 
2nt 7 
> x= +— 
4 8 
nk 
> x=—+—,nel 
2 8 


Taking —Vve sign, we get, 


14 
yy ee 
=> Xx nN (3 | 
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5: 
6. 


> ory 
2 
a 
=> x=-nwt+—,nel 
4 
As Baer aan ga end 
2 2 8 8 4 


Thus, the point of intersections of two curves are 


eee 


. The given equation is 


9) 2 ae F 
4cos* xsinx —2sin“ x = 3sinx 
ee * Pe ee Pe 
4(1—sin x)sin x—2sin x=3sinx 


" , 7) i 
Asin x —4sin? x —2sin? x = 3sinx 


=> 
=> sin x —4sin? x—2sin? x =0 

= 4sin? x +2sin” x—sinx =0 

=> sin.x(4sin? x +2sinx-1)=0 

-  sinx=0, (4sin? x+2sinx-1)=0 

> sin x = 0, siny = 2225 

> sin x = 0, sing = ESS 

=> X=NT, vann(-ifsir'(=28) 
where nel. 


. The given equation is 


sin* @—2sin?6-1=0 
-  (sin’o- i) =2 
- — (sin’@-1)=4V2 

+  sin’@=(14-2) 

= sin’ @=(1+¥2), (1-2) 


since (1+/2)>1 and (1-2) <0, so 


there is no value of 0 satisfying the given equation. 


No questions asked in 1985. 


3 
We have cosx+cos y= 5 


2cos wy cos ame oe 
2. 2 2: 


> 200s{ = Joos{ *=2]=5 


1 x-y)\ 3 
2xX—xXcos = 
= 2 [ 2 : 


x-y mes 
=> cos( 5 ; 


2 
It is not possible, so the solution set is x=@. 


. The given inequation is 


2sin* x—3sinx+1>0 


=> (2sinx—1)(sinx—1)>0 
> sinxs 5 & sinx>1 

; 1 ; 
> mS & sinx =1 


xe ee U oy and x= ~~ 
6 6 2 


Hence, the solution set is 


eles ela 


8. Ans. (c) 


As we know that tan x 2 x 


So there is no root between (0.2) 


: : 3 
But there is a root in G *z) : 


9. Ans. (b) 


The given equation is 


sin x —3sin2x+sin3x = cosx—3cos2x+cos3x 
=> (sin x + sin 3x)- 3sin 2x 
= (cos. x + cos3x)— 3.cos 2x 


> 2sin 2x cos x —3sin 2x 
= 2co0s2xcos x —3cos2x 
=> (2cos x —3)(sin 2x —cos2x)=0 


=> (sin 2x — cos 2x) = 0, (-« 2cosx—3 #0) 


tan2x =1 


=> tan2x =1= tan (4) 


10. 
11. 


13. 


No questions asked in between 1990 to 1992. 
Ans. (c) 
The given equation is 


tan x +secx = 2cosx 


> sin x + 1=2cos” x 
—  sinx+1=2(I-sin? x) 
=> (sin x +1) =2(1-sin x)(1+sin x) 
=  (sinx+1)(1-2(I-sinx))=0 
=> sinx ==1, sinx= + 

mn SK 3K 
= SS 

6 6 2 


3a ‘ F . 
But x = does not satisfy the given equation. 


Hence, the number of solutions is 2. 


. The given equation can be written as 


tan(x + 100°) cot x = tan(x + 50°) tan(x — 50°) 
sin(x + 100°) cos x 

cos(x + 100°) sin x 

_ sin(x — 50°)sin(x — 50°) 

%, cos(x + 50°)cos(x — 50°) 

Applying compenendo and dividendo, we get, 


=> 


sin(x +100°) cos x + cos(x + 100°) sin x 
sin(x + 100°) cos x — cos(x + 100°)sin x 


_ sin(x + 50°) sin(x — 50°) + cos(x + 50°) cos(x — 50°) 
sin(x + 50°) sin(x — 50°) — cos(x + 50°) cos(x — 50°) 


sin(x +100° + x) 
sin(x + 100° — x) 

cos(x + 50°- x +50°) 
~ =cos(x+50°+x-50°) 


=> — sin(2x+100°)cos 2x = —sin(100°) cos(100°) 
=> 2sin(2x+100°)cos 2x =—2sin(100°) cos(100°) 
=>  sin(4x+100°) + sin(100°) = —sin(200°) 

=> — sin(4x+100°) = —(sin(200°) + sin(100°)) 

=> — sin(4x+100°) = —2sin(150°)cos(50°) 

=> — sin(4x+100°) =-2 x : x sin(40°) 

=> — sin(4x+100°) =—sin(40°) = sin(220°) 

=> (4x+100°) =(220°) 

=> 4x=120° 

=> x=30° 


Hence, the result. 
Ans. (d) 


14. 


15. 
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rigs 
2n 
The given equation reduces to 
sin @ +cos@ =~ 
2 
= (sin@ +cos@)” = i 
: n 
> ar 
n n-4 
sin2@=—-l= 
= 4 [ 4 
As per choices, n= 4 
=> 0<20<% 
2 
> 0<sin20<1 
= o<(4)a1 
4 
=> 0<(n-4)<4 
=> 4<n<8 
The given in-equations are 
2sin? x+3sinx-—2>0 and x*-x-2<0 
=> (2sin x -1)(sinx+2)>0 
=> (2sinx—-1)20(" sinx+2>0, Vxe R) 
1 
=> sin x = — 
2 
Tey 
=> 6 60 —  nbegetee (i) 
Also, x? -x-2<0 
= (x-2)(x+1)<0 
> Vx<sQ2 0 ee (ii) 


From (i) and (ii), we get, 


xe E. 2) 
6 
The given equation is 


cos(psin x) = sin(pcosx) 


1 
a cos(psin x) = cos *— pooss 
1 
= (psin) =2nn + =~ peosx| 
1 
> p(sinx + cosx) = 2nm + 
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=> ipsin( x4 |= 2m 


As we know that, —1 ssin(.x+7)}<1 
=./2p <Vipsin( x4) <p 

> Vip <tnnt =< V2p 

> Vip2 Inns > 


> V2p2 Inn +=, ann > 


As we require smallest +ve value of p, so we consider, 


ap=" 


2 
eS. 
D2 


. a : : 
For this value of p, x =— is a solution of the given 
equation. 4 


=> p= 


. The given equation can be written as 


(1-tan?@)(1+tan?@) +2"? =0 

-  (I-tan?@)(1+ tan?) +2"? =0 
- — (I-tan*@)+2"""? =0 

=» 2° =(tan*@-1) 

=> 2% =(x°-1), where x= tan? 6 
It is true for x =3 

Thus, tan” 6 =3 


=> tan? @ = (v3) 


=> tan@ = +(V3) 


+ (5) 


. The given equation is 


tan? @+sec 20 =1 


1+tan’ 0 
=> tan* 6+ = 
1—tan“ 0 
l+x 
> x+——=1, where x = tan’ @ 
> x-x° +l+x=1-x 


=> x? —3x=0 
> x=0,3 


= tan? @ =0, 3 


tan@=0 and tang=+3 
1 
> ans emer dd 


18 The given equation is cos’ x+sintx=1 


7 - 4 
cos’ x=1-sin" x 


=> cos’ x= (1 —sin? x)(I +sin? x) 
a cos’ x = cos” x(2 — cos” x) 
= cos” x(cos® x -(2 —cos” ) =0 
= cos? x= 0, (cos® x-(2- cos” ) =0 
> cos’ x =0, cos’ x+cos? x =2 
> cosx = 0, cos x +cos” x = 2 
= cosx=0, cosx=1 
> gae*. 0. 
2 


1 
Hence, the real roots are (te. 0} } 


19. The given equation is 


> 3sin? x —7sinx+2=0 

~ (3sinx—1)(sinx—2)=0 
1 

> sinx=—, 2 

3 

u 


= sin x = 
3 


There is 2 solutions in its period 27. 
So, the number of solutions is 6. 


20. We have sin(n6) = > 4, sin’ 6 
r=0 


= _ sin(n®)=[ by +h sin® +b, sin? 6 
+b; sin? 0 +......+b, sin” 6 | 
Put 6=0, then b) =0 
Thus, 
sin (nO) = b, sin @ + by sin? @ +...... +b, sin” 


~—* =h +b, sin@+......+5, sin” 0 
sin@ 
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Taking limit 6 > 0, we get, ree ids Aes 14/5 
ban = rele Oe ale ale 
Therefore, b) =0, b =n. jae), 14.45 
; => sint S$ , sint2 
22. We have —/74 < 7cosx + 5sinx < V74 4 4 
= < < 
re 74 <(2k+1)< V74 > sintssin( —7 sint> sin( 32 
5. alm cietee 74 =i u _ 
= 8-15 2k<8-1(-- V74<9) As —F Sts >, we get, 
ce (O20 e7 
= 22 epi Ege 
= SASHES IS 2 10 10 2 
=>  k=-4,-3,-2,-1,0,1,2,3. Thus, te|-2.- “\U[%. =| 
Thus, the number of integral values of k is 8. = An 10 2 
23. No questions asked in between 2003 to 2004. 26. The given in-equation is 
ath a ae ee 2sin? @-Ssino+2>0 
Pee ete es ~  (2sin0—1)(sin@—2)>0 
=> —tsasnm, -t<Sb<UX 
=> (2sin@-1)<0 
=> —Msasn, -m<-b<UX ' 
=> 2m Sa-b<2n => Sees 
Given cos(a—b)=1 x (0,2 |u[ 2m). 
a=b 6 6 
1 27. The given equations are 
Also, cos(a+b)=— 2sin? 6 — cos20 =0 and 2cos? 6 -3sin 6 =0 
=  ¢os(2a)=+ Now, 2sin? @-(1-2sin?@)=0 
e 
It has one solution in its period z. > 4sin? @=1 
So it has 4 solutions in [0, 47]. A sn?o=(4) i (£) 
. 2 6 
_ 5x7 -2x+1 # 
25: le cea a => Cae 
= (3y—5)x°-2(y-1)x-(y+1)=0 git 5a Tm Mn 
As x is real, so 6 6°6° 6 
(y-1)’ +(3y-5)(y+1)>0 Also, 2cos” 6 —3sin0 =0 
= y? —2y+14+3y? —2y-520 > 2-2sin? 6 —3sin@ =0 
=> Ay*-4y-420 =>  2sin’@+3sin@-2=0 
= ye =y=1S0 = (2sin 6 - 1)(sin@ +2) =0 
Lau 1+V5 epee 
pn eee _| + ||s9 => sin@ =—, 2 
eal 
(a5 145 > sin a5 
=> ys »y2 
2 2 mu SK 
=> d=—,—. 
6 6 
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28. 


29. 


: nm 50 
Hence, the solutions are 0 = Be 
Therefore, the number of solutions is 2. 
The given equation is sin@ = cos@ 


a 
po Gillies 
cos( 3 COs @ 
a 
=> [4-0)=2nn0, ner 
a -2nn=(0+9-=) 


= [oxe-5]=—2n0 


=> ‘(ox-2)=-2n 
t 2 


1 
Thus, ‘fo +Qo- z) is an even integer. 
1 


We have 


6 = 
> cose 04 !) 
m=1 : 
=> [> 


SY 
Wee 
fe) 
fo) 
nN 
Qa 
Q 
i. 
D 
+ 
=|§ 
; a 
ll 
KR 

oT 


= y [cio ("2 )e) —cot (0+ ma)}- 4 


m=1 


> [coro —cor(0+ St] = 


=> (cot + tan@) =4 
1 


= and cos0' 

1 _ 

=e 2sin @cos@ 
> = =2 

sin 20 

> indo 
2 

a ee 
6 6 

> pa 
12 12 


30. 


31. 


Hence, the solutions are oe. on é 
12 12 


We have tan@=cot50 


sin@ _ cos50 


cos@sin5@ 


> 2cos5@cos@ = 2sin50sin@ 
> cos 66 + cos 40 = cos 40 — cos 60 
— 2cos 66 = 0 
> cos 66 = 0 
Sy egg ee 
2, 2 
=> g= ae oi ay 
12 12 12 
as geoph es 
12 4 12 


Also, sin(2@) =cos(4@) 

1 
= c0s(4)=cos{ 4-20) 
=> 40=2nn 2( = 20) 
Taking +ve sign, we get, 


40 =2nn (5 = 26) 


Sy. “6oS one ee 
2 

> gaM7 42 
3.° 12 
_% 3a 
D1 3A 


Taking —Vve sign, we get, 
40 =2nn -( f 20) 


es) “909 
2 


> 6=ne= 
4 
> a eee 
. 5 
Hence, the solutions are 0 = Ben ce . 
12.12 4 
Let Laer 
n 


Then the given equation becomes 
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1 1 : 2 
Sees He = sin x| 3 (2cosx-1) |-3 
amg Sn (26) sin(36) It is possible only when 
1 1 1 : 
=> - = sinx =1 and(2cosx—1)=0 
sin@ sin(30)  sin(20) ( ) 
sin 3@ —sin@ 1 > x= andx= 2. 
=> = 
sin@sin(30) — sin(20) ; : 
; Thus, the values of x does not saitsfy the given 
= 2cos 26 sin@ = 1 equation. 
sin@sin3@ ~— sin20 34. Ans. 8 
2cos 20 1 The given equation can be written as 
> : Saar 
eed ; sae 2 ae? 2x+cos* x+sint x+cos° x+sin® x=2 
> sin 46 = sin 30 4 
: : Js 8 . 2 2 
= sin 4@ = sin (x = 30) > Tt 2x+ (1 —2sin“ xcos x) 
¥ eae +(1-3sin? xcos” x) =2 
= 1 
ad 10=1 => > cos? d+ 1-5 sin? 2x] 
1 
ee Wie +(1-2sin? 2x) =2 
x oT 52 Sad 
=> = > —cos* 2x ——sin“ 2x = 0 
n 7 4 4 
> n=7 > cos” 2x—sin? 2x =0 
Hence, the integral value of nis 7. = coe y= sine De 
32. No questions asked in between 2012 to 2013. 5 
33. Ans. (d) => tan’ 2x=1 
The given equation is is eT dea ea 
sin x + 2sin2x—sin3x =3 4 
_nt I 
> sinx + 4sin xcos x —3sinx + 4sin? x =3 = P= py gets ae 
m= sin x| -2 Deke: a(t ae x)| =3. Hence, the solutions are 
a leer ueiect as Aer ae iat 3a 5a 7x On ln 13a 15 
—* sin x] -( COS ZX — cosx+ )+ = 8° 8’ 8° 8° 8’ 8 > 8 J 8 


CHAPTER 


Trigonometric In-Equation 


4.1 TRIGONOMETRIC INEQUALITIES 


Suppose we have to solve f(x) > k or f(x) < k. 

When we solve the inequation, we often use the graphs 
of the functions y = f(x) and y =k. 

Then, the solution of the inequality f(x) > is the values 
of x for which the point (x, f(x)) of the graph of y = f(x) lies 
above the striaght line y = k. 


: 


yak 
> xX 


y’ 


Similarly, when we solve f(x) < &, then the solution of the 
inequalition f(x) < kis the values of x for which the point (x, 
F(&)) of the graph of y = f(x) lies below the striaght line y = k. 


‘| 
y=k 


> X 


0 
y’ 


Type - I: An inequation is of the form sin x > k. 


Rule: Find the smallest values of x that satisfies the given 
inequation and then add 2nz with that values of x. 


YA 


~ > yak 


xX’< > x 


YY’ 


Ex-1. Solve sin x > 1/2. 
Soln. Here, we should construct the graph of y = sinx and 
= 1/2. 
Y 
A 
«< > y=1/2 
x~ Of x 5a ~ xX 
6 6 
Y 
y’ 
Hence, the solution set is 
= [2m +2, ann + 5), 
nel 6 6 
Ex-2: Solve: sin x > 1/3. 
Soln. Here, we should construct the graph of y = sin x 
1 
and y=sin || — |. 
* q 
: 
» > y=1/3 
X’< Oo 
cin | ace u— sin” 


Hence, the solution set is 


r=U 


2nn +sin! 2 (2n+1)a-sin™ (5) 
nel 3 3 


Ex-3. Solve: sinx 2 1. 
Soln. We have sin x = 1. 
Y 
y= 
a m2 5al2 
y’ 
=> x=(4n41)>, nel: 
Ex-4. Solve: sin x >0 
Soln. We have, sinx > 0 
¥: 
A 


= x= U (2na, (2n+1)z) 


nel 


Type - II: An in-equation is of the form sin x < k. 


Rule: Find the smallest values of x which satisfies the given 


in-equation and then add 2vz with that values of x. 
Y 


> X 


Ex-1. Solve: sin x < 1/2 
Here, we should draw the graph of y = sinx and 
y=1/2 


Soln. 


>< 


y=1/2 


Hence, the solution set is 


=| (2nn-, nar, 


nel 
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Ex-2. Solve: sin x < 1/5. 
Here, we should draw the graphs of y = sin x and 
y= 1/5. 


Soln. 


Hence, the solution set is 


-2y (2n-1)x-sin™ (+). 


"! | Ong +sin |! (5) 
5 


Ex-3. Solve: sinx < = 


Soln. Here, we should draw the graphs of y = sin x 
and y= af 
Y 
A 
~< 
x< 


Hence, the solution set is 


4n r 
= 2nt — —, 2nt +— 
x U | zon | 


nel 


Type - III: An in-equation is of the form cos x > k. 


Rule: First we find the smallest interval for which x satisfies 


the given in-equation and then add 27 with each 


values of x. 
Y: 
y=k 
xx 5 > xX 
y’ 


1 
Ex-1. Solve: cosx> —=. 
f2 


Soln. Here, we should draw the graphs of y = cos x 


1 
and ase t 
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Y 
A 

be 1 

2 

x’< fx ol >x 
4 4 

Y 
y’ 


Hence, the solution set is 


1 TU 
= 2nnt —-—, 2nt+—|. 
a") [ nn =) 


nel 


Ex-2. Solve: cos x > a 
2 


Soln. Here, we should draw the graphs of y = cos x and 
y=1/2 
Y 
A 
y=1/2 
x’< [xO i > xX 
3 3 
Y 
y’ 


Hence, the solution set is 


x= [ann ©, ann += 


nel 
Type - IV: An in-equation is of the form cos x < k. 
Rule: 


First we find the smallest interval for which x satisfies 
the given inequation and then add 2nz with each 
values of x. 


Ex-1. Solve: cos x < 3 


Soln. Here, we should draw the graphs of y = cos x 


and yaa. 


Hence, the solution set is 


2nn +cos! (3). 
3 


2(n+1)a-cos” =) 


Ex-2. Solve: cosx < =. 


Soln. 


Here, we should draw the graphs of y = cos x 


3 


and y= —. 
ae: 


Hence, the solution set is 


ee ann +=,2(n+1)n—2]. 


nel 
Type - V: An in-equation is of the form tan x > k. 


Rule: First we find the smallest interval for which x satisfies 


the given in equation and then add nz with each 


values of x. 
y 
A i A i A i A i A i 
tA 
XA a) mE rox 
i i (2 i i 
You a, A ee A 
y’ 


Ex-1. Solve: tanx> 1. 


Soln. Here, we should draw the graphs of y = tan x 
and y= 1. 
Y 
7 eee pee’ “Cn ey es | Ya [CO 
off fpe de [fe fers 
412 
Y i 1 i Y i Y i 


<~< 
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Hence, the solution set is Ex-1. Solve: tan x < 1. 
1 1 Soln. Here, we should draw the graphs of y = tan x 
x=U |nz+—,na+ =|. =. 
a 4 2 and y= 1. 
1 Y 
Ex-2. Solve: tan x >—. ee ee ee Ce CO 
V3 
Soln. Here, we should draw the graphs of y = tan x 7 ip y= 
1 1 1 
and y=—=. / 
N3 ae ieee riz] | — 
Y 1 1 4 \2 
+t a fo a fo a fh 4 f ol ace ache Heals 
ee ele eee ee 
v3 ¥ 
ae | | Of = rt | | as Hence, the solution set is 
1 I 6 I 2 1 1 
i) i) i) i) i) T TT 
= Gara 
nel 2 4 
ae . oh) ape Ex-2. Solve: tanx < V3. 
Hence, the solution set is Soln. Here, we should draw the graphs of y = tan x 
u T and y= 3 
x=U |na+—,na+ i Y 
al : Be fis hs Pine ake ft a Bs do 
Ex-3. Solve: tan x > 2. 
Soln. Here, we should draw the graphs of y = tanx 5 Ryans 
and y =2. 
Y yi 1 
| ee es |e ee a ae | Of min ee 
oa 
effi tfi tf tei tye. oe aie: aie ai 
i i mcd 1 i ! 1 1 ! ' 
: 12 You he A ee A re 
THE Oyster Y 
Hence, the solution set is 
| Kt Kr 
ge ae eae 3 y2U fon —2. na +2 
y’ nel 2 3 
Hence, the solution set is 
ogy [mr tan""(2), nns2), 4.2 SOME SOLVED EXAMPLES 
i Ex-1. Solve: sin x > cos x. 
Type -VI: An inequation is of the form tan x < k. Soln. We have sin x > cos x 
Rule: First we find the smallest interval for which x satisfies =>  sinx—cosx>0 
the given in equation and then add nz with each Ii £33 1 
=> —sinx— —cosx>0 
values of x. 49 
Y 
ae ae Va ae Gs ae OR Tia , [ 4 
=> ~~ sin| x-— |>0 
ae: fe ioe : 4 
Sar tn A A eR : ; 
=> xe 2nmt+—, (2nt+l)r+— 
x —o 77 aaa: 4 4 
| | | 2 | | Hence, the solution set is 
We ede Sa aia = U(2m+%, Qn+i)n+4). 
y’ nel 4 4 


188 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


Ex-2. 
Soln. 


Ex-3. 


Soln. 


Ex-4: 
Soln. 


Ex-5. 


Solve: cos x > sin x. 
We have cos x > sin x 


=> cosx—sinx>0 


1 
=> = cos —= sinx>0 
aig ver er aig ee 
1X 
> cos( 1+) >0 


30 T 
=> xe 2nn-—, 2nn+— 

4 4 
Hence, the solution set is 


re) (2m, an +2), 
4 4 


nel 


Solve: -+< cosx < des 


a 


1 1 
We have cosx <—= and cosx>-—. 
Je ps 


> se(2u+2, ann +7) 
4 4 
and 
ve| ann 2, ann += 
3 3 


Hence, the solution set is 


c= U (2m +4, 2nn + 2) 
4 4 


nel 


van, ann v=. 
3 3 


Solve: |sin x + cos x|= |sin x|+|cos x]. 
We have |sin x + cos x| = |sin x| + |cos x| 
As we know that, if 

If) + ¢(x)|= [£0] +|2(2) 

then f(x) g(x) 20 

Thus, sinxcosx = 0 


=> sin2x>0 
1 
=> xEelnnz, nt+— 
2 
Hence, the solution set is 


c= Une, nao. 


nel 


Solve: sin x sin 2 x < sin3 x sin 4 x, 


v xe( 0.4). 
2 


Soln. 


Ex-6. 
Soln. 


Ex-7. 


Soln. 


We have, sin x sin 2x < sin 3x sin 4 x 
2 sin x sin 2x < 2 sin 3x sin 4 x 
cos x — cos 3x < cos x — cos 7x 
cos 3x > cos 7x 

cos 3x — cos 7x > 0 


2 sin 5x sin 2x > 0 


0<S5x<aZ 


Y YUtUUSUY 


Q<x<% 
5 


Hence, the solution set is 


(ets 


Solve: cos x — sin x —cos 2x > 0, Vx €(0, 27) 


We have cos x — sin x — cos 2x > 0 
= (cos x-—sinx) —(cos” x— sin? x) >0 
=> (cos x-—sin x) (1 —cosx-—sinx)>0 


=>  (sinx-—cos x) (sinx +cosx—1)>0 
> sin{ x4 |(sinx +00s2—1)> 0 


Hence, the solution set is 


Solve: > sin? xt ssin® 2x > cos2x 


We have, > sin’ x+ ssin® 2x >cos2x 


=> 5(2sin’ x) +2 (sin? 2x) > 8 cos 2x 
= 5(1—cos 2x) +2 (1 —cos* 2x) > 8 cos 2x 
=> 5-5cos2x+2-—2 cos’ 2x —8 cos 2x >0 
= 2cos*2x+13cos2x—7<0 
=  2cos*2x+ 14 cos 2x—cos 2x -7 <0 
=> 20s 2x (cos 2x + 7) — (cos 2x +7) <0 
=>  (cos2x + 7) (2 cos 2x — 1) <0 
=> 2cos2x—-1<0 
=> cos 2x< 1/2 
> se (nm =, nn += 
6 6 


Hence, the solution set is 


sin 5 x > 0 (since sin 2x is +ve for 0 <x < 7/2) 


Ex.-8 
Soln. 


Ex-9. 


Soln. 


fey) 5 2 
Solve: 6sin* x —sinxcosx—cos’x>2. 


529 . 2 
We have, 6sin“ x —sinxcosx—cos* x >2 


= 6sin’x—sinx cos x—cos’x 


> 2 (sin? x + cos” x) 


4 sin’ x — sin x cos x — 3 cos’ x > 0 
4 tan’ x —tanx—3>0 

4 tan’ x —4 tanx+3 tanx—3>0 

4 tan x (tanx—1)+3 (tanx—1)>0 
(tan x — 1) (4 tanx+3)>0 


tan x <— 3/4 and tan x > 1 


1 *(3) 
=> x€}| nt —-—,nm—tan _ 
2 4 


1 1 
and xé|nm+—,nm+— 
[ 4 4 


YuUUVUdudeey 


Hence, the solution set is 


4 | 3 
x=|nt—-—,naw—tan | — 
2 4 


eee nt + nel 
U 4° ah 


: 13 
Solve: sin® x +cos° x > — 
16 
tb 6 13 
We have, sin’ x +cos Mage 
' 13 
= (1-3sin? xcos” x) >= 
16 


> 1- = (2sin? x) (2cos” ‘) > = 


=> 1 5(1-00s2x)(1 +6082) ]> 5 


=> 1-2(1-cosdx)}> 2 
8 16 


5.3 13 
=> —+—cos4x | >— 
8 8 16 


> en > 2 
8 16 


Ex-10. 


Soln. 


Ex-11. 


Soln. 


Trigonometric In-Equation 


=> cos4x>1/2 


=> tx e(2ne—F dun += 
3 3 


nT wu nt 4 
> xe -—, 
(4 pa) =| 


Hence, the solution set is 


s-U(% 1 4%) 


oe 61 


: : 5 
Solve: cos? x.cos3x—sin* xsin3x > 8 
The given inequation is 
; : 5 
cos® x.cos3x — sin? xsin3x > 5 
=  (cos3x+3cosx)cos3x 
: : : 5 
— (3sin x —sin3x)sin 3x > 5 
= sin? 3x+cos* 3x 


: : B) 
453 (cos3xcos.x ~ sin 3xsin x) > 
5 
=> 3cos4x+1> 5 


> equi 
2 


= Inn" <4x< Int +>. nel 


nk nk 
-—<x< +—,nel 
2 12 2 12 
Hence, the solution set is 


=i) nu BB 
eS AN OO, tO ae 8D 


Solve the inequality: sin® x + cos® x > = 


The given inequation is 
; 1 
sine wears 
16 
9 2_\ 269 2 
> (sin x+cos x) —3sin“ xcos* x 
: 13 
(sin? x+cos” )>= 
16 
. 1 
> ioe ees 
16 
13 


=> I|- = (sin’ 2x) > i6 
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Ex-12: 
Soln. 


Ex-13: Solve: sin 3x sin 4x > sin x sin 2x Vxe [o =) . 


=> 1-2(2sin” 4x)> 
8 16 


=> err ee 
8 16 

5 3 13 

=> —+-—cos4x >— 
8 8 16 


3 3 
=>  —cos4x>— 
8 16 


> ees 
2 


> 2nn 7 <4x< Inn +2, nel 


nq nt 0 
-—<x< +—,nel 
2 12 2 12 
Hence, the solution set is 


ae) 


,—t— 
Stee MO Oe TD 


Solve: > sin” xt csin® 2x > cos2x 


The given inequaton is 
ae 1. 
7m x+ goin’ 2x > cos 2x 


5sin? x +sin? 2x > 4cos 2x 


l 


l 


5 (2 sin? x) +2 (sin? 2x} >4cos2x 
5(1-cos2x)+ 2(1 —cos” 2x) > 8cos 2x 


2cos* 2x +13cos2x—7 <0 


=> 
=> 

=>  2cos* 2x+14c0s2x —cos2x-7<0 
=  2cos2x(cos2x+7)-1(cos2x+7)<0 
=> 


(2cos2x—1)(cos2x+7)<0 


1 
> a ie aa 
1 
=> cos2x<— 
2 
> 2nn ~~ <2x< Inn +2 nel 


T t 
=> Be SOE a ed 


Hence, the solution set is 


Soln. 


Ex-14: 


Soln. 


Ex-15. 
Soln. 


The given inequation is 

sin3x sin4x > sinx sin2x 

2 sin 3x sin 4x > 2 sin x sin 2x. 
cos x — cos 7x > cos x — cos 3x 
—cos 7x >—cos 3x 

cos 7x < cos 3x 

cos 7x — cos 3x <0 


—2 sin 5x sin2 x <0 


YUeUUYY 


sin 5x sin 2x > 0 

. 2 ; : ; T 
=> sin 5x > 0, since sin 2x 1s +ve in [o z) 
=> 0<5x<2 


> Ocaune 
5 


Hence, the solution set is 


(08 


Solve: |sin x + cos x| =|sin x|+|cos x| 


We have, |sin x + cos x| a |sin x| + |cos x| 


sin xcosx = 0 


2sinxcosx =0 


=> 
=> 

=> sin2x20 
= 22nns2x<2na+a,nel 
=> no sxsnn+> nel 


Hence, the solution set is 
T 
x=U G , nn) 
nel 2 


Solve: |sec.x + tan x| = |sec x|+|tan x| 


We have, 


=>  secx.tanx2>0 


sec x + tan x| =|sec x| + |tan 2] 


sin x 
=> 5 =0 
COS x 


> sinx20, cos’ x #0 


=> sinx20, x#(2n+1)7 nel 


1 
=> Wwnnt<x<2nn+z, x#(2n+])-, nel 
Hence, the solution set is 


x= U (20 (2n+1)m)—(2n+1)> 


ne 


Ex-16. 


Soln. 


Ex-17. 


Soln. 


Ex-18. 


Soln. 


Ex-19. 


Soln. 


Solve for x: sin? x + sinx —2 <0 

and x? —3x+2<0. 

We have, sin’x + sinx -2<0 
=> (sinx+2)(sinx—-1)<0 


=> —2<sinx<l 


=> sinx <1 
37 1 
> -—<x<= 
2 2 


Also, x7 —3x+2<0 
=> (x-1)(x-2)<0 


=> 1<x<2 
: ; 1 
Hence, the solution set is 1< x< > 


Solve for x: 2 sin? x + sinx—1<0 
and x7 +x—-2<0 
We have, 2 sin’ x + sin x — 1<0 
=> (2sinx-1)(sinx+1)<0 
=> -l<sinx<2 

1X 


1 
=> -—<x<— 
2 6 


Also, x7+x-2<0 
=> (x+2)(x-1)<0 
=> 2<x<Il 


; : t 1 
Hence, the solution set is, — 5 <x< 6 


Solve for x: tan? x —5 tanx+6>0 
and x7 —16<0 
We have, tan? x — 5 tanx+6>0 


=> (tanx—2)(tanx—-3)>0 

=> tanx<2andtanx>3 

= x<tan! (2) and x> tan! (3) 
Also, x” — 16 <0 

=> (x +4)(x-4)<0 

=> 4<x<4 

Hence, the solution set is 


xe (-4, tan! (2)) U (tan (3s 4) 


Solve for x: we 
EX, 


We have, tan? x+tanx—6<0 


<0 and tan? x+tanx—6<0- 


Trigonometric In-Equation 


=> (tanx+ 3) (tanx—2)<0 
=> —3<tanx<2 


= tan! (-3)<x< tan! (2) 


Also, pialaety 
5-x 

ust, Gaal eig 
x—-5 


=> x<landx>5 


Hence, the solution set is x € (1 tan! (2)) 


Ex-20. Solve for x: [ sin x ]=0, where [, ] = G.I.F 
Soln. We have, [ sin x ] =0 


=> Ox<sinx<l 
Case I: When sinx > 0 
=> 2nn Sx<(2n+l)a,nel 


Case II: When sin x < 1 


— De a Soin 
2 2 


> xe (4n- 3)5 (an +2) 
Hence, the solution set is 


[ nm ,(2n+1)z | 


=U 


nel (an = ee (4n+ 5) 


LEVEL I 
(QUESTIONS BASED ON FUNDAMENTALS) 


Q. Solve for x: 


. 1 
l. sinx>— 
2 


2. sinx21 


191 


192 


8. ae: 
3 


1 
9, tanx>— 


V3 


10. tanx 21 


11. sae 
2 


B 


12. sin3x <— 
2 


1 
13. cos5x>— 

2 
14. sinx+cosx>1l 
15. sinx-—cosx<1l 
16. V3sinx+cosx>1 
17. sinx-—vV3cosx<l 
18. sin? x+sinx-2<0 
19. sin? x+3sinx+2<0 


20. cos? x—cosx>0 


LEVEL II 
(FOR JEE MAIN & ADVANCED EXAMS ONLY) 


1. sin(3x-1)>0 
2. cos(2x-3)<0 


3. |sinx|< L 
2 


4. |cosx|< 28 


V2 


5. |sin 2x + cos 2x = |sin 2x| + |cos 2x| 
6. 2cos*x+cosx<1 

7. Asin* x-1<0 

8. 4cos’x-3>0 

9. |sin x|>|cos x| 

10. |cos.x|>|sin x| 

1l. sinx+cosx—cos2x>0 


12. x7+x-2<0 and sinx >> 
5 1 
13. x° -1<0 and oS 5 


1 
14. 4x7 -1>0 and tanx >—~ 
. NE 


15. x? -3x+2<0 and (sinx)” —sinx>0 


LEVEL Ill 


(FOR JEE ADVANCED EXAM ONLY) 


Q. Solve for x: 


1. 


2. 


3. 


4. 


10. 


sinx+cosx z: 
sin x — cos x 


|sin x| >|cos x| 


sin x 
cotx+ =0 
cosx—2 
sin x +cosx > V2 cos2x 


. 4sin x sin 2x sin 3x > sin 4x 


cos” 2x 
—~— >3tanx 
cos’ x 


cos x + 2cos” x + cos 3x oi 


2 
cosx+2cos’ x-1 


, x (0, 27) 


1+ log, sinx + 2log,,cosx>0 


Comprehensive Link Passage 
PASSAGE I 


If x,, 
f (x 


Xy,X3, ER, then 


Then 
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: 2(/2 -1)sin x—-2cos2x + V2(V2 -1)<0 


. sin2x> V2 sin? x+(2-V2)cos? x 


Seals Ms) < (ata t) 
3 3 
1. The value of Sina@+sinB+siny js, where 
a+B+y=180° 
(a) <1 (b) <3 
3V3 3 
oo d) <= 
(c) 5 (d) , 
2. The value of cos~+cosB+cosy is, where 
at+B+y=180° 
(a) <2 (b) <> 
(c) $3 (d) < = 
3. The value of cota+cot B+coty is, where 
a+B+y=180° 
(a) >1 (b) > V3 (c) 23/2 


(d) > 


4. The value of cota cot B coty is, where 


a+B+y=180° 


Slips 


1 1 1 3 
(a) = (b) <3 (c) an (d) <5 


5. The value of sin? a + sin” Bt sin? y is, where 
at+B+y=180° 
(a) $9/4 = (b) $3/4 (c) $3/2) (d) S12 
6. The value of sina.sin B.siny is, where 
a+B+y=180° 
3 3V3 1 1 
(a) ~ (b) aes (c) = 35 (d) ae 
7. The value of cot? @+cot* B+cot” y is, where 
at+B+y=180° 
(a) >1 (b) >3 (c) > V3) (d) = V3/2 


PASSAGE II 


if [f (x) + g(x) =|f(2)|+|e@) 


, then f(x).g(x)20 


On the basis of the above information answer the 


following questions 


1. If |secx + tan x|=|secx|+|tanx| V xe[0,2z], 
then x does not satisfy the equation is 


(a) 0 (b) x 
(c) m (d) 22 

2. If |x-1|+|x-3|=2, then x is 
(a) x>1 (b) x>3 
(c) x<1 (d) 1<x<3 


3. If |sin x + cos x|=|sin x|+|cos x 


,V xe [0,277] 
then the solution set is 


(a) | 0, 4 


(b) | 9, 4 U Lea U{2n} 


372 


(c) |; =| U{2n} 
(d) [0,27] 


MATCH MATRIX 
(FOR JEE ADVANCED EXAM ONLY) 


1. Match the following columns: 
Column - I Column-IT 
(A) The number of solutions (P) 6 
: 1. ; 
of sinx > 5 in (0,27) is 


(B) The number of solutions (Q) 0 
of |tanx|<1 in (-2, 2) is 
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(C) The number of solutions (R) 4 
of |cosx|>1 in (0, 20137) is 
(D) The number of solutions of (S) 2 
|sin x + cos x| = |sin x| + |cos x| 
in (0,27) is 
2. Match the following columns: 
Column - I Column - IT 
(A) If sin x.cos? x > cosx.sin? x, 7 
x €[0,27]| Then x is (P) -1, — 4 
[ a 2 
OSS 
4 4 
3x 
Ul —, a 
4 
(B) If 4sin? x-8sinx+3<0, 
x €[0, 277] then x is (Q) an] U{o} 
(C) If |tanx|<1, xe[-z, z] 
then x is (R) | 0, =) 
(D) If cosx—sinx 21, 
[a 5x 
xe [0, 2] then x is (S) |Z > 
L6 6 
ASSERTION AND REASON 
(FOR JEE ADVANCED EXAM ONLY) 
Codes: 


(A) Both A and R are true and R is the correct 
explannation of A 

(B) Both A and R are true but R is not the correct 
explanation of A 

(C) A is true but R is false 

(D) A is false but R is true. 


1. Assertion (A): The value of tan 3a.cot a 
cannot lie between 3 and 1/3. 
Reason (R): In a triangle ABC, the maximum 


1 pail 2 tal ae tte 
value o 5 5 5 ae 


2. Assertion (A): The minimum value of 


a’ tan” 0+ b* cot” @ is 2ab. 
Reason (R): For positive real numbers 
AM = G.M 
3. Assertion (A): The minimum value of 
a bog 2 
; +— 1S (a + b) 
cos’ x sin’ x 
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Reason (R): The maximum value of 
3sin* x+4cos” x is 4 


4. Assertion (A): For all 0€ fo, z| ; 


cos(sin @) > sin (cos@) 


Reason (R): In a triangle ABC, the maximum. 
sinA+sinB+sinC is 3 
cotA+cotB+cotC 2 


value of 


5. Assertion (A): cot) x>2 =x €(-2, 2| 


Reason (R): cot x isa decreasing function. 


ANSWERS 


LEVELI 
le se(2nn+ 2n0 +2) ner 
6 6 
2. x=(4n+1)> nel 
57 u 
3. xe} 2nm —-—,2nna+—|,nel 
4 4 
4a 1 
4. xe] 2nn-—,2na+—|,nel 
3 3 
5. xeE dn ann +2) ne] 
6 6 


6. xe 2m, ann +) el 


7. x€ ip” ie ee nel 
4 4 


18. se (2m 9 ann +2), ne1 
2 2 
19. x= 


20. x€E pp ie nel 
12 12 


LEVEL II 


2 1 (2na+1)x+4+1 
_{ 20+ (2n a Jet 


2. xe (4n-+1) 243.4043) 243 | el 


3. xe rE nn) nel 
4. xe eae | nel 
4 4 


1 1 1 
8. xe dn cos" (+}.2(n-+i)m—cos"()}.ner 6. xe nmin" ).ne] 


2ntn 4n 2nkn 1 
= 5 + nel 

3 9° 3 9 

2nx mn 2nn =) 
= nel 

5 15 5 15 

14. xé(2nm,(2n+1)x),ne 1 


13. xe 


15. xe (Qn—1)x.2u0 +) el 


16. xe 2ne,2nn+ =n el 


L7s we on ona nel 
6 2 


10. xe n= nes” nel 
4 4 


13. x= 


ih ¥e| 24 
3°2 


15. xe(z,2z) 
LEVEL II 
1 
1. nw +—,nt+— 
U 4 
ae | nm nn) 
nel 
3. U 2m ©, ann +) 
nel 3 
1 
[2m + F201) 
1 37 
4. U 2nn +—, 2nt +— 
Het 12 4 
[2m +, ann 7) 
4 
5; U (m2, un Ju[nm +=, n+ 
nel 8 2 
[ 1 2 
U] nt +—, nt +— 
8 8 
1 
6. Tt —-—,nnt-— 
WG ine | 
1 
Ul] nt —-—,nt+— }. 
Gare) 
T 1 
Ts 2nn ——, 2nt+— 
ul 3 | 


5a 


] 
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8. U [2m 2, ann += 


nel 


[2m SE, ann + 2) 
6 4 


lz +tan! (V2 - 1.) 


4 


10. U [ane ann + | 


nel 


COMPREHENSIVE LINK PASSAGES 
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PASSAGE I 
1. (©) 2. (b) 3. (b) 4. (b) 
5. (a) 6. (b) 7. (a) 

PASSAGE II 
1. (c) 2. (d) 3. (b) 

MATCH MATRIX 


I. (A) >(S); (B) > (S); ©) > (Q); (D) > (R). 
2. (A) > (R); (B) > (S); (C) > (P); (D) > Q). 


ASSERTION AND REASON 
1. (B) 2. (A) 3. (B) 
4. (B) 5. (A) 


Loga 


JUCTION 

The first mention of the natural logarithm was by Nicholas 
Mercator in his work Logarithmotechnia published in 
1668, although the mathematics teacher John Speidell 
had already in 1619 compiled a table of what in fact were 
effectively natural logarithms. It was formerly also called 
hyperbolic logarithm, as it corresponds to the area under a 
hyperbola. It is also sometimes referred to as the Napierian 
logarithm, named after John Napier, although Napier’s 
original ‘logarithms’ (from which Speidell’s numbers were 
derived) were slightly different (see Logarithm: from Napier 
to Euler). 


NOTATIONAL CONVENTIONS 


The notations ‘Inx’ and log x both refer unambigously to the 
natural logatithm of x. 

‘log x’ without an explicit base may also refer to the 
natural logarithm. This usage is common in mathematics and 
some scientific contexts as well as in many programming 
languages. 


BASIC FORMULAE ON LOGARITHM: 


Step I: 
1. If a* =n, then x=log,n, where n > 0, 
a>Oanda#l. 
2. Exponential function is always positive. 
3. log, a=l 
Pf. We have, a=a 
=> l=log,a 
4. log, 1=0,a4l,a>0 
Pf. We have, a =1 


= 0=log,1 


CHAPTER 


rithm 


5. log, 0=t 
Pf. Case i: when a> 1 
We have, a” =0 
=> —co= log, 0 
Case ii: when 0<a<1 
We have a™ =0 
=> co=log,0 
Hence, log, 0O=+ 
6. log, co = 
Pf. Case i: when a> 1 
We have a™ =o0 


> log, co =0 


Step II 
1. log,,a+log,, b= log,, (ab), 


Pf. Let log,, a= x,log,, b= y,log,, (ab) =z 
m* =a,m* =b,m’? =ab 


Now, ab=m’? 


= m*.m?* =m 

=> nt? San? 

> X+yH=Z 

=> log,, a+ log,,, b = log,, (ab) 


2. log,, a—log,, b= log,, (<) 


Pf. Let log,, a=x,log,, b= y,log,, (4) =7% 


> =m 
me 

=> m > =m? 

=> X-yp=z 


=> log, a —log,, b =log,, (<| 


3. log,, a" =nlog,, a 


Pf. Let log,, a” =x,log,,a=y 


=> m =a",m =a 
n 

> m* =(m”) 

=> m =m"” 

=> x=ny 

= log,, a" =nlog,, a 


4, qa" =n 


Pf. Let log, n= x 


=> a“=n 
=> q&a" =p 
Step III 


1. log, bxlog,a=1 
Pf. Let log, b=x,log,a=y 


=> a“ =b,b’ =a 

= (ys 

=> pb =b=b' 

=> xy=l 

=> log, bx log, a=1 


2. log, b= 
log, a 


Pf. As we know that, log, b x log, a=1 


=> log, b= 
log, a 

log, @ 

log, b 


m 


3. log,a= 


Logarithm 


Pf. Let log, b=x,log,,b=y,log,,a=z 


=> a’ =b,m’ =b,m’ =a 
> a =b 
x 
> (m’) =m” 
= m** =m” 
— ZED 
=> x=t 
Zz 
log, a 
=> log, a= 
log, 5 


4 Bn? = pl8n4 


Pf. Let log, b=x,log,a=y 


=> n=b,n =a 
> n=b'* n=a'? 
eg p’x = gil 

= b =a 

=> goku? = pln 


Note. 1. log, 5x log, cxlog,d xlog,;a=1 
2. log, bx log, cxlog,.d X....... x log, a=1 
Step IV 


1 
1. log ,b=—log,b 
- a 


Pf. We have log «5 
1 

log, (a*) 
1 


a log, a 
1 1 
x 


a log,a 


= xlog,b 
a 
2. log a (o") = Pigs b 
a 
Pf. We have log « (0°) 
= Blog a (b) 
B 


a 


xlog,b 
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Step V 
1. Ifx>y => log, x>log, y, whena> 1. 
Y 
A 
5 ar >xX 
Y 
y’ 


2. Ifx>y = log, x < log, vy, when0<a<l. 


{ 
as >X 
Vy) 
5.2 SOME SOLVED EXAMPLES 


Ex-1. Find the value of log, (64) + log, (256) 
Soln. We have log, (64) + log, (256) 
= log, (2°) + log,(4*) 
= 6log, (2) + 4log, (4) 
=6+4 
=10 
Ex-2. Find the value of log, 64 
Soln. We have log, 64 


= log, (4°) 


1 1 
+ 
log, (36) log; (36) 
1 1 
+ 
log, (36) log; (36) 
= logy, (2) + logy. (3) 
= log, (2.3) 


Ex-3. Find the value of 


Soln. We have 


Ex-4. 
Soln. 


Ex-6. 


Soln. 


Ex-7. 
Soln. 


Ex-8. 
Soln. 


Ex-9, 
Soln. 


= log 3, (6) 

= logy, (6) 

=1/2 

Find the value of log, 4.log, 5.log; 10.log,, 32 
We have log, 4.log, 5.log; 10.log,,) 32 

= log, (32) 


— log, @ ) 
=5 
Find the value of 2)Bayall25) 


We have 2'8v3 (125) 


_ gles, (125) 
2 
= 3 oe2(l25) 


= gles. (125)"" 


Find the value of 3!085* — 2/853 

We have 3!°8? — 2!°8s3 

= logs3 _ plogs3 

=0 

If log, (ab) =x , then find log, (ab). 
Given log, (ab) =x 

=> log,atlog,b=x 

=> Il+log,b=x 

=> log, b=x-l 


Now, log, (ab) = log, a+ log, b 


log, a+l1 


are 
x-l1 


x-1 


Find x, if log, x + log, x + log, x =11 
We have log, x + log, x + logs x =11 


=> log, x+log,.x+log,; x=11 


1 1 
=> [14545 fogs x=1 


Ex-10. 
Soln. 


Ex-11. 


Soln. 


=> 


=> 


11 
— | log, x=11 
(2 S2 


log, x =2 
x= 2° =32 


Hence, the value of x is 32. 


If a=log,5 and b= log, 6, then find log, 2 
Now, ab = log, 5.log, 6 = log, 6 
= 10g. (6) 
= *\og, (6) 

2 
- ee, (23) 

2 

1 
= 5 (log. (2)+ log, 3) 
= Die log, 3) 

2 
= 2ab=(1+log, 3) 
= log,3=(2ab-1) 

I 1 
7 log,3 (2ab—1) 
log, 2= — 
= See (ape) 
If x=log, bc, y=log, ca and z=log.ab then 
1 1 1 
find the value of —— +—— + 
I+x It+y I4+2z 


Given x = log, bc 


=> 


Youd 


l 


Similarly, 
y 


1 
Thus, + 


a =be 


aa’ =abe 


a! =abe 


x+1=log, (abc) 
1 1 


x+1_ log, (abc 


) 

or ie 2 

+1 log,(abc)’ z+1 log, (abc) 
1 1 

+ 

xt+1l ytl z+l 


1 1 


1 
log, (abc) > log, (abc) : log, (abc) 


108 abe (a) Bi 108 abe (b) + 108 abe (c) 


Ex-12. 


Soln. 


Ex-13. 


Soln. 


Ex-14. 


Soln. 
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a 108 abe (abc) Sul 


If loga a logb = logc 


, then prove that 
b-c c-a a-b 


a’ bh’ co =1 


, ose logb loge 


Le k 


b-c c-a a-b 


aloga _ blogb _ cloge _ 
at a(b—c) b(c-a) c(a-b)— 


log a“ = log b? : logc® = 
a(b-c) b(c-a) c(a-b) 


> log(a")+log(b”) + log (c*) 
= k(ab—be+be—ba+ca-cb) =0 


= log(a*.b?.c*) =0 
> (a*.b’.c°)=e° =] 
If log, x+log, y 2 6, then find the least value of 


x+y. 
Given log, x +log, y 26 


= log,(xy)>6 
=> xy>2°=64 


+ 
As we know that, — >/xy 


x+y 


= > J64 =8 


=> xy22.8=16 
Hence, the least value of x + y is 16. 
If x!8 = y?! =z78 | then prove that, 


3, 3log yX, 3log., y, 7log .Z are in AP. 


Given x'8 = y*! =2”8 
> log(x'*) 7 log(y”") = log(z”*) 


=> 18logx=2llogy=28logz =k (say) 


| 21 

Now, 3log, x=3,08" =3,. 2 =7 
ye ogy 182 
| 28 

3log, y=3.—e =3.— =4 and 
logz 21 

HomeeT 2 yee 
logx 28 2 


Thus, 3, 7/2, 4, 9/2 are in A.P 
Hence, the result. 
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Ex-15. 


Soln. 


Ex-16. 


Soln. 


Ex-17. 


Soln. 


x fend 
If log; 2, log; (2 = 5), log, [2 = 4 are in 
A.P., then find the value of x. 
x x 7 
Given log; 2, log, (2° - 5), log, [2 - 4 


= — 2log;(2* -5)= log, 2+ log; & = z) 


x Bh x 7 
= — log;(2*-5) =tog,22 -2) 
= (ass) S09 
2 
(2*) —12.2* +32=0 
a’ -12a+32=0,a=2* 
(a-—4)(a-8)=0,a=2* 


a=4,8 


whena=4=> 2% =4=22 >x=2 


Y vv J 


when a=8 => 2*=8=2? >x=3 

But x = 2 does not satisfy the terms. 

Hence, the solution of x is 3. 

If a, b, c are in G. P, then prove that 
1 1 


1+loga’1+logb 1+loge 


are in H.P. 


Given a, b, c are in G.P 

b? =ac 

log(b” | = log(ac) 

2 log (b) = log(a) + log(c) 

log a, log b, log c are in A.P 

1 + log a, 1+ log 6, 1 + log c are in A.P 


1 1 
1+loga’1+logb '1+loge 


Y Yd dtdudy| 


are in H.P. 


1 
+ 
log, 


If 
log, 7 


1 
log, 7 


We have 


+ 


log, 7 
= log, 3+log, 4 
= log, (3.4) 
= log, (12) > log, (x?) _9 


Hence, the value of x is 2 


>X , then find the value of x. 


Ex-18. 
Soln. 


Ex-19. 


Soln. 


Ex-20. 


Soln. 


oe alia log, 83 
Find x, if 4'°8° +9!%4 = 10! 

eg logy 3 log, 83 
Given equation is 4°°%? + 9!°&4 = 19'°& 


1 
= log, 3 
42 083 4.92l0g22 _ 1 glog. 83 


2+81=10°%* 
83 = 9308s 10 
log. 10=1 
x=10 

Hence, the solution is x = 10. 

If log, 10=1, b=log,, 24 and c= logy, 36 
abc +1 
a 


YuUddsd 


then prove that [ =2. 


We have, abc = logy, 12 X log3¢ 24 x logy 12 
= logyg 36 X logy, 24 x log, 12 
= logye 12 
Now,abctl 
= logyg 12 +1= logyg 12 + logys 48 
= logy (12 x 48) 
Also, b c = 10g36 24 X logy 36 
= logyg 36 X log, 24 
= logy 24 
Thus, (= + ‘ _ logys (12 x 48) 
be logyg 24 
= logs, (12 x 48) 


= logo, (24 x 24) 


= logy, (24”] 
=o 


Hence, the result. 
. 1 1 
If log, [sin(; + “| = 5 (losio 6- 1) , then 


find the value of log), sin x + log) cos x 


1 
Given log), [sin(. + “I = 5 (loei0 6- 1) 


=> 2logy, [sin(. + “I = (log, 6— 1) 


=> 2logy [ins +cos 9) = (logo 6- 1) 


= 2logig (=. + 2log), (sinx + cosx)= (log, 6- 1) 


= — 2logyy (sinx + cos x) = (log) 6+ 2log,) 2-1) 


24 


= log) (sinx+cos x) = logy (=) 


(sin x +cosx) -(3) 
is (ea 
10 


= iexaoes = 
10 


=> ee 
10 10 


: 7 
=>  sinx.cosx =— 
10 


Thus, log, (sin xcosx) = log), (7) 


logy (sin x) + log; (cos.x) = logy) 7-1 


5.3 LOGARITHMIC EQUATION 


Type 1: A logarithmic equation is of the form 
log g(x) f(x) = b 
= f(x)=g(x)’, g(x)>0, g(x) 41 
Ex-1 Solve for x: log, (3x? + 10x) =3. 


Soln. The given equation is log, (3x? + 10x) =3 


= (3x? +10x)=2°,x>0,x41 
= x -3x'_10x=0 

= x(x? -3x-10] 

=> x(x-5)(x+2) 

=> x=0,-2,5 

=> +7=5 


Hence, the solution of x is 5 


Ex-2. Solve forx: log,,, (x? -3x+5)=2 

Soln. The given equation is log,,, (x? -3x+5)=2 
=> ie —3x+5)=(x+4l)x+1>0,7#0 
=> (x? —3x+5)=(x+l)" 


> (x? -3x+5)=x° +2041 


Logarithm 


=> 5x=4 
> x=4/5 
Hence, the solution of x is 4/5 


Type 2: A logarithmic equation is of the form 
log jx) {lO8 p(x) S()}=0 


AO) > 0, fir) #1 


a a eee 
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Ex-3. Solve forx: log»... 1085 9443 ( ie 2x)h =0 


Soln. Given equation is 
10g 2 6x46 {!08 3.249003 (x° = 2x)h = 
(x? — 2x) = 2x? +2x+3 


=> 
=> x°+4x+3=0 
= (x +1)(x+3)=0 
=> x=-1,-3 


Also, x’ +6x+6>0,x7 +6x+641 


=  xe(-,-3-V3)U(-3+ V3.0), 4-1-5 


Also, 2x7 +2x4+3>0,x° +x4+140 
=> xeER 


Hence, the solution is x = 


Ex-4. Solve forx: log >, (log, 2 43045 (x? + 3) =0. 


Soln. Given equation is 
2 = 
log 2 yt {log s3et5 (x + 3)} =0 
= 2x? 43x45=x°43 
=> 7x7 4+3x+2=0 
=> (x+1)(x+2)=0 
=> x=-1,-2 
Also, x* +x+1>0,x +341 
=> xeR 


Again, 2x* +3x+5>0,x° +341 
> xeR 


Thus, the solution is x =@ 


Type 3: A logarithmic equation is of the form 
log, f{(x) =log, fp(x),a>0,a41. 
= flz)=A(2).AG)>0 or A(x) >0 
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Ex-5 Solve for x: log, (x? —4x+ 3} = log; (3x +21) 


Soln. Given equation is 


logs (x? —4x+ 3) = log, (3x +21) 

=> (x? -4x+3)=3x+421,30+21>0 
= (x°-7x-18)=0,x>-7 
Peo) ee, 

=> x=-2,9andx>-7 


Hence, the solution of x is {-2,9} 


Ex-6: Solve for x: log), [2(5) -1}-t6{(4) 4 


Soln. 


J“) 

2 4 

2x x 
=> = -2 : -—3=0 

2 2 

2 1\" 
=> a° —2a—3=0, where a= 5 
= (a-3)(a+1)=0 


=> a=3,-l 


=  a=3, exponential function is always +ve 


=> -x=log,3 


=> x=—log,3=log, 3) 


soe 1 
Hence, the solution is x = log, ) 


Type 4: A logarithmic equation is of the form 
log f(x) A= 108 py 4 


AiO) >9, AQ)#1 
=> fiG)=ho, On 
Sy (x) > 0, fox) #1 


Ex-7 Solve for x: a) eae) 3 


3 x+l 


Soln. Given equation is log, ,,,, 3=log, _,) 3 
es) 
(222) (SE), xrs0 21 
3 x+1 3 
=> (x +1)(x+5)=-3, x>-5,x#-2 
> x’ +6x+8=0, x>—5,x#-2 
= (x+2)(x+4)=0, x>-5,x#-2 
=> x=-2, -4, x>-5,x#-2 
Hence, the solution is x = —4 
Ex-8 Solve for x: Ot ea) | 4 5 
3h x3 
Soln. 


3 x-3 


(==?)-( 4 Je 2, x+2#43 
3 x-3 


(x + 2)(x-3)=12,x>-2,x41 


Given equation is =) rare) 5 


=> 
=>  x7+4+5x-6=0,x>-2,x41 
=> (x + 6)(x-1)=0,x>-2,x 41 
=> x=-6,)Lx>-2,x#1 
Hence, the solution is x = 1 
Type 5: A logarithmic equation is of the form 
108 p(x) 8101) = 10g p(x) 82) 
g(x) >0, f(x) >0, 41 
=> g(x)=22(x), or . 
2o(x)>0, f(x) > 0, 41 


Ex-9 Solve forx: log > _, (x° + 6) =log | (4x° - x) 


Soln. Given equation is log > _, (x° + 6)= log 2, (4x° me x) 


=> °46=4x*-x,71°4+6>0,x7 -1>0,41 
=> 49° +x4+6=0,x >-6,x? >Lx¥tV2 
Now, x° —4x7 +x+6=0 

=> x4x?-5x*-5x+6x+6=0 

=> x7? (x+1)—5Sx(x+1)+6(x+1)=0 

= (x+1)(x*-5x+6)=0 
x+1)(x-2)(x-3)=0 


( 
( 


=> 


x=-1,2,3 


Also, ve >6>x>-J6 


Again, x” >1=> x €(-,-1)U (1) 


Hence, the solution is x = 2, 3 


Type 6: A logarithmic equation is of the form 
log g(x) f(x) = log g(x) F(x), 


=> 


Ex-10 Solve for x: log 3, be 7 4) = 108 oe. (x? = 4) 


g(x) >0, 41, f(x) >0 


g\ (x)= 2) (x), ae 
g(x) >0, 41, f(x) >0 


Soln. Given equation is 
log 3,, Oa - 4) = log, 2 ¢ (x? - 4) 


=> 
= 7-457 4+x4+6=0,x>0,. +x41x7 >4 
=> (x+1)(x-2)(x-3)=0 

=> x=-1,2,3 


P4x=4x? -6x° +x>0,.7° +x412x°-4>0 


Also, x > 0 


Again, x° —4>0= x €(-,—2)U(2,-) 


Hence, the solution is x = 3 


Type 7: A logarithmic equation is of the form 
2nlog, fi(x) =log, f(x), a>0,a4lneN 


=> 


fW=hCoy foo 


Ex-11 Solve for x: log, 2x = 2log,; (4x —15) 


Soln. Given equation is log, 2x = 2 log; (4x-15) 


=> 


=> 


(4x-15)° = 2x, on 


16x* —122x+225=0 


122+ (122)? - 64 x 225 
=> ——— 
32 


— 122414884 —14400 


32 
122 + 484 
32 


_ 122422 
32 
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144 100 


Also, x > 15/4 
Hence, the solution set is x = 25/4 


Ex-12. Solve for x: 2log 2x = log (7x -2- oy) 
Soln. Given equation is 2log2x = log (7x -2- 2x”) 


Ax? =7x-2-2x7,x>0 


6x —7x+2=0,x>0 


=> 6x°?-3x-4x+2=0 
=>  3x(2x-1)—2(2x-1)=0 
= (2x-1)(3x-2)=0 

1 2 
=> Xx==,5 

2 3 
Also, x > 0 

; . 1.2 

Hence, the solution set is x = a 


Type 8: A logarithmic equation 


(2n+l)log, fi(x)=log, f(x), 
a>0,a#lneN 


= APPA) = A(x), AG) >0 
Ex-13 Solve for.x: log(8 —10x-12x") = 3log(2x-1) 
Soln. Given equation is 
log(8—10x—12x?) = 3log(2x-1) 


(8-10x-12x")=(2x-1)°,x>1/2 


(2x-1)(4x? +2x+9)=0 
x= 1/2 
Also, x > 1/2 


Hence, the solution set is x= @ 


= 
=> 8x°+16x-9=0 
=> 
a 


Type 9: A logarithmic equation is of the form 
log, f(x) + log, g(x) =log, m(x), 
a>0, a#1 
f(x)>0 
= g(x) >0 
f(x) g(x) = m(x) 
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Ex-14 


Soln. 


Solve for x: 
2log, x + log; (x? - 3) = log, (0.5) + log, 8 
Given equation is 


2log, x + log, Ge - 3) = log; (0.5) + log; 8 


= (x? -3)=4,1>0,x°-3>0 
=> v(x?-3)=4 

=>  x4~-3x?-4=0 

> (x? -1)(x° +4)=0 

> x=H! 

Also, x > 0 


Again, x°-3>0>xE (-»,- V3)U(V3,<) 


Hence, the asolution set is x = 1 


Type 10: A logarithmic equation is of the form 


Ex-15. 


Soln. 


log, f(x) —log, g(x) = log, h(x) — log, t(x), 
where a> 0, a#1 


=> log, f(x) + log, t(x) = log, g(x) + log, h(x) 
> 0,t(x) > 0, g(x) > 0,A(x) > 0 
Sf (x).t(x) = g(x) A(x) 
Solve for x: 
3% 
sin |: i 
log, (3-x)—log, =—+log,(x+7) 
5-x 2 
Given equation is 
( 3% 
sin 7 \ 
log, (3-x)—log, =—+log,(x+7) 
5-x 2 


1 


log, (3- x) wes| pag] = Seto 


=> 
mai log, (3 x) + log, (V2(5—x))= ++ log, (x +7) 
= log, (3x) +5 + log, (5~ x) => + log, (+7) 
= log, {(3—x)(5—x)}=log, (x +7) 

= (x-3)(x-5)=(x+7) 

= x? -8x+15-x-7=0 

=> x°-9x4+8=0 


=> (x-1)(x-8)=0 
> x=1,8 
=> x=1,x =8 is rejected. 


Hence, the solution set is x = 1. 


9.4 LOGARITHMIC INEQUATION 


Type I: A logarithmic inequation is of the form 


log, f(x)>log, (x) BO)-9 
> a>l 
a>l 
f> g(x) 


Ex-1 Solve for x: 
log (rei) <1OS (9,41) (2% +3), ¥>-1 
Soln. Given equation is 
lo (2.41) a lo (2.41) (2x +3) 
x? <2x +3, 2x+1>1,2x4+3>0 
x? —2x-3<0, x>-1/2,x>-3/2 
(x -—3)(x+1)<0, x>-1/2,x>-3/2 
—l<x<3,x>-1/2,x >-3/2 
Hence, the solution set is x € [- +3) 


Type I: A logarithmic inequation is of the form 


f(x)>0 
log, f(x)>log, g(x) 
=>) 0<a<l 
0<a<l 
f(x)< g(x) 
Ex-2 Solve for x: logy 3 (x —1) < log 9 (x -1) 
Soln. Given equation is logg 3 (x — 1) < logo 99 (x-1) 
=>  logy3;(x-1)< log sy (x-1) 
1 
=  logy3(x-1)< 7 800. (x-1) 
> 2logy3 (x = 1) < log(o3) (x =< 1) 
= — logo; (x- 1) < log(o 3) (x-1) 
=> (x-1) >(x-1) 
= (x-1)(x-2)>0 
=> x<landx>2 
=. .42 
=> x€(2,0) 


Type III: A logarithmic inequation is of the form 


, log, x>0 ae 
a>l a>l 
> jlog.x>0 (one 
0<a<l 0<a<l 
; log, x <0 eee 

a>l a>l 
Fi log, x <0 x>l 
0<a<l 0<a<l 


Ex-3 Solve for x: logy. (2x+3)>0. 


Soln. Given inequation is log,, (2x +3)>0 


=> (2x+3)< (+) 


(2x+3)<1 

x+2<0 

x+1<0 

x<-l 

Also, (2x+3)>0>x>-3/2. 


Yu d 


Hence, the solution set is x € - > 7 


Ex-4. Solve for x: log,; x > logy); x 

Soln. Given in equation is log,/, x > log,,3 x 
logy. x 

logy)2 (1/3) 


1 
=> logy. x} 1- ———_—. 
logi/2 


> oeia >| 


>0 

wal 

=> log,.x>0 (aa) 
ve logy). (1 / 3) 


1 0 
=> x>Oand x<(3] 


=> 0<x<l 

Ex-5. Solve for x: log), x+ log; x >1 

Soln. Given inequation is log,;. x + log; x>1 
=> —log,x+log,x>1 
=>  log,x—log,x>1 


logigx logigx 


=> >1 


login 3 logy) 2 


log.) x >1 
ay ee 
= logig3 login 2 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


Logarithm 205 


=> logyxxM>l}|.~M= bees 
logig3 logo 2 


1 
=> ogi x> a 


=> x>I10"" 


Hence, the solution set is x € (10! ; oo} 


1 
- < 
log,x log,x-1 


Solve for x: 1 


1 


= <1 
og,x log,x-1 


Given inequation is 


a a- 
=> Bass keg, 
a a- 
=> a a 

a a-l 
2 
-(1- = 
“&. Se) O55 
a(a-1) 
2 
4 
a(a-1) 
2 
es g G4! 4 
a(a-1) 
= ae, 


a(a-1) 
=> a> landa<0 
=>  log,x>land log, x<0 


=> x>2andx<l 

Also log, x is defined only when x > 0. 
Hence, the solution set is 0 <x <1 andx>2 
ie. x € (0,1) U(2,c0) 


Solve for x: logy,.3) x <1 

Given inequation is logy, 43) x <1 
It is defined only when x #0,2x+3>0,2x+341 
=> x#0,x>-3/2, x#-1. 
Case I: when 0 < 2x +3 <1 
Then x? >2x+3 

=~ 4° 272350 

= (x-3)(x+1)>0 

=> x<-landx>3 
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Ex-8. 


Soln. 


Ex-9. 


Soln 


Also, 0<2x+3<1 


> -S<x<-l eee (ii) 
Thus, from (i) and (ii), we get, 
re ce — 
>” (iit) 
Case II: when 2x +3 > 1 
Then x* <2x+3 
=> x°-2x-3<0 
= (x-3)(x+1)<0 
=> -1<x<3 
=> xe(-L3)0 0 00 (iv) 
Hence, the solution set from (iii) and (iv) is 
se(-3-1]4(-13)-10 
2 
Solve for x: eee SNOB 
logx-1 
2 
Given inequation is og eNOS 24 
log x—1 
2 
=> ES Af enie ates 
a- 
2_ 
sie EERE 2G 
a-1l 
a’ —3a+3-a+tl 
> <0 
a-1l 
a’ —4a+4 
=> <0 
a-l1 
> Ee, 
a-l 
> 0<a<il 
=> 0<logx<l 
=> 0<log,)x<1 
=> I1<x<10 
Hence, the solution set is x € (1,10) 
log, (x+1 
Solve for x: isezte +1) >0 
(x-1) 


I +1 
Given inequation is San >0 


It is possible only when x > 1, log, (x + 1) >0 
and x > —1 


Now, log, (x+1)>0 


Ex-10. 


Soln. 


Ex-11. 


Soln. 


= (x+1)>2°=1 


=> x>0. 


Hence, the solution set is x €(1,-) 
1 


| 
< 
(=) log, (x +3) 
x 


Solve for x: 


1 
< 
roe, (25] log, (x+3) 


Given inequation is 


x+2 
— log, <1) logs (+3) 
=> log, 2AF) oe, («43)20 
x+1 s 
= meas 
xt+l1 & 
= mth) 
Z ats) 
(x +2)(x +3) 
(x +1)— (x +2)(x+3) x 
= (e+ 2)(x+3) Jeo 
(x+2)(x+3)—(x+1) 2 
= (e+2)(x+3) Jeo 
x +4xt5 | 
2 oes <0 
1 
2 mas 
=> 2<x<3 


Hence, the solution set is x €(—2,3) 
4) 
log, ie eS 1) 
x? 4) 
log, (x -1) 


It is possible only when x? —4>0 and 
1 


logy/> (sx? - 1) 


when x*-4>0 


<0 


Solve for x: 


<0 


Given inequation is 


=> <0 


logy). (x? 7 1) 
logy>(x? -1)>0 
(x?-1)<1 
x*-2<0 
—J2<x< V2 
when x? —1>0 

=> (x+1)(x-1)>0 
=> xE(-,-lU 
From (i), (ii) and (iii), we get, 


x € (-,- 2) UU(-V2,-1)U(L.V2)U (2, 


which is the required solution set. 


PROBLEMS FOR JEE ADVANCED EXAM 
Ex-l. If a*b° =1, find the value of log ,(a°b*) 


(1,29) : 


415 
Given @ 5 =1 


Soln. 
= log(a‘b° =log(1) =0 
=> 4logat+5logb=0 
=> 4loga=—Slogb 
It 
aks oga _ ee 
logb 4 
=> log,a= ae 
8p 4 
Now, log a(a°b*) 
= 5log,at+4log,b 
= 5+4log,b 
= 4 
log, a 
Ae 2516) 29 
5 5 5 
Ex-2. If x=log,) 5X log, 20+ (log,) 2)” and 
_ 2log2 +log3 ere 
» Tog (48) — log (4) PVE ANY 
Soln. We have 


x = logy) 5X log) 20+ (logy, 2)” 


= (1—logyy 2) (1+ logy, 2) + (logio 2)" 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


Logarithm 
2 2 
= 1—(logig 2)” + (logo 2) 
=] 
2log2+log3 


log (48) — log (4) 
_ log(12) _ log(12) _ 
toe) log (12) 


Also, y= 


Thus, x =y 
Hence, the result. 
Find the sum of all the equations 


2log x —log(2x—75)=2. 
The given expression is 


2log x — log(2x-—75) =2 


=> log(x?] —log(2x —75)=2 


lo x = 
ae [ 


2 
xX 
=> logo (=) logo (10°) 


=> 


=> 


=> 


2 
=100 
2x —75 


x? = 200x — 7500 
x” —200x + 7500 =0 


Hence, the sum of the roots = 200. 


If log. (logis (v2 + ¥8)) = 
Given log,. (logis (V2 + v8)) = -5 
= log, (logis (v2 + 2V2)) = r 


oe sili 
= v4.( (ep 


| 1 
=> log,|-—}|=-x 


1 
——, find x. 
2 


= log,|1 


1 
= NOE a 5 


1 
=> log,2= 
8x 5) 
=> Vx =2 
=> x.=4 


207 


208 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


Ex-5. 


Soln. 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


If log, 9 — logy 27 + logs x = logy, x — log, 4 
then find the value of x. 
Given log, 9 — log, 27 + logs x = log, x — log, 4 


= logs x— log, x = log, 27 — log, 9 — log, 4 


1 
=> loggx- 7 Oss x =log,, (3) — log, 36 


> slogy r= 5 —log, (0”) 


1 3 1 
> —lo =—-2=-— 
ge 5 2 


— ai pee 
gyn 5 
=> logx=-l 


x=— 


8 


If x= 12+ 6V3 + ¥12-6v3 , then find the value 


of logy, x. 


We have 12+ 63 
= 124+2.3.V3 


=o +(v3) +233 

= (3+ V3) 

Similarly, 12-63 =(3- v3). 

Now, x= 12+ 6v3 + J12-6y3 
= (3+43)+(3- V3) 


=6 


Thus, log3, x 
= 1og,,6 
= log. 6 


= —log,6 


Nl Nl[e 


If log, b=2,log, c=2 and log,;c=3+log,a 
then find the value of (a+ b+c)+7 
We have log, bx log, c=2x2=4 


=> log,c=4 


| 
ge pee ese (i) 
log,a 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Also, log,c = 3 + log3a 
= 4log,a=3+log, a, from (i) 
=> 3log,a=3 

=  log,a=1 

=> a=3 

Again, log, b=2 

=> log,b=2 

=>  p=37=9 
Further, log, c =2 

=> log,c=2 

> c=9 =81 
Thus, (a+b+c)+7 
=3+9+81+7 


= 100 
7 3 
If logs x + logy y= — and ley a lea y= 


then find the value of log,(x + y—3) 


We have log, x + logy y= : 
=> log; x+ a i 
a x = 
5) 83 5) 82 Y 5) 
=> log,xt+log,y=7Fo — aeeaeeeees (i) 
Also, logy x— loge y= 3 
=> log,;x-log,y=-3  eeeeeees (ii) 


Adding (1) and (ii), we get, 
2log,;x=4 

=> log,;x=2 

= 4a3=9 

Subtracting (i) and (ii), we get, 
2log, y =10 

=> logy=5 

Ss soe 32 


Hence, the solutions are x = 9 and y = 32 


If a=log,) 2,b = log,)3 such that 3°*? = 45 
then find x (in terms of a and 5). 

Given 3**? = 45 

=> x+2=log, (45) 


Ex-10. 


Soln. 


Ex-11. 


Soln. 


=> x+2=log,(5x9) 
=> x+2=log;5+log,;9 
=> x+2=l0g,;5+2 
=> x=log,;5 
It 
= _ logi05 
logs 3 
log (+) 
10| > = 
= a 2} _ logy 10— login 2 
logio3 logio3 
l-a 
=> x=— 
b 


Let the number N = 6log),) 2 +1og,) 31. 
If NV lies between two successive integers, 
then find their sum. 

We have N = 6log,) 2+ log,,31 


= logy) 2° +1log)9 31 
= logy) (64x31) 
= logy, (1984) 


< log) (1000) = 3 

Also, N = log), (1984) > log, (10000) = 4 
Thus, the sum of successive integers 
=3+4=7 


i). log} 5 (8) and 


= log; (108; (vis 9} )) then find the 


value of (+ +Pt+ 3 
N 


Let M= logis 


We have M = log” 5 (5) = (log (2? i 


3 
and N= log’, 55 (8) = (log, js (8)] 


= (tog, 5( (22 )) 
=(3 log, 5 (22 )) 


= (3) =27 


Ex-12. 


Soln. 


Ex-13. 


Soln. 
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Also, P=log, (toe; (Vi) 
= log, (log, (9""")) 


= log; (log, (3"°)) 


= log, [5 oe, (3)) 


— log; (5) el 


If log, (x)=a and log, (x)=5, then find 


the value of log,, (x) 
We have an is 
a b 

= log,.3+log,7 

= log, (21) 

1 
It = 

1 — ab 
iil a+b 
a b 


If x and y are satisfying the relations 


loge x+log, y’ =5 and loge y+ log, x =7 

then find the value of 2xy. 

We have logs x + log, om =5 

= slog, x+ Slog, y=5 

= log,x” 

2s | leg, (x 1/3 y)= 5 
(x? j) 52°32 


Also, logs y+ log, x =7 


+log, y=5 


1 2 
=> -lo +—lo =i) 
3 82 V 5) So x 
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Ex-14. 


Soln. 


Ex-15. 


Soln. 


=> log, yl? +log,x=7 

= log, (3x) =7 
(Px)=27 2128 

Multiplying (i) and (11), we get, 

(7) 7597 — 912 


(xy)"” 7 712 


=> 
3 
12x— 
> (xy) =2 ‘ 
=> (xy) =2? 
sy Qy)=2= 104 


If log, (x? + x) = logig (x° 7 x) , then find the 
product of all the solutions. 
We have log, xt + x) = logig (x° - x) 


=> (x+1)=(x?-1) 

=> (x +1)=(x+1)(x-1) 
=> x-I)=1 

S ~=2 


Hence, the solution is 2 


Thus, the product of all the solutions = 2 


If log) (x—2)+log,) y=0 and 


Vx +.Jy—2 =./x+y, then find the value of 
(x+y-2y2) 

We have log), (x—2)+ log) y=0 
logo (v(x -2)) = logyg 1 

= y(x-2)=1 

Also, Vx + fy-2=Jx+y 


x+y—24+2J/x(y—-2)=x4+y 


=> 


=> 
= —2+2Jx(y-2)=0 

= —2=-2,/x(y-2) 

=> y-2=b 00 
From (i) and (ii), we get, 

x=y 


Put x = y in (ii), we get, 


Ex-16. 


Soln. 


+ x(x-2)=1 
ay. 772x150 
sy x? -2x4152 
> (x-1) = 

= (x—-l)=+V2 
~ x=l+v2 
= x=1+V2=y 


Thus, the value of x+ y— oe 


= (1+ V2 +14 ¥2)-2V2 
=2 


If a,be R”* such that log,,a+logy b= : 
2 
and log,,b+log,a= 3° then find ab. 


7 
We have log», a+ log, b= 5 


7 
=> log G7 108 aD = 
1 1 7 
=> —log,a+—log,b=— 
3 83 3 83 ) 
=> 2log;a+3log3b=21 2 


2 

Also, log,, b + logy a= 3 
1 1 2 

=> -—log,;b+—log,a=— 
3 83 > 83 3 

= 2log,b+3log,a=4 


On solving, we get, 


= 4log,a—9log,a=42-12 
= —Slog,a=30 

= log,a=-6 

=> a=3° 


From (ii), we get, 2log, b—-18=4 


=> 2log,b=22 
=  log,b5=11 
=> p=3'! 


Hence, the value of ab = 3% x 3!! = 3° = 243 


Ex-17. 


Soln. 


Ex-18. 


Soln. 


Ex-19. 


Find the number of values of x satisfying the equation 


log tan x (2 +4cos* x) = 2 in|0,27] 


Given equation is log,a, » (2 +4cos* x) =2 


> (2 + 4cos” x) = tan? x 
sin? x 
=> (2+ 4cos” x)= ; 
cos’ x 
=> (4cos* x+2cos? x - sin? )=0 
=> (4cos* x +3cos” x-1)=0 
=> (4cos* x+4cos x—cos” x—-1)=0 
=> 4cos” x(cos” x +1)-1(cos” x+1)=0 
= (4cos* x- 1)(cos” x+ 1) =0 
= (4cos* x-1)=0 
1 
2 2 
cos’ x=| —] =cos*| — 
= costne(3) -o'[5) 
=> x=ntt—,n=0,1,2 
nm 2n 4n 5x 
=> FSS i oe 
3.3 3 3 
Hence, the number of values of x is 4 


2 
If cos(In x) = 0, then find (= x log(x)+ 10) 


Given cos(In x) =0 


2 
Thus, the value of (2 x log (x)+ 10 


2 ite 
= —xlog]| e? |+10 
1 


= (2 x Zog(e) +10) 
=1+10=11 
If c(a—b) =a(b-c) such that a#b#c, then find 


log(a+c)+log(a—2b+c) 
log(a-c) 


the value of 


Soln. 


Ex-20. 


Soln. 


Ex-21. 
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Given c(a—b)=a(b-c) 

=> ac—bc=ab-ac 

= 2ac=ab+bc=b(a+c) 
2ac 


(atc) 


=> Fond 


log(at+c)+log(a—2b+c) 
log(a-c) 

log{(a +c)(a+ce- 2b)} 

log(a—c) 


be flora axes} 
log(a-—c) 


: loz ((a + cy = 4ac)} 


log(a—c) 


Now, 


_ log (a- cy 
log(a—c) 
2log (a - c) = 

log(a—c) 


If x=log))(4+-¥B) is a solution of 10° +10™*=4, 
then find the value of (A+ B +3). 


Given 10* +107 =4 


=> 10°+—=4 
10" 

- (10*) -4(10*)+1=0 
= fe eee 

2 
5 figs) ee 

2 

= (10*)=(2+¥3) 
=> Xx=1ogi (2+3) 


Thus A = 2, B=3 
Hence, the value of A+ B+3=2+3+4+3=8. 


Solve for x: 


logo [98+vx° Ey 12x +36]= 2 
[Roorkee-1975] 
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Soln. 


Ex-22. 


Soln. 


The given equation is 


logo [98+vx° =x? - 12x+36]= 2 


[8+ ve =x =12x+36]=10" =100 
x? —x* -12x+36=4 

x? —x* -12x+32=0 

x? +4x? —5x” —20x+8x+32=0 

x? (x+4)—5x(x+4)+8(x+4)=0 
(x+4)(x? -5x+8)=0 

(x+4)=0 


x=-4 


Yuu tt udd gy 


Hence, the solution set is {4} 
Solve for x and y: 


log,) x + logy Fae logy ue eee 


= 
14+34+5+.....+(2y—1) 20 

and = 
4+74+10+...+(3y+1) Tlogy x 


[Roorkee-1987] 


4 


We have log), x + logig xe + logig e444 sy 


1 1 
=> logo ¥F 10810 %+Flo8i0 ee) 
1 1 
> y= Leg logig x 
1 
> V=|—F |losio x= 2logio x 
— 
2 
a IPSS Set ped). 26 
a 44+7+10+..+(3y4l1)  Tlogyg x 
y — 
5 (l+2y 1) 56 
as = 
y y 
~(44+3y4l) Jia 
5 (4+3y +l) (2) 
2y _ 40 
~~  By+5) Ty 
y 20 
Byes) Ty 


Ty* =60y +100 
Ty* —60y—100=0 
(y-10)(10y+7)=0 


Ex-23. 


Soln. 


Ex-24. 


Soln. 


= y=l10,-10/7 

when y=10, then 2log,,) x =10 
=> logix=5 
SS ar 


when y=-—10/7, then 2log,, x =—10/7 


=> logy x= —5/7 
a ae 
Solve for x: 
x 
6 ene xlogio alog, s-slogo( =) e glosie elegy 
5 
[Roorkee-1988] 
We have 
x 
1 1 log, 5-31 — 
6 08, X 10819 4108, o8o( 4) = g!8100 x+log, 2 
5 
logx logS 
——=—.-3(log)y x-1 
=> 6 loga log 10 (loo *-1) = g 8100 xtlog,> 2 
b) 
= 6 8 x 1ogj9 5.-3(log;9 x-l) = 9 80? xtlog,> 2 
5 
6 dog x+1) 
= Ky qi8e X 10810 5.-3(logig x-l) = 92 19 
5 
ms 6 git x logy 5.-3(logio x-l) et 3 ("0810 x+1) 
5 
2 log, xlogig5 3-3logiy x logig x 
> 50 " a =3 
2 logi) xlog, 5 3-3 log) x logig x 
=> a “a =3 
2 blog, 5 _3-3b b 
=> =a" .av~" =3" ,b=logiy x 
5 


It is possible only when, b = 1 
Thus, log)) x =1 
<=10 310 


Hence, the solution is x = 10 


=> 


Solve for x: 
2) 
|x —1]'°89* ~7198&? — (x —1)’ [Roorkee-1990] 


We have 
if x’—2log, 9 = (x - 1) 


ee x?-2log, 9 = (x 


Ie 
when x> 1, then (x-1 =i)! 


= log,x’—2log,9=7 


Ex-25. 


Soln. 


=> log, x? —2log, 3° =7 
=> 2log,;x—4log,3=7 
=> 2log;x- = 

log; x 

2 
=  2(log,x) —7log,x-4=0 
= 2a’-Ta-4=0 ,a=log,x 
=> 2a’ -8a+a-4=0 
=> 2a(a—4)+1(a-4)=0 
= (a—4)(2a+1)=0 

1 
=> a=4,- = 

2 
when a=4, then log, x =4 
= tas S81 


1 1 
when a=—-, then log; x =-— 
2 2 


a8 
B 


It is not possible, since x > 1 


= x =3 1/2 = 


Hence, the solution is {2,81}. 


Solve for x and y 


1 
logioo |x + y= 5 and logy) y —logyg |x| = logyg9 4 


We have logyo9 |x + y| = : 


A 


1 1 
=> 7 os k+l = 5 
=>  logy|xt+y|=1 
=> |x + y| =10 
= (x+y)=+10 
Also, log, [) = logiog 4 
x 
=5: «6g (3) =log,,2 2 
=> 10810 (3) = logio 2 


[Roorkee-1996] 


Ex-26. 


Soln. 
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and xt 10 


Hence, the solutions are 


2 
{x= Doy=Pie=10,y=-20} 


3 3 


Find all real number x which satisfy the equation 


2log, log, x + log,), log, (2V2x) =1 
[Roorkee-1999] 


We have 2log, log, x + log,,, log, (2V2x) =1 


2log, log, x — log, log, (2V2x) =1 


=> 
= log, (log, x) —log, (loz, (2V2x)) =1 
(log, xy _ 
aces: (loz, (2V2x)) 
(log, x) x 
> (log, (2V2s)} 
(log, xy =) 
| (log, (2V2) + log, x 
(log, x) - 
> (log, (22 ) +log, x} 
s a x)” = 
(3+ log, x] 
ee 
=> a =2,a=log,x 
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Ex-27. 


Soln. 


2 2 
a (2a )-2 
=> 2a’?-4a-6=0 
=> a’-2a-3=0 
= (a-3)(a+1)=0 
=> a=-1,3 


1 
when a=-l>log,x=-l>x=2' a 


when a=3=>log,x=3=>x=23 =8 

Hence, the solution is x = 8 

Solve for x; 

log3,4 logs (x? + 7) + logy,2 logy), (x? + 7) a) 
[Roorkee-2000] 

We have 


log3/4 loge (x? + 7) + log) logy/4 (x? + 7) =—2 


= log3,4 log, te + 7) + log,-: log,» Cs + 7) =—2 
= log3/4 [A (loe, (x? +7)))- log, [F(toe a? +1))}- =) 


= Wogya($y)-toes( Fy }=-2.y =(loea (x? +7) 


Ex-28. 


log3)4 (4) — log, () =e 


= 
=> y=4, by trial 
= log, (x? +7)=4 
= (x +7)=24 =16 
=  7=9 

= x=+3 


Hence, the solutions are {-3,3} 
Solve for x and y: 
log, x +log, x+loggxt.....=y 


5+9+13+.....+(4y+]) 
1+3+5+...+(2y—1) 


[Roorkee-2001] 


Soln. Wehave y=log, x+log,x+loggx+.... 
1 1 
=> a er eT a 
Nee re lo 
= —+—4.... x 
=> y 74 82 
1 
> y= —TZ |los2 x= 2 log, x 
{e= 
2 
os 5+9+13+.....+(4y +1) ai 
=4log,x 
ait 14+34+5+4...+(2y-1) es 
5 (25+(y-1)4) 
=x 77 a = 4log, x 
eas ot one 
5 (2-+(y-1)2) 
(10+4y-4) 
——__—~ = 4log,x 
HNP) 
(6+4y) 
=4log,x 
=> (2y) 4 
(3+2y) 
=> ; =4log,. x=2log,x=y 
=> y=2y+3 
=> y—2y-3=0 
=> (y-3\yt+1l=0 
=> y=-l,3 
=> y=3(y=-1 is not possible) 
when y = 3, then 2log, x =3 
=> lo gee 
82 5) 
=> x=2)? 
Hence, the solutions are x = 2°” and y=3 
LEVELI 


(PROBLEMS BASED ON FUNDAMENTALS) 


EXERCISE 1 


1. Find the value of 
(i) log, 32 


(ii) log, (5 


(iii) log, 5 


(iv) logigg (0.1) 
(v) 190810 m+logig n 
(vi) log; log; log (243) 
2. Find the value of 
(i) log, log; log, (64) 


1 
Gao 
(iii) 2 2—log, 5 
(pe a a ae 
(v) log, 27 — logs, 9 


3. Find the value of 
(i) log), tan 40° + log), tan 41° + log,, tan 42° 


2 


Sees + log), tan50° 

(ii) log;, tanl° + log,, tan 2° + log, tan 3° 
SE ecseeds + log), tan89° 

(ili) log, 4.log, 5.log, 6.log, 7.log, 8.log, 9 


4. Find the value of 
(i) x, if log, a.log,x=2, 
(ii) x, if log, x.log; k = log, 5 , where 
k#1,k>0 
(iii) 4+ B+ 10, if A=log, log, log, 256 
and B=2log 5 25 
(iv) log 5 300., if a=log 55, b=log 52 
5. Find the minimum value of 
(i) log,a+tlog,b 
(ii) log, a+ log. b + log, c. 
1 1 
+ 
og,n log,n logan 
ee 
logy;n logy3,n 
7. Ifn= 1983, then prove that 
1 1 1 1 
+ + + 


6. Prove that 


=1 


log,n log;n logan logjo93 7 


8. Determine b satisfying 
. 1 
(i) log ¢ b=3- 
ary 3 
1 
(i) log g b=3? 
(iii) log, 2.log, 625 = log,,16.log,, 10 
(iv) log; log, log ¢ (625)=b 
9. If log, ab=x., then find the value of log, ab. 
10. If log) ) 2 =x, then find the value of log), 5. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22: 


23: 


24. 


25. 
26. 


PAE 
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If a=log,5 and b=log, 6, then find log, 2. 
Find the value of log), 54, where b =log,, 24. 
1 1 
+ 
log,36 log, 36 


1 
Prove that ——_ + 
log,z log,z 


Find the value of 


>2 


16 25 81 
Simplify: 7.log — + 5.log — + 3.log — 
DOTY Seg eR gg So aa 


If q* +5? =7ab » then prove that 
1 1 
log (a +b)= 7 (loga +logb) 


If a? +b? =11ab, then prove that 


log "| = (toga + logb) 


log, 


Prove that 24” =1+ log, 5. 


Of ap 
If log 225 = a and log 225 = 5, then prove 


2 
that oe((2) } lel 55 =2a-—3b-1. 


Ifa, b,careinG.P, thenprovethat, log, n, log, n, log.n 
are in H.P. 


If log, 2, log, (2* - 5), log, [2" - 4 are in A.P., 


then find the value of x. 


1 1 


pa ie 
Ba * z=a °S«¥ then prove 


If y=a 
oe 

that, x=a 17'S «7. 

If x=log.b+log,c, y=log,ct+log.a 

and z=log, a+ log, b, then find the minimum value 

of x7 + y? +27 — xyz. 


loga_logb _ loge 


If ,? then prove that g@ ph? ¢° =] 


bt ©=a GH 
! =: 
Find the value of 811085? 4+ 27'08 36 4 31879 
Prove that 
1 2 1 
1+log,at+log,c 1+log.a+log.b 
1 
a =] 
1+log,b+log,c 


Find x, if log, x+ log, x + log, x =11 


216 


28. 


29. 


30. 


31. 
32. 


33. 
34. 


35. 


36. 


37. 


38. 


39. 


40. 
4l. 


42. 
43. 


44. If 


45. 
4 


ON 


47. 
48. 
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; : 2 
Find x, if log, x+ log, x + log, x + log, x= = 


If log, x=a, log, x= B, log. x=y and log, x=6, 


then find the value of log,,.4 X- 


If x=log, bc , y=log, ca and z=log, ab , then find 
1 1 
the value of ie igs Wee 


1 


If y=2 4) then find x. 


If N = 610810 40 5!08103° | then find the value of N +10. 


lec. 24a } 
Bate ceb een to © 


Find the value of (0.5)°%(4 816 


If x=2'803 and y=3'%7, then find a relation 
between x and y. 

Find the value of 

glogio 3—logig 5 x 3!0810 5—log9 2 x 5/0810 2-logio 3 


If a=log3,3 and b=1log;,5, then find the value of 
logi 8. 

If a=log,,18 and b=log,, 54, then prove that 
ab+5(a- b)=1 

If a=log,12 and b=log,, 24, then find the value of 
logs, 168. 

If a= log, 30, b=log,; 24, then prove that 

nto (282322) 


Find x, if log, (log, (Vx+5+ vx)) =0 


If log, x+ log, y 2 6, then find the least value of 
x+y. 


log x _ 3 log y B x)iee 3 =(4yy!8 4 


If x!8 = y*! = 778 =k, then prove that, 


Solve for x and y: 4 


3, 3 log, x, 3log. y, 7log,Z are in A.P. 
1 
log, 7 


> x, then find the value of x. 
log, 7 


If logy 3(x—1) < logy 99(x —1), then find x. 
If log, log (y2x—2 +3) =0, then find the value of x. 
Find the least value of 2.log,) x — log, (0.01) forx> 1. 


Find x, if 4/893 4+. glos24 — 1 gles 83 
9 


49. Find x, if 34 logs (x41) =e 72 log, x 43 
50. If a= logy, 12 7 b= log, 24 and c= logag 36 


then prove that (a) S24 
be 


I 
51. If logy [sin(. + a} = 5 (logo 6—1), then find 


the value of log,, sinx + log), cos x. 


52. Ifa, b, c are in G.P., then prove that 


1 1 


; , are in H.P. 
1+loga 1+logb 1+loge 


53. Find x, if 5'80* =50— x'°809 

54. Find x, if logs|2+log(3+x)]=0. 
Q. Find the number of real solutions of 

55. logy(x-1)=log, (x-3) 

56. log,(x—2)=log, (x- 2) 

57. logy(x—1)=log;(x-1). 

58. log, x+log,(x+3)=1/4 


59. log, (x? +x)- log, (x+1)=2 


60. ek 2108/42) 5= log; (x +2) 


61. 
62. logy(x — 1)? — 3 logio(x —3) = logy) 8 
Q Solve for x: 
63. log; (x? —3x+3) >0 


log, x+ log, (x+2)=2 


64. log, (log (x?-7x+ 15)] >0 


65. logy) (logs (x* - 7x+17)}>0 
logy.) (logs (log, (x? -6x+ 40)}} >0 
log, (log, (log, (x? -9x+ 50)}} >0 
we (22) 


logyaX > loga3yx 


66. 


67. 


68. 

69. 
2 

70. logy s(x” -5x+6)>-I 


71. logs (x° - 4x +3)<1 


2; 
72. soba +4 
x 2 


log (1/4) 


Q Solve for x: 


73. log); so (® -1)= log (2,2 fey )(x? =1) 
74. log(3x? +.x-3) =3log(3x—-2) 
73% logy,2 mics +6)=lo i) (28° +5x) 
76. ne eed 
1 
7. log(Vx-1)+=log(2x+15)=1 
78. 10S 544) (4x7 + 4x +1) + logy. (6x? +11x+4)=4 
79, §10810*= 50 — x'80° 
80. 40% * — 6.21989 * 4 2'°8 77 = 9 
Q (Solve the inequality, wherever base is not given, take 
it as 10) 
x ‘ 
81. (oes) -(s.{ =) — 20 log, x +148 <0 
82. (logl00x) +(logl0x) +logx<14 
83. logy. (x+1)> log, (2- x) 
84. log,<(2x? +5x+1)<0 
85. logy. x+log,x>1 
86. og, (2%) | 
6—5x 
nae 
87. loo2(* )s 
x 
88. logio (x -16)< logy (4x—11) 
LEVELII 
(MIXED PROBLEMS) 
1. Ifa, b,careinG.P. then logyo1¢ a, log591¢ b,logso16 € 
are in 
(a) GP. (b) A.P. 
(c) H.P. (d) A.G.P. 
1 
2. y= 38.9 , then x is 
(a) » (b) vy 
() y? @) y 
1 1 2 
3. If + = , then a, b, c are in 
log,x log.x log,x 
(a) A.P. (b) G.P. 
(c) H.P. (d) A.G.P. 
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. If x=log,5 and y=log,, 25, then 
(a) x>y (b) x=y 
(0) x<y @) x=y 
. If logy 2,logig (2* +1),logio (2° +3) are in AP. 
then 
(a) x=0 (b) x=1 
1 
(c) x=logi) 2 (d) x= 5 82 5 
If log, (ab) =x , then log, ae is 
x 
(a) —— CD) s 
l-x a 
(cj (d) None 
x-2 
. The value of 47!°%9? is 
(a) 9 (b) 2 
(c) 4 (d) 3 


. If log, 2=x, then logy, (28) is 


1 
(a) [++ ;) 
0-3 


1 

(b) (s-3) 
-( +4) 
(@) -|x+5 


9. If logsoi¢ (logs (V2x—2 +3))=0, then x is 

(a) 1/3 (b) 1/2 
(c) 3 (d) 2 

10. If >X , then x is 

log,xz log,x 

(a) 2 (b) 3 
(c) 4 (d) 5 

11. The value of 5'°87 — 7'°2° is 
(a) 5 (b) 0 
(c) 7 (d) 2 

12. If log;)2=x, then log,)5 is 
(a) 1 (b) 1-x 
(c) x+l1 (d) 2x 

13. The number of real solutions of 
log, x+ log, (x+2)=2 is 
(a) 1 (b) 2 
(c) 3 (d) 0 

14. The number of real solutions of 
1+ log, (x-1)= log(,_1) 4 is 
(a) 1 (b) 2 
(c) 3 (d) 0 

15: “The mumberot real solutions ne =9 as 
(a) 4 (b) 3 
(c) 2 (d) 1 


218 


16. The value of [2 _) lies between 


log, 7 "Wdgc 
(a) (1,2) (b) (2,3 
(c) (3,4) (d) (0, ) 
17. The number of real roots of x In x-1=0 is 
(a) 2 (b) 1 
(c) 3 (d) infinite 


18. The number of real roots of 2—x-—Inx=0 is 


(a) 1 (b) 2 

(c) 0 (d) infinite 
19. If 3° =10-log, x, then x is 

(a) 0 (b) 1 

(c) 2 (d) 3 
20 If |! logy); x|+2=[3- , then x is 

(a) 2 (b) 5 

(c) 1 (d) 3 
LEVEL Ill 


(TOUGHER PROBLEMS FOR JEE ADVANCED ) 


1. Solve for x: x + logy (1 + 2) = xlog)y) 5+ logy, 6 


y) 
x°-x-1 


2. Solve for x: log =0 


4 SD 


ios) 


. Solve for x: 
4. Solve for x 


jog*(1+4} + 1085(1-—4 ]=200%( 2-1) 
x x+4 x-1 


5. Solve the system of equations: 


\4 + logy/7 x| =2+ |2 + logy/7 x| 


8 
log, y== 


log, x- 3 


xy =16 
6. Solve for x: 
log(3x° +12x+19)—log(3x +4) +log,, 4 


= 1- loging (4 256) 
7. Solve for x: 
log” (4—x)+ log (4- s)log{ + 5) Dog” Gre 0 
8. Solve for x: 
-1 
log3/4 (log, (x? + 7)) + log (108 (x? + 7) =-2 


9. Solve for x: 
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10. Solve for x: 
slog, (x +5)+ log; (Vx-3) = logs (2x+1) 
11. Solve for x: 
log, (x+ 2)" +3=log,(4- x) + log, (6+ x) 
12. Solve for x: 
1+ log, (x- 4) 


2log, (Vx+3-Jx-3) - 


13. Solve for x: 


ee log3 = log 3 +27 
2x 4 


14. Solve for x: 
4!o8i0 x+1 


= 6'°810 x 
15. Solve for x: 


log, (ve +|Vx- i) =log, (4v3 -344|Vx - I) 


_ 2.3 !0810 x42 =0 


COMPREHENSIVE LINK PASSAGES 


PASSAGE I 


Let A be the sum of the roots of 
1 4 


5-—4log, x ‘ 1+ log, x a 

B be the product of m and n, where 

2” =3 and 3" =4 

and C be the sum of the integral roots of 


log;,. (2) + (log, x) =1 


Then 
1 The value of 4+ Bis 
(a) 10 (b) 6 
(c) 8 (d) 4 
2. The value of B + Cis 
(a) 6 (b) 2 
(c) 4 (d) 8 
3. The value of (A+C +B) is 
(a) 5 (b) 8 
(c) 7 (d) 4 
PASSAGE IT 
A function f:R* > R is defined as f(x) = log, x, x > 0, 
a>0,a#l1 


Then D; = R* and R,=R 


3 
1. If fix )= log = *), then the domain of the 


function f(x) is 


(b) (-, 5) 
(d) None 


(a) (3,5) 
(c) (5%) 
2: Let fF (a)= (-x? +3x- 2) . Then the domain of the 
function f(x) is 
(a) (-1,2) (b) (1,2) 
(c) (=,1] (d) [2,) 
3. Let f (x)= Vx-2+J4—x . Then the range 
of the function f(x) is 


(a) [V2.2] 
(c) (2.4) 


(b) [1,2] 
(d) [2,4] 


MATCHING LIST TYPE 
(ONLY ONE OPTION IS CORRECT) 


This section contains four questions, each having two 
matching list. Choices for the correct combination of 
elements from 
List-I and List-II are given as options (A), (B), (C) and 
(D), out of which ONE is correct. 
1. Match the following lists 


List I List IT 
Bike vaieek |e | 1) 2/7 
(P) The value o log, V243 is (1) 

(Q) The value of (2) -2 


2logr16 6 ) - 
lo8591612 + logy 16 3 


~2 
(R) The value of [oe (=) | is (3) 1 


16 
log, 16—log; 4 
(S) The value of [eete ees is (4) 2 
codes: 
P Q R S 
(A) 2 3 1 4 
(B) 4 2 #1 3 
(C) 4 3 2 1 
(D) 3 1 4 2 
2. Match the following lists 
List-I List-I 
2log2 + log3 | _ 
(P) The vaue of log 48 —log4 1S (1) 3 
1 | 64 
(Q) The value of é ieee oo (2) 0. 
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(R) The value of 
logy 5+ log), 5-log,) 20+1log’,,2—-1 (3) 1 
is 


(S) The value of a for which (4) -1 
log 7 
aS log, 36 holds good is 
log, 
codes: 
P Q R _ S 
(A) 2 3 1 4 
(B) 4 3 1 2 
(C) 4 3 2 1 
(D) 3 4 2 1 
MATCH MATRIX 
Column-I Column-II 
(A) If athe root of (P) 2 
Sy eA PES 64 
then Ja +1 is 
(B) The integral value of (Q) 4 
of x in log’, x—log, x-2=0 is 
(C) The value of 4log, x is (R) 3 
where ease 2/2 443-290 
(D) If a* +b* =1, then the value (S) 1 


of log,, (a*b° + a°b*) is 
INTEGER TYPE QUESTIONS 


n=l -1) 9 
1. If } log, (=) = JJ log, (7 +1), then find 
ae r+1} +10 


the value of n. 
2. Solve for x: 7'°8* =98— x'87 
3. Solve for x: 4'8* = 32 — x'84 
4. If wand are the roots of 
3log,.4+ 2log,, 4+3log,¢,4=0, then find 
the value of (4 + 7 
2\a B 
5. Solve for x: 
x + logig (2° +1) = logy, 6 + xlogiy 5 
6. Solve for x: 
log, (x° -9x+8).log,_, (x+1)=3 
7. If o-and PB are the solutions of 


|x- ajiesel=) So. 4 _ (x = oy; , then find 


the value of (a + B +3) 
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8. If a integral solutions of 7. Solve for x: 
6(log, 2 log, x) +7=0, then find log(o43) (68 + 23x +21) = 4 —logys.. (4x7 +12x +9) 
the value of (Fa ‘). [IIT-JEE- 1987] 

~ : (3/4)(log, x) * +log, x3 

9. Let The number N = 6log,,) 2+ log,) 31. 8. The equation x =./2 has 
If N lies between two successive integers, then find (a) at least one real solution 
their sum. (b) exactly three real solutions 

10. Find the value of the expession (c) exactly one irrational solutions 
11.1 

(0. 1 6) [S43 +3 Hee ae } ; (d) complex roots [IIT-JEE-1989] 


x x 7 : 
Questions asked in PAST IIT-JEE EXAMS 9. If logs 2, logs (2 -3).1085(2 ‘) pice 


1. For a> 0, solve for x, the equation thenland . EEE TEE 20 
10. The number log, 7 is 
2log,atlog,,a+3log,,a=0 — [IIT-JEE-1978] (a) an integer (b) a rational number 
2. The least value of the expression (c) an irrational no. (d) a prime number. 
2log,) x—log, (0.01),x>1 is [IIT-JEE-1990] 
(a) 10 (b) 2 11. The number of solutions of 
(c) 0.01 (d), Noteor these log, (x ~1)= log, (x3) is 
[IIT-JEE - 1980] (a) 3 (b) 1 
3. an 1S a reflection of y=log),9 x in the line (IIT-JEE-2001] 
Aaa aaa [IT-JEE-1982] 12. Let (x50) be the solution of the following equations 
4. For 0<a<x, the minimum value of (2 ie = (y)"” 3 =2™ Then x is 
log, at+log, x is ...... [IIT-JEE-1984] \ 1 
(a) — (b) = 
5. If logy; (x—1) < logo 99 (x—1), then x lies in 6 3 
1 
(a) (2°) (b) (1,2) © 5 (d) 6 
ak [IIT-JEE-2011] 
(c) (-2,-1) (d) None of these OE ee 
[IIT-JEE-1985] 
6. The solution of the equation 1 
6 + log3;5 V2 4 eq vilb see e eee 
log, (logs (Vx+5 +Vx)) = acre 3V2 32) 3 
[ITE-JEE-1986] is... [IIT-JEE-2012] 


ANSWERS 
LEVELI 10; U2) 
fo Ghs (ii) -5 (iii): 23 ; 
(iv) -1/2 (v) m+n (vi) 0 ——— 
3. (i) 0 (ii) 0 (iii) 2 (2ab -1) 
4. (i) 25 (ii) 25 (iii) :*12 13. 1/2 
5 Gy? (ii) 3 15. log2 
8. (i) 32 (ii) 2 (iii) 24 ~~ (iv) 21 21. x=3 
x 25. 216 
? [ “yl 27. 64 
28. 25/4 


= § BPS aX ee se LP 


ay 
Il 
= 


ll 
AS 


sa 


N 
w 8 wo 
— 


ll 
= 
So 
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i 
82. xe] —,10 
zs | 
= (a5. als 


- -l<x< 5 or <x<2 


84. x €(--0,-2.5) U(0,) 
1 


85. 0<x<3! 83 (where base is 2) 
86. 1/2<x<] 


5 
87. —oo, — — 0,00 
ve( a ) 


88. xE(4,5] 
LEVEL II 
1. (b) 2. (c) 3. (a) 
5. (b) 6. (a) 7. (c) 
9. (c) 10. (a) 11. (b) 
13. (a) 14. (b) 15. (d) 
17. (b) 18. (a) 19. (c) 
LEVEL III 
1.1 
» af 
pia sa) 
3. (0,49] 
4. {V2 or Vo} 
5. 5/3 
6. {-1,7} 
7. [o,2 244) 
4° 2 
8. x=3o0r-3 


9. x €(0,1)U(19834 <0} 


COMPREHENSIVE LINK PASSAGES 


Passage-I: l.(c) 2.(a) 3.(b) 
Passage-II: l.(a) 2.(b) 3.(a) 
MATCHING LIST 

1. (C) 

2. (D) 


4. (c) 
8. (a) 
12. (b) 
16. (b) 
20. (b) 


3. (A) > (Q); (B) > (P); (C) > (Q); (D) > (R) 
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INTEGER TYPE QUESTIONS 4 |tax-=[P+x-9] 


— 


os (x? -x-1)=4(x? +x-2] 


ll 
os 


Taking +ve sign, we get, 


=> (x? -x-1)=(x? +x-2) 
> 2x=1 
=> x=1/2 


SORNAHRWHN 
BRANYWO KR KNB & WwW 
ll 
1) 


Taking —Vve sign, we get, 
(x? =x-1)=-(x? +x-2} 


— 


HINTS AND SOLUTIONS 


> 2x7 = 
LEVELIII 3 
1. Given equation is > roti 
x + logig (1 + a) = xlog,)5 + log;, 6 Hence, the solutions are 
x 3 1 3 
1+2 ey) parece pe 
=> x(a) +f 6 |-o | BaF 
142% 3. Given equation is 
= (0802) +06 }- |4 + logy, x]=2+|2+ log), x| 
142" (10852) => |4 + log,/7 x|=|2|+|2+ log,,7 x| 
0 —— |=-x(lo 
ma 2106 eid >  2(2+ logy, x) 20 
1+2* 2+ log, x)20 
> | 6 }= toto x ( = ) 
=> log,,, x 2-2 
1+2* 1 2 
Ore 1 
= [ 6 2* => vs(2] 
7 
2 
> (2*) +2*-6=0 = x<49 
a Pe ee Hence, the value of x is (0,49] 
> (a+3)(a—2)=0 4. Given equation is 
= ree log'(14+4]+10g?{1-—4]= 2109" 2 —1) 
: x x+4 x-1 
=> 2° =2,-3 ; : 
+ x 
is = fog?) |44o *()-20 (4-1 
= eed e (4) Bea nee 
=> x=1 Borne ae faa 
Hence, the solution is x = 1. = log’ | —— |+log = 2log* | —— 
x x+4 x-l 
2. Given equation is Z oe an5 
1 => —2log log} —— |= 2log’ | —— 
jog = 6 x+4 x pe 
2 
Rn ee x x+4 »(3-x 
=> -log| —— |log} —— |=log 
eer eal x+4 x x-l 
= x x20 = 


Logarithm 223 


( x ) (=) Hence, the solutions set are 
= = 
x+4 x-1 [F.64). (82 
=> x? —x=3x4+12—-x? —4x 4 
= oe S12 6. Given equation is 
7 = 3x? +12x+1 1 
= 0 jou 2 EEE ) tog 4-14 tog, (¥ 256) 
me ees 3x+ 4 
Sveti 3x° +12x+19)\ 2 1 - 
Hence, the solution is {-v6, V6} => log eae 3 pt Oe (</256) 
8 2 
“ANSE log, x—log, y= = lo 3x° +12x+19 Sabie 98/5 
3 ao od (ae ere shee) 
logx logy 8 : 
=> on OA ee 
logy logx 3 Js ie 3x° +12x+19 2H? ibe) 
( 7 ’ > 8 3x+4 a" = 
> logx) —(lo =—logxlo 
gx) —(logy) =; logxlog y fool 3x 12x 419) _ 
= — 3(logx)’ -—8logxlog y—3(log y)’ =0 = eo ame 
=> 3a’ —8ab-3b° =0 3x? +12x+19 
=> —_—— |=10 
where a=logx,b=logy 3x+4 
> 3a’ —9ab + ab —3b° =0 => 3x° +12x +19 =30x+40 
=> 3a(a —3b) + b(a-3b)=0 > 3x? -18x-21=0 
> (a-3b)(3a+b)=0 > (x -—7)(3x+3)=0 
=> (a-3b)=0,(3a+b)=0 = x=-1,7 
= a=3b ,b=-3a Hence, the solution set is {-1,7} 
= logx =3log y ,log y =—3logx 7. Given equation is 
2 1 2 1 te: 
= oe( 25] =0,log( v0) =o log (4-1) +log(4—s).tog[ 2+) ~210g x+5 =0 
2 = a +ab—2b’ =0, where 
= [3 ]=.be*)=1 ! 
e Ba a=log(4—-x),b=log r+ 
Now, x y= 
. =  (a—b)(a+2b)=0 
> x (xy)=1 - a=b,—2b 
got’ hen a=b 
=> oF ie when a= 
= go as log(4~ x)= Iog[ x +5 
4 
1 1 
when x=—, then y=—=64 => (4-x)= x45 
x 
7 
Also, *~=1 => x= 
y 2 
4 7 
=> y =xy=16 => aor 
=2. 
= m when a =-—2b 


when y=2,thenx=8 


=> log(4~ x)=-209{ +5] 


= (4-2)=(x+5) 


—™~ 
K 
| 
1 
—- 
Ta 
My 
NO 
a 
My 
ae 
| 
NN 
ll 


(4—x)(4x° +4x41)=4 


=> 
=> 16x* +16x+4-4x° —4x? -x=4 
=> 12x* +15x—4x' =0 
= = x(4x°-12x-15)=0 
= x =0,4x* —12x-15=0 
12+ 144+ 240 
> = 0, x = ——__—_ 
8 
12+ 384 
=> =0,x = ——_~—— 
8 
1244/24 
> = 0, x = ———_—_ 
8 
3424 
> x=0,x= 
2 
aye 
=> x=0,x= 
2 
Hence, the solutions are faz : mo 


. log,,, logs (x? oe 7) + log,,, log,,, (x + a) =—2 


=> log,,, log; (x? + 7) +log,, log,» (x? + 7) =-2 


= logs (+(loe (x? +7))) toe (4 (le. (x? +7))=-2 


-raa( tem (Lojononle 


y y 
1 -|-] —|/=-2 
= '854(] os,( 2) 


=>y=4, by trial. 


10. 
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= log, (x? +7)=4 
= (x? +7)=2' =16 
Se =o 
=>x=43 


Hence, the solutions are {-3,3} 


. Given equation is 


log,, (x? -x-6)-x =log,,(x+2)—4 


x —-x-6 
1 —— |=(x-4 
= on ae ) (x—4) 


(x -—3)(x+2) 
log, | ~~ |= (x-4 
= topo PIE) (na 
= log, ((x-3))=(x-4) 
=  (x-3)=10"% 
Clearly x = 4 is the required solution by trial. 


Given equation is 


slog, (x +5) +log, (Vx-3)= log, (2x+1) 


l 


slog, (x45) +St0g, (x-3)= slog, (2x +1) 
log, (x +5) + log, (x—3)= log, (2x +1) 

log, {(x + 5)(x—3)} = log, (2x +1) 

(x +5)(x-3)=(2x+1) 

x? +2x-15=(2x+1) 

x= 16 

x=+4 


x = 4 is the required solution 


YU ’_dtday gd 


. Given equation is 


log, (x +2) +3=log,(4—x) +log,(6+x) 
3log, (x+2)+3=3log, (4—x)+3log, (6+ x) 
log, (x + 2)+1=log, (4—x)+log, (6+ x) 

log, {4(x + 2)} = log, (4—x)(6 + x) 
4(x+2)=(4-x)(6+x) 

4x+8=24-2x-x° 


Yu’ yv vy 


x? +6x-16=0 


= (x+8)(x-2)=0 
> x=2,-8 


Hence, the solution is x = 2. 


12. The given equation is 


1+ log, (x- 4) 


2log, (Vx +3 - vx-3] 
1+ log, (x4) = 2log, (Vx +3 - vx-3) 


= 
=e log, {2(x—4)} =10g, (Jx+3-vx—3) 
= 2(x-4)=(¥x+3—-vx—3) 

=> 2(x-4)=x+3+x-3-2Vx -9 

> Wx’ -9 =-8 

= Vx -9=-4 

>  7-9=16 

=> x’ =25 

= x=+5 

> x=5 


Hence, the solution is x =5 


. Given equation is 


ee log3 = log +27 
2x 4 


(+4) 2 joo 2 


= log3 


(+3) ae 

= 4.3. 7 =3* 427 
oe ee 

=e 4.3.3° =3* +27 


1 


12.a=a°+27,a=3° 


= 
= 12.a=a° +27 
=> a’ —12a+27=0 
=  (a-3)(a-9)=0 
=> a=3,9 
= 3 =3,3° 
4. lil 

2 4 


14. 


15. 
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1 1 
Hence, the solutions are } >>7 

2 4 
Given equation is 


4810 *+! = 610810 oe 2.31810 x7 +2 = 0 


4, Aiesiox _ GloBi0* _ 7 37 3!80x" _ Q 


=> 
> 44°-6°-18.3% =0,a=log,,x 
=> 44°-6"-18.3% =0 
=  4(2*) -2737-18(3") =0 
= 4b’ -be-18c? =0,b =(2"),c = 3° 
= 4b’ -be-18c? =0 
= 4b’ -9be + 8be -18c* =0 
-  b(4b-9c)+2c(4b-9c) =0 
=  (4b-9c)(b+2c)=0 
-  (4b-9c) =0, (b+2c)=0 
=> 4b =9c,b=-2c 
=> 42% =9.3*,2* =-2.3" 
= Wa S03 
= Dee = 37? 

2 a+2 2 0 
- (=) 

3 3 
> a+2=0 
=> a=-2 
=>  logyx=-2 
=> x=10" oe 

100 


Hence, the solution is x = 107 = = 
100 


Given equation is 
log, (Vx +|vx- i) = log, (4V3 - 3+4| Vx -1)) 
= (vx+|Ve-1|) =(4v3 -3+4| vx -1]) 
= (Vx +2V |v -1]+x-2Vx +1) 

= (43 -3+4|vx -1)) 
= Wx(vr-1)+2Vx (|v -1|) =4( Vx -1) 


+4] Vx -1| 


 Nalde—speahle—foa(le—1)e fe 
| (Veo) lve 
= (NE=4)(VF—1)e hie) -0 

- (2vx-4)=0,((ve-1)+|vx-1])=0 
J=2 (E11) -0 

Vx =2,(Vx-1)<0 

x=4,Vx <1 


x=4,0<x<1 


xe€(0,1)U{4} 


Yd bd Y 


Hence, the solution set is (0,1)U {4} 


INTEGER TYPE QUESTIONS 


)-Te (r-+1) 


r=10 


2 3 4 n+l 
log,| — |+log,| — |+log,| — |+...+ log, | —— 
1 2 3 n 


= log,, (11).log, , (12) log,, (13)....log,, (100) 


wot r+2 
1. We have lo 
ps e( 


= log,, (100) 
Thus, 
log, [= +0, [3 +o, (4) +..+108,( 74) 
1 2 3 n 
= log,, (100) 
=> log, (234 sath mit) 2 (10) =2 
=> log,“ ]=2 
=> n+1=4 
=> n=3. 


2. Given equation is 7°%* = 98 — x’ 
x! 7 = 98 _ x! 7 

2x'%7 = 98 

xT = 49 

7°82 , 7 

log, x=2 


Yu UuUdcad 


x=2’=4 
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Hence, the solution is x = 4. 


. Given equation is 


Aire * = 32 — gies 
2APeKS 3) 
4h" 16 =47 
log, x=2 


YuUudU 


x=3° =9 


Hence, the solution is x = 3 


. Given equation is 


3log, 4+ 2log,,4+3log,,.4=0 


3 2 2 re 3 - 
7 log,x log,(4x) log, (16x) 
3 2 3 
=> + + =0 
log,x 1+log,x 2+1log,x 
3 2; 3 
> Sk =0,a=log,x 
a lta 2+a 
3 3 2 
=> + =- 
a 2+a l+a 
6+3a+3a_ 2 
a a(2+a) l+a 
6(l1+a) 2 
=? a(2+a)_ l+a 
=>  6(l+a) +2a(a+2)=0 
> 6a’ +12a+6+2a’ +4a=0 
> 8a’ +16a+6=0 
= 4a’? +8a+3=0 
> 4a’ +6a+2a+3=0 
=> 2a(2a +3)+1(2a+3)=0 
= (2a+3)(2a+1)=0 
So geal 
2 2 
8:24] 
=> l =a 
08, x 9 
= x = 47? qi? 
1 1 
a=-, = 
ca g P=5 


| Ee es Neem 
H th 1 f —| -—+— 
ence, the value 0 > F 3) 


5. Given equation is 


x +log,, (2° +1) =log,, 6+ xlog,, 5 


=  x+log,,(2* +1)=log,, (6.5") 
log 2 =X 
=> 10 4] 


alee 
2°41 


10° (2° +1) =6.5" 


l 


2 (2° +1)=6 

(27) +(27)-6=0 

a’ +a-6=0,a=(2") 
(a+3)(a—2)=0 
a=2,-3 

2* =2,-3 

22 


x=1 


YUuUyUU YY vy 


Hence, the solution is x = | 
6. We have 


log. 41 (x° +x- 6) =4 
(x? +x-6) =(x+1) 
x" +2x° —11x? -12x +36 
= 1° 440° 4607 +4x41 
2x° +17x* +16x-35=0 
2x? — 2x? +19x* -19x + 35x—-35=0 
(x-1)(2x? +19x +35)=0 
(x-1)=0 
x=1 
7. Given equation is 


|x - pier oes? = (x ss ay. 


= — log,(x*)-3log,4=3 


= 3log, x- 3 =3 
log, x 


log, x- 2 =] 
> 82 log, x 


2 
> a—-—=1,a=log,x 
a 


Logarithm 
=. a’ —a-2=0 
= (a-2)(a+1)=0 
=> a=2,-1 
=> log, x =2,-1 
=> ae 
2 


Hence, the value of (@ +26 +3) is 8. 
8. Given equation is 


6(log, 2—log, x)+7=0 


1 
+7=0 
log, 4 


I 
6| log, 2- +7=0 
= a) 


=> 6 a- 3. |47=0,4=Hog, 2 
2a : 


=> 6) log, 2— 


6(2a’ -1)+14a=0 


=> 
=  3(2a°-1)+7a=0 
> 6a’>+7a—-3=0 
> 6a’ +9a—2a-3=0 
=> 3a(2a+3)—(2a+3)=0 
> (3a -1)(2a +3) =0 
[3 
= a=-,-= 
3 2 
1 3 
> log, 2==,-= 
0g. 3° 2 
1 _i_3 
a log,x 3 2 
2 
> lo =3,-- 
Bx 3 
> = 2)0°8 


Thus, the integral solution of x is 8. 
Therefore, ~=8 


2a-1 
Hence, the value of [ = 


(3) 


9. We have N =6log,, 2+ log,, 31 


= log, 2° + log,, 31 


227 


228 


11. 
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= log, (64 x31) 
= log,, (1984) 
< log,, (1000) =3 


Also, N = log,, (1984) > log,, (10000) = 4. 


Thus, the sum of successive integers 
=3+4=7. 
1 1 1/3 


1 


Let $= 34 +—+..= = 


3 3 1 -(1/3) 
We have 


(0. 16)°(3) 
_(4 hg 


25 


5 
ie.(4) 2 
yy 
5 2 
We have ab 
= log,, 18 x log,, 54 


4 log18 | log54 

logl2 log24 

log(2.3) _ log(2.3°) 
x 

log (3.27) log(3.2°) 


log2+2log3  log2+3log3 
log(3)+2log2 log3+3log2 


1+ 2log,3 y 1+ 3log, 3 
log, (3)+2 log, 3+3 


1+2x 14+3x 
= x ,x=log, 3 
xt+2 x43 


4 14+5x+6x? 
x +5x+6 


Also, (4-5) 

= log,, 18—log,, 54 
log(2.3°)  log(2.3°) 

~ Tog(3.2°)  log(3.2°) 


2 


log2+2log3  log2 + 3log3 
~ log(3)+2log2 log3+3log2 


1+2log,3 _1+3log,3 


~ log, (3)+2 log, 3+3 
1+2x 14+3x 
= > > = log, 3 
x+2 x43 
(1-2") 
* (2+x)(3+ x) 
Hence, the value of 5(a—b)+ab 
5(1-x°) (1+5x+ 6x") 


7 QQ+xG+x) | (2+x)3+2) 
5(1- x7) +(1+5x+6x") 
7 (2+ x)(3+x) 


x +5x+6 
2+x)(3+x) 


x+2)(x+3) 
2+x)(3+x) 


© (2+x)3+2) 
_ (+2) +3) 
~ (2+x)B+2) 
=1. 


QUESTIONS ASKED IN PAST ITT-JEE EXAMS 
1. The given equation is 


2log, at+log,,a+3log , a=0 


2loga loga ‘ 3loga 


+ =. 
ze logx log(ax) log (a’x) 
2 1 3 
+ + = 
logx logat+logx 2logat+logx 
=> z + + : =0, 


y bt+y 2bt+y 
where loga =b,logx = y 
> 6y +1 lby + 4b° =0 
=> 6y? +3by + 8by + 4b° =0 
= = (2y+b)(3y+4b)=0 


yn 4b 
nore 

It 

when y=—5, then logx=- See 


1 
=> log x° = -loga=Io{ +) 
a 


4 4] 
when y=, then ibiexe— Te" 


> Stog.r=4tog{ *) 
a 


1 4 
> logx’ = og{ *] 
a 


4/3 
> y= a . 


. We have 2log,, x- log, (0.01),x>1 

= 2log,, x—log, (10) ” 

= 2(log,, x + log, (10)) 

22.2=4 

Thus, the least value is 4. 

. The curve y=10% is the reflection of y =log,, x 
with respect to the line y= x. 


. We have log. a+log, x 


22 
log. a 


Thus, the minimum value of the given expression 
is 2. 


. We have log, (x —1) < log.y9 (x -1) 


= [tes a+ 


2s logo) (x-1)< log, sp (x-1) 


l 


1 
logo) (x-1)< 7 Boa (x-1) 
2log 4, (x-I)< loge, (x-1) 


log) (x - 1) < log.) (x - 1) 


YUU YU UY dv J 


x >2 [x <1 does not satisfy the given 
in-equation] 


= l0g,,43) (627 + 23x +21) =4—log, 
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Thus, xé (2,00) ; 


6 The given equation is 

log, (log, (Vx+5 + vx))=0 
(log, (Vx+5+Vx)}=7" =| 
(Vx+5+Vx)=5'=5 
Vx+5=5-Vx 
x+5=25-10Vx +x 
10Vx = 20 
Vx =2 
x=4. 


Hence, the solution is x = 4 


ee 


7. The given equation is 


(4x° +12x+9) 


3x+7 


> log (+3) (2x +3)(3x+7)=4—log, (2x43) 


3x+7 
— I+log,,,, (3x+7)=4- 2108,4,47 (2x +3) 
2 


i 3x+7)=3-——____ 
=> OB 0.43) ( X+ ) logo. (3x +7) 


2 
=> y=3- where y = log),,,3 (3x +7) 


=> y-3y+2=0 
= (y-I)(v-2)=0 


ex y=1,2 


when y = 1, then log,,,.,, (3x+7)=1 


=> (3x+7) =(2x+3) 

=> x=-4 

when y = 2, then logy.,43 (3% +7) = 2 
(3x+7)=(2x+3) 
(3x+7)=4x° +12x+9 

Ax? +9x+2=0 

4x? +8x+x+2=0 
4x(x+2)+1(x+2)=0 
(x+2)(4x+1)=0 


ae 
4 


YY v’UYU UY 
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3 1 =>x =3,2 
As x>-—,sS0 x=-— : F ; . 
2 4 =x = 3, since x = 2 does not satisfy the logarithmic 
expression. 


1 
Hence, the solution is x =—— eee 
4 Hence, the solution is x = 3 


8. We have 10. Ans. (c) 
(3/4)(log, x) +log, x-— 
x g 7 =n. Let log, 7=2, where 
2 5 q 
={(6/4)(loe. x) + log, x~ 5 Jlog r= tog(V3) p.q€N andH CF(p,q)=1 
2 5 = 1 = P 
=(0/4)0 +b-2 b=, b=Iog,% 39927 
= 3b’ + 4b° -5b-2=0 =o Se 
=> 3h? — 3b? + 7b? —7b+2b-2=0 This is not possible for any p,g €N and 7 and 2 are 
2 prime. 
—, 3b’ (b-1) + 7b(b-1) + 2(b-1) =0 
b—1)(3b2 +7b+2)=0 Thus, log, 7 is an irrational number. 
SEE es) 11. Ans. (b) 
= (b- 1) (3b? +.6b+b+2)= 0 The given equation is log, (x —1) = log, (x-3) 
b-1)(3b(b+2)+1(b+2))=0 1 
=>-—l -lj=1 -3 
a =1)(b+2)(3b-+1)=0 peste) Woesle3) 
2 
ae wos 6-1) -3 
1 = (x-3) =(x-1) 


SOR saa > x" -—6x+9=x-1 


=x? -7x+10=0 
= (x-2)(x-5)=0 


1 
a eee a 


Thus, the equation has exactly three real solutions of 


which exactly one is irrational. x= 2,5 


=x = 5, since x = 2 does not satisfy the equation. 


: : ce) 
9. Given log, 2, log, (2 = 5),log, [2 . 2) eas Thus, the number of solution is one. 


12. Ans. (c) 
7 to! The given ations are 
— 2log, (2 — 5) =log, 2+ log, 2 =5 e given equations 


(2x)"* = Gy)" ; ginx = gin y 
Now, ginx = giny 
-e-s-afe- soa 


=> log xlog (3) = log ylog(2) 


= log, (2-5) =log, 22 = q) 


(2") -10.27 +25=2.2"-7 


=> 
l 

2 logx _ 817) _ (say) 
— (2") -12.2°+32=0 = log2 — log(3) 
— (a) -12.a+32=0 Also, (2x)"” =(3y)"° 
= (a-8)(a—4)=0 = log((2x)"*) = 10g((3v)"’} 
a= 88 = log 2 log(2x) = log3 log (3y) 
=> 2* =8,4=27,2? 


=> log 2 (log 2 + log x) = log3(log3 + log y) 


=> log 2(log2 + Alog 2) = log3(log3 + Alog3) 
= (log2) (1+ A) =(log3)" (1+ A) 


|. (1+4)((log2)’ -(1og3)") =0 


_, (1+) =0, Re (log 2) —(log 3)" # 0) 
>A=-1 
Thus, log x = —log2, log y =—log3 


1 1 
log x = log] — |, log y=log} — 
sisting joni) 


ee gee 
x=-, = 
ae 


1 
Hence, xy = 5 


13 Let 


1 1 1 
cases ae 3 ieee to 0 


=3>x=,J4-—=x 


2 I 
x =| 4-—=x 
5 3V2 x7 + x-12V2 =0 
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5 3V2 x? +9x-8x-12V2 =0 
= 3x(V2x+3)—4V/2(V2x+3)=0 
=, (V2x+3)(3x-4V2)=0 


a. Ad 
2 ee i 
2° 3 
4/2 
measles 


Thus, 6 + log3/ 


1 1 


32 32 


4V2 
3423 


4 
= 6 + logs; (=) 


1 
= 6+log;,, (a. 


CHAPTER 


Inverse Trigonometric Function 


INVERSE FUNCTION 


6.1 INTRODUCTION TO INVERSE 
FUNCTION 


A f B 


Let f:X —Y bea bijective function. 


If we can make another function g from Y to_X, then we 
shall say that g is the inverse of /- 


ie 2" a 
Thus, f7' (f(x) =x 
Note 


(i) The inverse of a function exists only when the 
function fis bijective. 
(ii) If the inverse of a function exists, then it is called 
an invertible function. 
(iii) The inverse of a bijective function is unique. 
(iv) Geometrically, f - (x) is the image of f(x) with 
respect to the line y = x. 
(v) Another way also we can say that f (x) iS 
symmetrical with respect to the line y = x. 


(vi) A function f(x) is said to be involution if for all 
x for which f(x) and f(/(x)) are defined such that 
fF) =x. 

el 
(vii) If fis an invertible function, then Wg ') = 
(viii) If f : A — B beone one function, then f lof =I A 
and fo f~'=I,, where I, and /, are the iden- 
tity functions of the sets A and B, respectively. 

(ix) Let f:A~B, g:B-C be two invertible 
functions, then (go iat = (7 ) g"') is also 
invertible with f(x). 


RULE TO FIND OUT THE INVERSE 
OF A FUNCTION 


(i) First, we check the given function is bijective or not. 
(ii) If the function is bijective, then inverse exists, other- 
wise not. 
(iii) Find x in terms of y. 
(iv) And then replace y by x, then we get inverse of /- 
ie. f: ROR. 


6.2 SOME SOLVED EXAMPLES 


Ex-1l. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


A function f:R— R is defined as 
f(x) = 3x45. Find f-'(x). 

Given f(x) =3x +5 

= f'(x)=3>0 

=> fis strictly increasing function. 
= fis one one function 

Also, Rp =R= co-domain 

=> fis onto function. 

Thus, fis a bijective function. 


Hence, f | is exists. 


Lety=3x+5 
ye PD 

3 
Thus, fi==. 


A function f :(0,cc) — (2, ce) is defined 
as f(x)=x° +2.Then find f' (x). 
Given f(x)=x7 +2 

= f'(x)=2x>0 for every x >0 

=> fis strictly increasing function. 

=> fis one one function. 

Also, &y = (2,°°) = co-domain 

= fis ont function. 

Thus, fis a bijective function. 

Therefore, the inverse of the given function exists. 
Let y= x? +2 

> = y-2 

> x= Jy-2 


Hence, f'(x)=Vx-2. 


A function f:R* > [0, 1) is defined as 
2 


f (x)=——. Then find f'(x). 
x +1 
2 
Gi = 
iven f (x) ie 
Y 
A 
< > 
= ae 
Y 
y’ 


Ex-4. 


Soln. 


Inverse Trigonometric Function 


1 
> =l|- 
F(x) x +1 
=> f'(x)= on 5 >0,V xeR™ 
2 
(x +1) 


=> fis strictly increasing function. 


= fis one one function. 
2 


x 
Also, let y= 
x 41 


=> yx +y=x? 
=> x’ (y-l)=-y 


> +x. =--— FS SF 


JY 
(y-1) 


=> R= (0, 1) = co-domain 


= fis onto function. 
Thus, fis a bijective function. 


=> f7'(x) exists. 


Xx 


Hence, f' (x) = 
A function f :[1, cc) [1, c¢) is defined as 
f(x)=2) Find f(x). 

Given f (x)= a). 


>~< 


>~X 


= f'(x)=2°) x (2x-1)xlog, 2 >0 
for all x in [1, 2) 

=> fis strictly increasing function. 

=> fis one one function. 

Also, Ry = [1, ©) 

=> R= [1, c) = co-domain 


=> fis onto function. 
Thus, fis a bijective function. 
So its inverse exists. 


Let y=2” (1) 
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Ex-5. 


Soln. 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


= yer 
=> x°-x=log,(y) 
=> x -x-log,(y)=0 


_ 141 +4 log, (y) 


2 


_1+,l+4 log, (v) 


2 


1+./1+4 log, (x 
Thus, f7! (x) = 5 2 ( : 
If a function fis bijective such that 


10* -10°* 
IO)" 0 


Since f is a bijective function, so its inverse exists. 
iO? 10". 10" 1 

10°+10* 10°41 

=> y107+y=107 -1 

> 10% (y-1)=-y-1 


> x 


> x 


then find f'(x). 


Let y= 


=> 192 = -2tl_ytl 
Yo dey 
1 
> 21 = log 2**) 
bey 
1 1 
=> 5-168) ( 
2 l-y 


= 1 l+x 
Thus, f (0) =F og,[ +) 
2, l-x 


A function f:R—- R is defined as 
f(x)=x+sinx . Find iamcoe 

Given f (x)=x+sinx 

=> f'(x)=1+cosx20 for all x in R. 


=> fis strictly increasing function 
= fis one one function. 

Also, the range of a function is R 
= fis a onto function 

Thus, fis a bijective function. 


Hence, f~! exists. 
Therefore, f' (x)=x-sinx. 


A function f :[2, 0) —>[5, eo) is defined 
as f(x)=x? —4x+9. Find its inverse. 


Given f (x)=x* -—4x+9 


Ex-8. 


Soln. 


X’< : > X 


=> f'(x)=2x-420 for all x in Dy 
=> fis strictly increasing function. 

=> fis one one function. 

Also, Ry = [5, oo) = co-domain 

=> fis onto function. 

Therefore, fis a bijective function. 
Hence, its inverse exists. 

Let y=x* —4x+5 


=> x’ -4x+(5-y)=0 


ca tt yl6- 45-9) 


= 2 
4+ Jay +16—20 
Se 5 
4+ f/4(y—1 
= eNO) Le OD 


> x=2+,/(y-1), since x>2 
= fl (x)=2+,/(x-1) 


Find all the real solutions to the equation 


pee ae 
7 Oe a 


Consider the function 


Clearly, fis one one and onto function. 
So its inverse exists. 


= 1 
Let its inverse is f | [-j-) > [0, oo), 


Sl: (= ert 


Consequently, we can say that, the two sides of the 
given equation are inverse to each other. 

Thus, the intersection point is the solution of the 
given equation./(x) =x 


=> gin ios 
4 


= gee 
4 
oe 
i 7 a) 
1 | 
x-—|=t—— 
a [ | 2 
1,1 
S see ie 
2. 


1 


1 1 1 
hy ee 
De 2 ai 


Hence, the solutions are 


EXERCISE 1 


1. A function fis defined as f(x) =3x+5 
where f:R— R, then find f7 (x). 


2. A function fis defined as f (x)= mar 
x- 
where f :R- {i} >R- {i} 5 then find 5 a (x) . 
: 1 
3. A function fis defined as f(x)=— 
x +1 


where f:R* U{0}— (0,1], find f(x). 
4. A function fis bijective such that 


-2%* 23 
ee , then find f ! (x). 


5. A function f:[-1,1]> [-i.0}[ 0.5] is 


defined as f (x)= = then find f~' (x). 
x +1 


6.3 INVERSE TRIGONOMETRIC 
FUNCTIONS 


As we know that sine function is defined only for every real 
number and the range of sine function is [—1, 1]. Thus, the 
graph of f(x) =sin(x) is as follows: 

Graph of f(x)=sinx: 


Y; 
A 
< > y= 
x 27 —a O 1 2. aes 
~ >y=1 
Y 
y’ 
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From the graph, we can say that, it will be one one and onto 
only when we considered it in some particlar intervals like 


aT nan 3a\(3n 5a 
Palla Plo and so on 


If we consider the whole function, then it is not one one 
as well as onto. 

Also, when we think the inverse function, then domain 
and range are interchanged. 

So the graph of this function is as follows: 


> X 


Asa whole, inverse of this function does not exist. Its inverse 
exists only when, we restrict its range 


2 3x OU aM nN 30 
So in thertvals | -—,-— ],} -—,— ],| —, > 
2 2 22) DD 


(= =) 
—,—| and so on. 
2° 2, 


In the conventional of mathematics, we consider it 


Thus, sin inverse function is defined as 


sin”! Eu]|-2 4 


2°32 
Therefore, a function f: [-1,1] > - 4 : 


is defined as f (x)=sin™ x, 


So the graph of f (x)= sin | x is 
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Y 
A A A 
~ > y=nl2 
x’ < > X 
O 
~ > y=-n/2 
Y Y Y 
x=2 Y x=1 
uN 
Thus, D; - [-1,1] and Ry = 2.2) 


Now, we shall discuss the graphs of other inverse 
trigonometric functions and their characteristics. 


6.4 GRAPHS OF INVERSE 
TRIGONOMETRIC FUNCTIONS 


(i) sin! x: 
ani. 
A function f :[-1, 1]> -2.2) is defined as 


f (x) =sin | x= arcsin x Graph of f (x)= sin“ x, 


Y 
A A A 
~ > y=nl2 
x’ < > X 
O 
= > y=-2 
Y Y Y 
x=- Yy’ x=1 


CHARACTERISTICS OF ARC SINE FUNCTION 
1, Dy =[-1,1] 


2. Rr= off 
2 2 


3. It is not a periodic function. 
4. It is an odd function. 
since, sin”! (-x) =— sin! x. 
5. It is strictly increasing function 
6. It is one one function. 


a a 
7. For VERS 4 sinx<x<sin! x. 


(ii) cos! x: 
A function f :[-1,1]>[0, z] 
is defined as f(x)=cos | x =are cos x 


Graph of f(x)=cos! x: 


Y 
A 


CHARACTERISTICS OF ARC 
COSINE FUNCTION: 


l. D,=[-L]] 


. [0, 2] 
. Itis not a periodic function. 
. It is neither even nor odd function 


BRWN 


since, cos”! (-x)=a- cos! (x) 
5. Itis strictly decreasing function. 
6. It is one one function. 


a For 0<x<%, 


cos !x<x<cos x 


(iii) tan”! x: 


mT 
A funotion /:R->(—4 i 


ue 
defined as f (x)= tan x, 
Graph of f (x)= tan"! x: 


Y 
A 
~< > y=n/2 
f x 
xX’ < 5 > 
~< > y= -al2 
Y 
y’ 


CHARACTERISTICS OF ARC 
TANGENT FUNCTION 


1. D; =R 


2. Ry =(-4,2) 
2732 


3. It is not a periodic function. 
4. It is an odd function. 


since, tan”! (—x)=— tan”! x. 
5. It is strictly increasing function. 
6. It is one one function. 


7. For O<x<t. tan"! x <x<tan x- 
(iv) cot! x: 
A function f : R > (0, 2) is 
defined as f (x)= cot x, 
Graph of f (x)= cot) x 


Y 
A 
~< > Yr 
~< > Y= m2 
O 
+ eX 
Y 
y’ 


CHARACTERISTICS OF ARC 
CO-TANGENT FUNCTION: 


2. R, =(0, 2) 

3. It is not a periodic function. 

4. It is neither even nor odd function 
since, cot '(—x)=2-cot x. 

. It is strictly decreasing function. 

. It is one one function. 


NN 


7, For 0<x<*, 


cot x< x <cot ! x 


(v) cosec |x: 


A function 


fl tutlo) >| -2, 2] fo) 


3 
is defined as f (x)= cosec™'x. 


Graph of f(x) =cosec™!x. 


== 
> 
=== 


A 
1 
1 
1 
1 
1 
1 

SoSyTSsSer 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 
( 
< 

i] 

a 
i) 


) 
fe) 
b Reames beeen 
Y 
S 
I 
| 
a 
i) 


Il ~q---- 
a 
wt ~< 

N 

x 

I] ~<---- 


= 


CHARACTERISTICS OF ARC 
CO-SECANT FUNCTION: 


1. Dy =(-, - Ul =) 
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2. Ry =|-2,2]-fa}. 


3. It is an odd function, since 
cosec'(—x) = —cosec™! (x). 

4. It is non periodic function. 

5. It is one one function. 

6. It is strictly decreasing function with respect to its 
domain. 


Ne x <cosecx. 


7. For 0<x< - » cosec” 
(v) sec! x: A function 

aS -alUls) Sl0al= Ff 

is defined as f (x)= sec! x, 


Graph of f(x)=sec' x. 


Y 
A 4 A 
ae > Y= 
x’< > y=n/2 
~t O . x 
Y Y Y 
y? 
CHARACTERISTICS OF 


ARC SECANT FUNCTION: 
1. Dy =(—», -1JUL[L, ~). 


2. R, =[0,7]- (3H. 


3. Itis neither an even function nor an odd odd function, 
since sec"! (—x) =a -sec™! (x). 

. It is non periodic function. 

. It is one one function. 

. Itis strictly decreasing function with respect to its domain. 


NY DNA 


. For beeen. sec! x<x<secx, 
2 


6.4.1 Some Solved Examples 
Ex-1. Find the domain of f(x)=sin™(3x+5). 
Soln. We have -1<3x+5 <1 

=> -6<3x<-4 


=> 2s pect 
3 


3 
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Ex-2. Find the domain of f(x)=sin! [ 


Soln. 


Ex-3. 


Soln. 


We have, -1< ei 
x+1 


Case I: when ee <1 
xt+l1 


=> —_-1<0 


xtl1 
-1l 
=> —<0 
x+1 
1 
=> — 20 
xt+1 
> x>-l 


Case II: When cea >-l 
xtl1 


=> 4120 
x+1 

= 2x+1 e 
x+1 


2 


2s re(=-u|-2.<) 


Hence, D, -|-5. i 
: 2 


Find the domain of f(x) =sin™ 
x +1 
We have, -| < ~~ <<] 
2x 
x4 
2x 
|x? + i 
=> <1 
Ba 
|x? + i 
=> <1 
2 |x| 
> x41 <2)s 
=> = |x|?-2|x/+1 <0 
=  (|x-1) <0 
= (jx|-1) =0 
= (be) =0 
— ae 
=> x=11 


Hence, D; ={-1, 1} 


ace 
x+1 


x +1 


2x 


} 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


Ex-6. 


Soln. 


Ex-7. 
Soln. 


-1 
Find the domain of f(x) = sin! [e 


We have, -1sFh gy 

-2< |x|-1 <2 

-I< |x| <3 

epee (e |x| 2-1 isrejected ) 
-3<x $3 

Hence, D; =[-3, 3 |: 


=> 
=> 
=> 
=> 


Find the domain of f(x)=sin"' (log, x) 
We have, -1< (log, x) <1 


= 2<x<2! 


Hence, Dy = >. 2. 
2 


Find the domain of f(x) =sin"! (log 4x ) 
We have, —1 < log, msl 


= Qbcy <4! 


=> ee 

4 

1 
=, aS a) 22 

2 
=» <2 & | >5 
> —2<x <2 and 
x Se cee 

2 2 


Hence, Dy = Soe U 1, : 
: 2 2 


Solve for x and y: sin”! x+sin7! y=a 

Given sin! x+sin7! y=n 

It is possible only when each term of the given 
equation provides the maximum value. 


1 


Thus, sin x= 7 & sin! y= B 
2 2 


= s=sin{)=18 y=sin{ )=1 
2 2 


Hence, the solutions are x = 1 andy=1 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ex-10. 
Soln. 


Ex-11. 
Soln. 


ie ee ieee 3% 
If sin’! x+sin7! y+sin '2=— then find the 


value of 
2013 , ..2013 , 2013 9 
x +y +2 - 
2014 4 yro4 4 72014 
: oe a men 32 
Given sin7! x +sin ty 4+sin as 


It is possible only when each term will provide us 
the maximum value. 


a | aan TU 
Thus, sin! x=—, sin! y=— 
2 2 
ae T 
& sin !z=— 
2; 


=> x=Ly=l&z=l. 
Hence, the value of 
2013 _ 9 


oe ei ae 


2013 


ey es 


72014 


9 
1+1+1 


=1+1+1- 


=3-3 
=0. 


Find the range of f(x) =2sin7'(3x+5) ai 


We have —~ <sin™ (3x+5)< z 
2 2 
=> -ms 2sin'(3x+5)<a 


= f+ < Qsin7 3x+5)+ 2 <n4— 
4 4 4 


nN US 


Solve the inequality: sin! x > sin”! (3x1) 


We have, sin! x> sin! (3x -1) 


> x >(3x-1) 
> 2x-1 <0 
1 
> x<= 
2 
=> ve|-1.5 
2 


Find the domain of f (x)= cos! (2x+4). 
We have, -1S2x+4<1 


=> -5<2x<-3 
=> Pe ees 
2 2 
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5 _3 
2 2 


Ex-12. Find the range of F(z) =2cos! (3x+ 5) 


239 


Hence, D; = - 


Soln. Wehave, 0 < cos'(3x+5) <a 


> 0< 2 cos”! (3x +5) <2n 
=> 7 < 2cos!(3x+5)+— <2n4+ 
4 4 4 
Hence, Ry = aon 
F144 


Ex-13. Find the range of f(x) = 3cos! (-x’) = . : 


Soln. We have, Z < cos! (-x’) <1 
2 
3 = 
— = < 3cos '(-x?) <3 
2 
3 = 
— pe 3cos '( xe) <3”-2 
DQ 2 2 2 
5 
Hence, Ry - x. =| 
2 

Ex-14. Solve for x: cos’! x+cos!x? =0. 
Soln. Given cos! x+cos! x? =0 

It is possible only when each term will provide us 

the minimum value. 

So, cos! x=0 & cos !x” =0 

=> xy=1& x =1 

> x=1& x=+l 

Hence, the solution is x = 1 
Ex-15. Solve for x: [ sin x| + [ cos x| =0, where x isa 


non negative real number and [,] denotes the greatest 
integer function. 


Soln. Given [sin x| + [cos x| =0 and x20 
> [sin x| =0& [ cos x| =0 
= xe[0,sinl) &xe(cosl, 1| 


= xe(cosl, sinl) 


2 
Ex-16. Find the domain of f(x) = cos! * | 
x + 


2 
x 


<1 
x +1 


Soln. We have, -1< 
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Ex-17. 


Soln. 


Ex-18. 


Soln. 


Ex-19. 


Soln. 


Ex-20. 


Soln. 


2 
x 
> ; <1 
x +1 
"| 
x 
> ; <1 
|x +1| 
2 
> 5 <1 
x +1 


=> x41>x 
=> 1>0 
Hence, xER 


Solve for x: cos! (a) cos! (x?) 


We have, cos”! (x) > cos! (x*) 


=> x< x? 


=> x7-x>0 
> x(x-1)>0 


= xe [-1,0) 
Find the domain of f(x) = tan‘! [vs a a 


Since tan”! x is defined for all real values of x, SO 


9-x* 20 

=> x-9<0 

> (x +3)(x-3)<0 
=> -3<x<3 
Hence, D;, =[-3, 3] 


Find the range of the function 


f (x)= 2tan! (1-x?)+ 


5a 20 

=> -—< << 
BIO) SS 

Hence, Ry = =, =) 
; 6 3 


Find the range of f(x) =cot™ (2x - a} 
We have, f (x)= cot”! (2x - x”) 


= sa)= cot! ( - (x? —2x+ 1) 


=> f(x)=cot! ( —(x- 1’) 


since (1-(-1)] <1& 0< cot!x<az 


-1 
and COt X is strictly decreasing function 
so cot '(1)< cot! ( -(x- 1") < cot (0) 


= 7S f(s rt 


Hence, Ry = E r| 
; 4 


Ex-21. Solve for x: [ cot" x| + [cos x| =0, 


Soln. 


where [,] = G.LF. 

We have, [cot x| + [cos x| =0 
> [ cot” x| =0& [cos x| =0 
=> O0<cot!x<1 &0<cos!x<1 
=> xe(cotl, 0) & xeE(cosl, || 
= xe(cotl, 1] 


Ex-22. Find the number of solutions of 


Soln. 


sin{x}=cos{x}, V xe[0, 27]. 

We have, sin{x}=cos{x}, V xe[0, 27] 
Stax 

= {x}=tan(l)= 7 


Hence, the number of solutions = 6. 


(since {x} is a periodic function with period 1, it 
has one solution between 0 to 1. So, there are six 


solutions between 0 and 6.28). 


EXERCISE 2 


Q. Find the domains of 


1. 


F(x)= sin”! (2x —3) 
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1. f (8) =sin" (202-1) 6.5 CONSTANT PROPERTY 


: . -] =) _a iE 
8. f (x)= sx sin x— 6(sin™ x) (i) sin” (x)+cos~ (x)= aye e[-1,1] 
9 f(x) = log, 3tan | x+7 (ii) tan”! (x) +cot! (x) a +.¥ xeER 
; nm—4tan! x 
ioe Her ( ) (iii) cosec™!(x) + sec"! (x) = es € R—(-1,1) 
; 2+sinx * : 
te Proof: (i) Let sin™'(x)=6, ~Z S985 
11 Fo)=sin'( ; 
2x => x= sind 
2 
12 f (x)=co “E ) > cos( 2-0 = 
x 
13. f(x)=sin! (loz, Ge +3x+4)) => cos *x=(2-9), 0<(4-0}s 1 
2 
14. f (x) = sin! [be (=) Thus, sin!) x+cos!x = @+ -O0= z : 
15 f(x) aes! [2 = 3x7] Similarly, we can easily prove (ii) & (iii). 
1 asin“! x 1 6.5.1 Some solved examples 
16. f(x)=-+3™" *+—— 
( ) x vVx—2 Ex-1. Find the range of 
17. f(x)=sin™ (log, i) f (x) =sin™ x+cos'x+tan |x, 
1g, f(x)=e"+ sin! (= = 7 + 1 Soln. Wehave, f(x)= sin"! x+cos ' x+ tan”! x 
2 x is defined only when -1<x<1 
19, £(x)=,Jsin™ (log, 2) Now, f (1) =sin™! (1)+ cos”! (1) + tan” (1) 
a _ vite mn 30 
20. f (x)= ,/sin (log, x) 5) fA 
Q Find the range of and f(-1)=sin™' (-1)+cos”' (-1) + tan” (-1) 
21. f(x)=sin™ (2x-3) A 
Op) =2sin"!(2x-1)-" Se nae 
. f (x)=2sin™ (2x- ae bes 
Thus, Ry = a 
23. f (x)=2cos" (-x’) -1 


, Ex-2. Solve for x: 4 sin7! (x _ 2) +cos! (x - 2) = 


24. == tan (1=x2)=% 
f(x) 2 te ( *) 4 Soln. We have, 4 sin"! (x—2)+cos!(x-2)=2 
Se =) eee: 
25. f (x)= 8ot (2x x”) = 3 sin (x-2)+2 =m 
26. f(x)=sin'x+cos™' x+tan™! x Z 
| _ 
27. f(x)=sin | x+sec™! x+tan™ x 2 pa (x-2)= 5 
aes 1 
28. f(x) =3e0t! x+2tan“l x+4 > sin” (x-2)=— 
29. f (x) = cosee'[1+sin? x] = («-2)=sin( 2) =3 


30. f(*)=sin™ (loz, (x? +3x+ 4)} 
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peaee 5 
Hence, the solution is x= 


Ex-3. Solve for x: => * 


sin! (x? —2x+ 1) +cos! (x? - x) = 


N/a 
NO 
NO 


Soln. As we know that, 


if sin! (f(x) +cos! (g (x)) = - , then 


F)=8(0) alga) laa) 


ie. 
mare 
iy 
Nh 
Qe 
ll 
ie OS 
ol to 
+] %, 
N 
SS 


> (x? -2x-+1)=(x? -x] = v= 08{ 1 -{ x 
=> 2x-x=l1 x+2 x* +2 
= y=] => x=0&x=1 

Hence, the solution is x= 1. Ex-6. Solve forx: sin’! x>cos x. 


Ex-4. Find the number of real solutions of 
tan”! /x(x+1)+sin |) Vx? +x+41 =e . 
JeGe+I) + sin! i 
Soln. We have, 


tan fx(x+1)+sin Vx? +x41=% 
an” /x(xt+1)+sin™ Vx" +x+ 5 


Soln. We have, sin"! x>cos | x 


=> 2sin'x>sin7!x+cos! x 


yes T 
— 2 sin x >> 


l 


Reser] aan 1 


Vx7+x41 ai He es 
=> x4x41=1 ( 1 
=> xel—,l 
=>  x+x=0 2 
=> x(x+1)=0 
=> x=0 &-l. 
ae EXERCISE 3 
Hence, the number of solutions is 2. 
: : . Solve for x: 
Ex-5. If sin”! premio aie weeds Q pee ; 
4 1. (sin x) -3sinx+2=0 
+ cos (: eae seesees J=$. tr 2. sin x+sin™ 2y=2 
3. cos !x+cos! x? =2n 
0 <|x|< V2, then find x. 4, cos! x+cos! x? =0 
Soln. As we know that, if 5. 4sin7! (x-1)+ cos’ (x-l)=x 
er -l TU 
a (f(x) + cos (g(x))=, then 6. sin) x>cos! x 
= 1 ~ 1 
f (x)= g(x) 7. cot ( ; -) tan ‘alas 
2 3 4 6 
Ree Xk es oe ee re 2 
> [s-S+2-..]-[3 5 a mi | @. cot l stan bas )-# 
2x x -1 3 


x x x ox . ed -] 3a 
> x Drees Se bee ee 9. Asin” x+cos are 


Z _ 70 
Stan7) x +3cot eae 


. Stan"! x+4cot!x=27 


cot! x—cot™! (x+1)= ; 


; [ sin x| + [cos x| =0 


tan”! x| + [cot x| =0 
sin’! cos”! sin7! tan7! ] =0 


sin’! cos! sin”! tan7! | =! 


(tan x) + (cot x) = = 


6.5 CONVERSION OF INVERSE 


TRIGONOMETRIC FUNCTIONS 


Case I: When x > 0 


1. 


6. 


Case II: When x < 0 


1. 


Functions Principal values 
sin”! x |° 4 
cos”! x fo, 4 
tan! x 0, z) 
cot”! x 0, 4 
cosec”!x 0, 4 
sec! x lo, =) 


Functions Principal values 
ae aif 
sin x [2 
[ a 
—| ener 0 
cosec x "2 
1 
-] awa, 0 
t > 
an x 5 
-] [ x 1 
cos me 
‘i L2 
2 x 
sec x >? 
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0) 


Here, we shall discuss, any inverse trigonometric 
function can be expressed in terms of any other inverse 
trigonometric functions. 


6. cot! x 


Step I: 


(i) sin“! (x)=cosec™! 


(ii) cosec”'(x)=sin 
(iii) cos”! (x)=sec™! [ , xe[-1,1]-{0} 


i 
x 
1 
(iv) sec! x=cos! (*) ; 
x 


(v) tan7! (x) = 


Proof: Let tan) x=0 


Case I: When x > 0 
Then tan (0) >0 


> ea: ee 
2 


Now, ny ee z 
tan@ x 


=> 6@=cot! (+) 
x 


Thus, tan! x=cot! (=) . 
x 


Case II: When x < 0 
Then tan@ <0 


> Sr epe0 
2 
—s (ape 
2 
1 
> Rp 
> _n<-nt-9<-= 
2 


Now, cot(-a — 6) =cot@ 


1 1 
and cot@ = =— 
an x 
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Thus, (-x - 6) =cot! (*) . 
x 
> (-x —tan™! x) =cot! (+) 
x 
*) 
x 


1 


= tan!x=-m+cot! [ 


(vi) cot! (x) = 


Proof: Case I: When x > 0 
Let cot’ (x)=0 


= cotd=x 


0<0<5 


Here, cot9>0 => 5 


Now, ee # 
cotO0 x 


=> 6@=tan! (+) 
x 


It. afl 
=> cot x= tan = 
x 


Case II: When x < 0 
Then cot@ <0 


> © 262 1 
2 
1 
Now, tan(— + @) = tan @ =— 


=> (-1+6)=tan"! (+) 


-| fl 
=> —mw+cot x=tan = 
x 


Sian = fl 
=> cot x=7m+tan = 


x 
Step I: 
cos”! (vi — x? 
(i) sin} x= 
—~cos! (vi ee 
1 
( ; 
= 
(ii) sin! x= = 
| 1 
—sec 
l-x 


O<x<l 


— 


:-l<x<0 


sin"'(Vi- 2°} O<x<l 


n— sin" (Vi-x*) :-15.x<0 


(iii) cos x= 


cosec 0<x<l 


ie 


(iv) cos! x= 
7m —cosec ! | 


1 
V1—x? 


|:-tsx<0 


(v) sin’! x=tan! [=| :-l<x<l 
l-x 


(vi) sin x= 


6.5.1 Some Solved Examples 


Ex-1. Find the value of cos [eos (3)) : 


Soln. Let soos 2) =0 


= cos(20)== 
> joe eata = 
5 
> eee oat = 
5 5 
> ry eee 
5 
2 
=> cosd=— 


Ex-2. Find the value of sin(* +sin7! (3) ; 


Soln. We have, sin (4 +sin! (3) 


sin eg ‘ 6=sin! x 
4 2 


sin Gg , ee 
4 2 


: sin{ © }eos( 6) +os{ © Jin (6) 


If mis aroot of x7 +3x+1=0 , then find the value 


of tan! (m) +tan™! (=| : 


Ex-4. 


m 
Soln. Let m, and m, be the roots of 


x°+3xt+1=0- 
Thus, m, +m, =—3 <Oand mm, =1. 
It is possible only when both are negative. 


Thus, tan! (m) + tan! (+) 
m 
= tan”! (m)—2 +cot™' (m) 


= tan”! (m) + cot! (m)-x 


Ex-5. Prove that cos (tan! (sin (cot x))} = 


Soln. We have, cos (tan! (sin (cot x))} 


= cos (tan (sin 6), cot@ =x 


fet 


1 
= cosg, tang =| ———— 
y [| 


EXERCISE 4 


Q Solve for x: 


1. 6(sin™! x) —asin x <0 
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2tan!x+z 

2. ——~—— <0 
4tan x-2Z 

3. sin’! x <sin! x” 


-1 29 
4. cos x>cos x 


5. log, (tan x) >1 


2 
6. (cot! x) —5cot !x+6>0 
7. sin! x<cos!x 

g. sin’! x> sin! (1- x) 


9. sin! 2x > cosec !x 


10. tan7!3x< cot! x 
11. cos’! 2x > sin7! x 


12. x? -2x<sin"! (sin 2) 
13. sin”! [5] <cos ! (x +1) 


14. tan! 2x>2 tan! x 
I . fl 
15. tan (cos x) < sin [cos (3) 
2, 


6.6 COMPOSITION OF TRIGONOMETRIC 
FUNCTIONS AND ITS INVERSE 


Let y=sin x 


=> x=siny 

=> x=sin (sin! x) 

> sin(sin™ x) =x 

Therefore, sin (sin x) provide us a real value which lies 
in [-1, 1] 

Hence, 


(i) sin (sin! a \=% |x{<1 


(ii) cos 
(iii) 
(iv) 
(v) cosec(cosec"'x)=x, |x|21 


(vi) 


I 
sec (sec x) =x, 


x|21 
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(i) Graph of y=sin (sin x) 


y 
A A A 
~< >y=1 
x’x 5 > x 
~ >y= 
Pe uf ne 
I. Dy =E-h] 
2. R, =[-LI] 


3. Itis a non-periodic function. 
(ii) Graph of y=cos (cos x) 


¥ 
h A A 
od >y=1 
xX’< 5 > xX 
~< y= 
Y 
X=- y x=1 
1 D, =[-1,1] 
2. Ry =[-L]] 


3. It is a non-periodic function. 
(iii) Graph of y= tan(tan! x) 


Y 
A 
y=x 
xX’< a > xX 

Y 
Mm 

1. D,;=R 

2. R,=R 


3. It is a non-periodic function. 
(iv) Graph of y= cot (cot x) 


A 
Y=X 


~~ 
s 


1. D,;=R 
2. R,=R 
3. Itis a non-periodic function. 


(v) Graph of y=cosec (cosec 'x) 


Y 
A 


PS 
A 


peru cecksccscs 


A 
Y 
SS 

iT 


Y 


| 
a 
a mace 


= 


Y 
Y’ x 


x< 


Ik Dp= (=the) 

2. Ry =(-=, Hull =) 

3. Itis a non-periodic function. 
(vi) Graph of y= sec(sec x) 


3. It is a non-periodic function. 


6.6.1 Some Solved Examples 


Ex-1. Let f(x)=sin"! x+cos x, 


then find the value of 


1 
(i) f +). meR 


2 
(ii) f rh mer 


(ii) ¢| J.mer 


m +1 


(iv) f(m?-2m+6), meR 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


(v) f(m? +1), meR 


As we know that, sin’! x+cos x= 


1 
—, for every 
xin[-l, 1] 2 


(i) since 0< <1 


m +1 


1 
= (= a} 


2 
m 


(ii) Since, 0< 
2 
m 

{2 —|- 


Ben ae 1 
(iii) Since, -—< 
2 


m 
so, f| —— |= 
A= —| 2 


(iv) Since m? —2m+6=(m-1) +5 


<l, 


Na 


Thus, 5<(m-1) +5 <0o 

Hence, f{(m o ly 5) is not defined. 
(v) Also, 1<m? +1<o 

So, f (m? ze 1) is not defined. 

= 7 2 
If cos’! x+cos ‘y=, then find the 
value of sin’! x+sin” y. 
' = = 2 
Given, cos 'y+cos ly a = 
Now, sin! x+sin”! y 
I 


14 = 14 
=—-cos x+—=-cos y 
2 2 


=- (cos! x+cos! y) 


If m is the root of x7 +3x+1=0 , then find the value 
of tan”! (m) + tan! (+) : 
m 


Let m, and m, are the two roots of the given equation. 
Now, m, +m .=-3 and m,.m,= 1 
=> m, and m, are two —ve roots. 


Ex-4. 


Soln. 


p./ 
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Now, tan! (m) +tan”! (=} 
m 


= tan”! (m)—z + cot™|(m) 


27 tan (m)+ cot! (m) 


1 
2 
2 
2 
Solve for x: 
2 
sin! [n( 2 = 5) > sin! (sin3) 
x° +2 
2 
Let m=* HD ty = 
x +2 x +2 


Thus, me [> *] 
2 


2 2 

Pee (eae x 

now, sin sin 5) 
x 


a > sin! (sin 3) 

+2 
: fs 28) 
sin’ | sin) 7-— 
x +2 


=> 
< sin“ (sin(a —3)) 
_ 2x +5 o3 
at x7 +2 
2x7 +5 a 
2 x4 
2x? +5 
-—3/<0 
rm; x7 +2 
2 
—x° —5 
<0 
= ==) 
2 
x +5 
>0 
= +) 
=> xeER 


COMPOSITION OF INVERSE 
TRIGONO METRIC FUNCTIONS 
AND TRIGONOMETRIC FUNCTIONS 


(i) A function pra|- 7 is 


2° 
defined as f(x) =sin™! (sin x) 
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be 


Graph of f (x)= sin! (sin x) 


. Itis an odd function. 
. Itis a periodic function with period 27 
g- 222322 
2 2 
MX ae 
LSA eS 2 2 
. sin™ (sinx)= ; ae 
pon eS age 
2 2 
peg, eee 
2 2 


(ii) cos! (cos.x) : 
A function f:R-—>[0, 2] is defined 


as f(x)=cos ' (cos x) 


Graph of f (x) =cos™! (cos x) : 


Nn 


. It is neither odd nor even function. 

. Itis periodic function with period 27. 
x 00<x<a 
2N-X:NSxXS20 
x—-2n :2N<x<30 


—x 1-0 <x <0 


. cos! (cos x) = 


ios) 


(ii) tan7' (tanx): 


A function f:R-(Qn+1)> > (-2.2) 


is defined as f (x)= tan‘’ (tan x) 
Graph of f (x)= tan”! (tan x): 

Y 

A 


> y=l2 


> X 


> y=-al2 


Y 
y’ 


. Itis an odd function. 
. Itis a periodic function with period z 


—1 1 
x —<x<— 
2 2. 
1 31 
x-T ee ae 
: tan”! (tan “= 
30 
x-20 1: —<x<— 
2 
37 —1 
X+H 1: —<x<— 
2 2 


(iv) cot (cot x): 
A function f :R-(nz)— (0, 2) is defined 
as f(x)=cot”! (cot x) 


Graph of f (x)= cot! (cot x): 
Y 


. | oe 
haa a 


RW WN 


y’ 


Dp=R-nt, nel 


. It is neither even nor odd function. 
. Itis a periodic function with period 7. 


x :0<x<Zz 


X-M:U<x<20 


=i 
Sc x—-2n:20<x<3n 


CPL THES K <0 

(v) cosec”'(cosec x): A function 
f:R-(nt) ~|-%, 4 —{0} is defined 
as f(x) =cosec”' (cosec x) 


Graph of f(x) = cosec™! (cosec x) 


<< 


1. D,; =R-nn, nel 


2. Ry -|-£.2]-(0} 


3. It is an odd function 
4. It is a periodic function with period 27 


5. cosec! (cosec x) 


eS Sah 
(vi) sec”! (sec x): A function 


F:R-(2n4)% [0, x]-{5| is 


defined as f (x) =sec™! (sec x) 


Graph of f (x) =sec ' (sec x) 


=S 
6 
A 


é - Yan 


~ >y=nl2 


xX’ ~< 


~ xX 


<~< 
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3. It is neither even nor odd function. 
4. It is a periodic function with period 27 


x :O<x<a 
2N-xX:NSxX<S20 
x—-2n : 2n<x<30 


—x :-w<sx<s0 


5. sec! (sec x) = 


6.8.1 Some Solved Examples 
Ex-1. Find the value of 

(i) sin™’ (sin3) 

(ii) sin~ 


(iii) sin™ 


(v) sin™ 


( 
( 
(iv) sin~ (sin10) 
( 
( 


Soln. (i) sin- 


(ii) sin”! (sin 5) 
= sin! (sin (5- 2z)) 
= (5-22) 
(iii) sin”! (sin7) 
= sin! (sin (7- 2n)) 
= (7-22) 
(iv) sin! (sin 10) 
= sin! (sin (32 - 10)) 
= (3-10) 
(v) sin! (sin 20) 
= sin! (sin (20- 61)) 
= (20-67) 
Ex-2. Find the value of 
(i) cos”! (cos 2) 
(ii) cos | (cos 3 


(iv) cos | (cos 7 


(cos 3) 
(iii) cos ' (cos 5) 
(cos 7) 
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(v) cos”! (cos 10) 
Son. (i) cos (cos2) =2 
(ii) cos '(cos3)=2 
(iii) cos”! (cos5) 
= cos | (cos(2m —5)) 
= (22-5) 
(iv) cos’ (cos7) 
= cos | (cos(7-27)) 
= (7-2z) 
(v) cos! (cos10) 
= cos ' (cos(4z -10)) 
= (42-10) 
Ex-3. Find the value of 
(i) tan™ (tan3) 
(ii) tan” 


(iii) tan™ 


(v) tan” 


( 
( 
(iv) tan™ (tan10) 
( 
( 


Soln. (i) tan” 


(ii) tan! (tan) 
= tan! (tan (5- 2z)) 
= (5-2z) 

(iii) tan! (tan7) 
= tan! (tan (7- 2z)) 
= (7-22) 

(iv) tan™' (tan10) 
= tan’ ' (tan(10-3z)) 
= (10-37) 

(v) tan7' (tan15) 
= tan (tan (15-52) 
= (15-5z), 


Ex-4. Find the value of cos”! (sin (-5)) . 


Soln. 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


Ex-8. 


Soln. 


We have, cos”! (sin (-5)) 


= cos! (—sin 5) 


nm —cos! (sin5) 


(5) 


ear 
Z 


Find f'(x), where (x)= sin“! (sin x) 
and -27Sx<7. 

We have, f(x) 

= sin”! (sin x) 

= xX+20-H-xX+X+N-X 

= 20 

=> f'(x)=0. 

Find f'(x), where f (x)= cos" (cos x) 


and -z7<x<27. 
We have f(x) 


= cos! (cos x) 


=-x+x+2n-x 
=2n-x 


=> f'(x)=-1 


9x2 
Solve for x: sin”'| sin BER <a-3 
x +1 


2 
We have, sin™!] sin = ae <m-3 
x +1 


_{2x°+5)__, 
= Pe | 
2x7 +5 si 
a x? +1 
2x" +5 
—31>0 
- (2 
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(2= +5-3x7 — ) 9. sin! (sin 20) 
= —— oan. ee 
x +1 10. sin! (sin50) 
> Fw) 11. sin“! (sin80) 
=> —V2<x<V2 12. sin”! (sin100) 
Ex-9. Find the integral values of x satisfying the inequality, Q. Evaluate each of the following: 
* —3x< sin’! (sin 2 
@ poe at ). 13. cos "| cos =)) 
Soln. We have, x” —3x<sin7! (sin 2) 
“ 31 
=> x —3x<sin™! (sin( - 2)) 14. cos | cos in) 
—> x? —3x<(a-2) 1037 
‘ 15. cos "| cos or) 
= x* —3x+(2-2)<0 7 
[: SSE AF) 0 16. cos ' (cos(3)) 
= = = 
2 2 17. cos” (cos (5) 
— = cx 18. cos '(cos(7)) 
Ex-10. Find the value of 19. cos” (cos (10)) 
sin”! (sin 50)+cos"' (cos 50) + tan“! (tan 50) 20. cos”! (cos(12)) 
Soln. We have 21. cos” (cos (15)) 
= sin”! (sin50)+ cos”! (cos 50) + tan (tan 50) 22. cos (cos (40)) 
bs SL oe ea 
= sin (sin (50 - 167) + cos a (162 - 50)) Het tnt feos (60)) 
+tan™ (tan (50- 167.)) 
24. cos” (cos (100)) 


= (50-162) + (162 —50)+ (50-167) 
Q. Find the value of 


= (AO) 25. sin! (sin1)+ sin”! (sin2)+sin“ (sin3) 
26. sin”! (sin10)+ sin”! (sin 20) 
EXERCISE 5 +sin” (sin 30)+sin™ (sin 40) 
Q. Evaluate each of the following: 27. cos”! (cosl)+cos”! (cos2) 

1. sin} sin )) +cos '(cos3)+cos | (cos4) 
: 28. cos '(cos10)+cos™' (cos 20) 

2. sin" | sin =) +cos | (cos30)+ cos (cos 40) 

iets “*)) 29. sin”! (sin10)+ cos“! (cos10) 
8 ae 


( 
30. sin7' (sin50) + cos” (cos 50) 
31. sin7' (sin100) + cos”! (cos100) 
32. cos! (sin (-5)) +sin! (cos(-5)) 


33. Find the number of ordered pairs of (x, y) satisfying 
sin10) the equations y =|sin x| and 


on Hn Wn & 
rn 
= 
5 

NaN mam 
Z. : 
=) 
— 


sin12) y=cos'(cosx), where x¢[-27 ,27] 
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34. Let f(x) =cos | (cosx)- sin”! (sin x) in [0, 2]. Find 
the area bounded by f(x) and x-axis. 
Q. Evaluate the following: 


a 
3 
36. tan” 


37. tan | tan a) 


35. tan | tan 


tan 


38. tan” 
39. tan” 


40. tan” 


42. tan” 


43, tan (tan 50) 


( 
( 
( 
41. tan” (tan10) 
( 
( 
( 


44. tan” tan1)+ tan! (tan 2) 


+tan! (tan 3) + tan”! (tan 4) 


45. tan (tan 20) +tan7! (tan 40) 

+tan™ (tan 60) + tan” (tan 80) 
46. sin”' (sin15)+cos™'(cos15)+ tan“ (tan15) 
47. sin”! (sin50)+cos”' (cos50) —tan™ (tan 50) 


48. 3x? +8x <2sin”! (sin4)—cos™' (cos 4) 


2 
49. sin'| sin si ad <na-3 
x +1 


6.9 SUM OF ANGLES 


(i) sin x+sin™ y 


a: x +y' <I 
R-a :x>0,y>0,x° +y? >1 
a:xy<0,x+y' >1 


—t-a:x<0,y>0, x+y? >1 


where q@ = sin"! [x = + yl - <) 
Proof: Let sin x= A & sin”! y=B 


=> x=sindA &y=sinB 


and 4,Be ee 
Did) 


= cosA=V1-x’» cosB=l-y’ 


Now, sin(4+ B) 
(i) sin x+sin™ y 
a: x +y'?<l 
m-a :x>0,y>0,x°+y? >1 
a:xy<0,x+y'>1 


—m—-a:x<0, y>0,x°+y?>1 


where of = sin”! [x - oe +yvl - <) 


Proof: Let sin"! x= A & sin! y=B 


=> x=snA&y=snB 
nn 
A,Be|-—,— 
and 5 4 


> cosA=yl-x* , cosB=1-y” 


Now, sin(A+B) 


sin AcosB+cos A.sin B 


x= y” + yvVl—- x 


Case I: when -1<x,y<1&x°+y’ <1 


In this case, x? +y? <1 

= [aay &1l-y? =x? 
> (1-x?)(1- y?) > x?y? 
> (1-x7)(1- »7)-2y 20 
= cos(A+B)20 


= A+B lies either in the the first or the fourth 
quadrant. 


sin(A+B)=xJI- y tyvi-x? 


=> A+B=sin'[rfi-y? +i] 


=> sin’! x+sin| y= sin“! xy! y? +=} 


Case II: when x y<Oand x7 +y?>1 
In this case, we have, xy < 0 
=> (x > 0 and y < 0) or (x <0 andy > 0) 


an Ae(o.% and Be -.0] 
2 2 


=> soe pee 
2 2 


Also, x° + y?>1 

=> Laxey and 1— y* >x°* 
> (1-2? )(1- y?) > x°y? 

% evi ae 


—xy< (1-x?)(1-9?) < xy 


=> 
(1- x°)(1- y’) —xyv>0, ts xy < 0) 
=> cos(4+ B)>0 
=> A+B lies either in the first quadrant or in 
the fourth quadrant. 
me A+Be c ses 4 
2 
=> sin ( (A+ B)= xJl-y + yV1-x? 
=> A+ B=sin"(x¥t=y? + yvVi= 2") 
> sin”! x+sin™! y 


=sin! [x/1-»° +=) 


Case III: when 0<x,y<1 and x? +y? <1 


In this case we have 0< x,y <1 


— Ael0,~| and Bel 0,~ 
2 2 


= A+Be[0,z] 

Also, x7 +y? <1 

=> pax eye and 1— y* <x? 
=> (1-x?)(1- 9?) <x?y? 

> (1-x°)(1-y?) <ay 


=> (eye and lay <x" 


an (1-x*)(1-»?)-xy <0 
= cos(A+B)<0 


= A+Blies either in II quadrant or in II quadrant. 
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=> 5S 4+ BSH, since At+Be(0, 1) 


Now, sin ( (A+B)= xVl- y 2 4 wl x? 
= xJ/i- y ee x? 
= teste lof oo 


=> A+B=n-sin'(xfi-y +yV1-2"] 


> sin (a - (4+B)) 


=> sin'x+sin'y 


=n —sin™{x1=y? +=) 


Case IV: when -1< x,y <0 and x7 + y?>1 


In this case, we have, —1< x, y<0 


= Ae|—%,0| and Be|-~,0 
2 2 


= A+Bel-z,0) 
Also, x7 + y?>1 
=> 1x7 <3 and 1— y* <x* 


=> (1-x?)(1- 7) <x°y? 


(I = x") (1 - y’) < XY (since, xy > 0) 


U 


l 


(1-x?)(1- ?)-2 <0 


=> cos(4+B)<0 
= A+B lies either in the first quadrant or in the 


third quadrant. 
= gegepet 
2 
1 
=> ~y Ss (At Bsa 
1 
=> -—<-m-(A+B)<0 


=> sin ( (A+ B)= xl-y? + yVl—x 
= xJ1- y 2 4 yt x? 
sin {—1 — (A+B)! (x = y 2 4 yf1—x ,) 


l 


~sin{z + ( (4+B)} 


l 


254 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


(ii) 


Proof: 


(iii) 


Proof: 


= m—(A+B)=sin™ '(xyi- y 2 + yl/l—x i 


=> oa +i) 
=> sin’! x+sin™' y 

= ---sin! [x /i- +12) 

1 


sin”! x—sin™! y 


a x ye 


m-a :x>0,y<0,x° +y7>1 


a :xy>0,x +y7>1 


—m—a: x<0,y>0,x? +y?>1 


where @ =sin™! [xvi- yes yvi ae 


Do yourself. 


-l - 
cos x+cos y 


a ix+ y20 
— |2n-a ixty<0 


where a =cos | (w-vi-? vi- y| 


Let cos’! x =A and cos! y=B 
Then x = cos A and y=cos B 
= Ae[0, 2] and Be[0, z] 


Now, 


sind=Vl-x? and sinB=l-y 
cos (4+ B)= xy—-vV1-x’ yl-y’ 
cos (A—B) = xy+V1-x7 Jl-y? 


Case I: 

-l<sx, ysl and x+y20 

In this case, -l< x, y<1 

0<A+B<2n and x+y20 
0<A+B<2z7 and cosA+cosB=0 
cos A2—cosB 

cos A > cos (z — B) 

Asa-B 

O<A+B<S2 


cos(A+ B)=xy-V1-x? Jl-y’ 
A+B=c0s"'(xy-vi- x? i= y"} 


-l -l 
cos x+cos y 


YY vuysueuvudy 


= cos! [»- V1l-x? \i-y?] 


Case I: 

when -1< x, y<0 andx+y<0 
In this case -l< x, y<0 

= A, Be[0, x] 


= 0<A+B<2n and x+y<0 
= cos A+cosB <0 
=> cos A < cos(a -B) 
=> A>n-B 
> A+B2n 
Thus, 7S A+ BS 20 
=> ~2n $-(A+B)<-a 
=> 0<2n-(A+B)<a 
un 

A+Be 
- [- DF 5 
=> sin ( (A+ B)= xl - y 24 yl x? 
=> A+B=sin(x¥t=y? + yvVi= 2] 
> sin’! x+sin 7! y 

=sin™! [x i=? +t) 
Case III: 


when 0<x,y<1 and x*+y* <1 


In this case we have 0<x,y<1 

= Aelo.5| and Bel oe | 
2 2 

= A+Be[0,z] 

Also, x* + y? <1 

=> l-x’<y’ and 1— y* <x 

=> (1-x?)(1- 7) <x?y? 

=> (1-x°)(1-y?) <ay 


(1-x°)(1-y?)-av<0 


=> 

= cos(A+B)<0 

= A+Blies either in IJ quadrant or in II quadrant. 
=> 5S 4+ BSH, since A+Be(0,2) 

> —(A+ B)<-— 
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= 0<n—-(A+B)<> =-n-sin"!(xyt-y? + i= ] 
Pr el eel 
Now, sin(A+B)= xJl- y 2 4 yl x? (ii) sin x—sin y 
: ee, 
=> sin (a - (4+B)) = xJl- y oer x2 a : x+y <i 


m—-a :x>0,y<0,x° +>] 


a :xy>0,x*+y’>l 
: WD 
= A+B=n-sin'[xft=y? +yV1-x°] -1-a: x<0,y>0,x° +y°>1 


where of =sin”! (xvi- y? - yvl = 


= (x-(A+B)) =sin- '[xyi-y + yVl—x *) = 


sin”! x+sin yH=n- sin”! (xvi = y? + yl ag? 
Proof: Do yourself. 
Case IV: 


when —1< x,y <0 and erty >l 


(iii) cos! x+cos! y 


-{; ix+y20 


In this case, we have, -1< x, y<0 
4 2m -Qa :xt+y<0 


=> 4c|-4 0| and Be|-4 0] 
a 2° where a=cos'(xy-vi- x I-y*| 


=> A+Be|-z,0 a = 
| ) Proof: Let cos’!x= A and cos 1y=B 

Dy 

Also, x+y" >1 Then x = cos A and y=cos B 


=> |-x’<y? and 1-y? <x? => Ae[0, 2] and Be[0, x] 
= (I-x*(I-y’)<x?y Now, sind=Vi—x? and sinB=yI-y’ 
= |(1—x?)(1-y7) <xy (since, xy > 0) SOARS Nee lay 
= (i-)(I-y?)-»<0 cos (A—B)= x + V1-x? Vl-y? 


Case I: 


cos (A + B) <0 when —-1< x, y<1 and x+y20 


A+ B lies either in the first quadrant or in the ; 
third quadrant. In this case, -l< x, y<1 


Uy 


= poset => 0<A+B<2n and x+y20 
2 => 0<A+B<2z and cosA+cosB20 

=> -2<-(A+B)<x => cosA2-—cosB 

2 = cos A > cos(z — B) 
sue -~(A+B)<0 = ASn-B 

2 => O<SA+BSn 
= sin(A+B)= xV1-y? + yvl-x? => cos(A+B)=xy-Vl-x° Jl-y? 
ey -sin{r+(4+B)}=xJi-y? +yvi-2 => A+ B= 008" (xy-Vi-x* yi- 9") 


= sin{-7-(A+B)} }=(xJ1- y > + yVl-x 3 > cos! x+ 08"! y= cos"! (xy—Vi=37 i= »*] 


~ -am-(A+B)=sin™ ‘(xi y 2 4 yi | Case II: 
when —-1< x, y<O andx+y<0 
=> ee In this case -l< x, y<0 


= A,Be[0, 2] 


=> sin! x+sin! y 
=> 0<SA+B<2z and x+y<0 
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(iv) 


Proof: 


(v) 


Proof: 


cos A+cosB <0 
cos A < cos( —B) 
A=n-B 
A+B2n 


— -2n<-(A+B)<-a 


— 0<2n-(A+B)<a 

Now coe nye HAIER ay 

5 cos(2n-(4+B))=xy-Vi-x? JI-y? 
= (2 -(4+ B))=cos"!(xy- Vi-? y= y*] 
= A+B=2n-cos"'[xy-vi-x i-y*} 


=> cos) x+cos7! y 


=2n-cos! (xy-vi-x yi-y”) 


cos! x—cos! y 


a : xsy 
-a@ : x>y 


where a =cos (w+vi-x Vi-y*} 
Do yourself. 
tan! x+tan7! y 

Qa: xy<l 
m+a :x>0,y>0,xy>1 
—1+a :x<0,y <0, xy>1 


:x>0, y>0, xy=1 


:x<0, y<0, xv=1 


Nia wla 


= + 
where o = tan7!| ~~~ 
1-xy 
Let tan7! x= 4 and tan™! y=B 
Then x = tan A and y = tan B. 


> Ae als and Be os igs 
2 2: 22 


tand+tanB x+y 
l-tanA.tanB 1-xy 


tan(A+B)= 


Case I: when x > 0, y> 0 and xy < 1 
In this case, x > 0, y>O andxy<1 


+ 
=> exec <0 
1-—xy 
= tan (A + B)>0 
A+B lies either in the first quadrant or in 
third quadrant. 
=> 0<A+B<a 
+ 
= tan(A+B)= aaa 
l—xy 
+ 
= (44+8)= tan { 2 ») 
l—xy 
+ 
= tan! x+tan™ y =tan! (2 ud ) 
—xy 


Case II: when x < 0, y < 0 and xy < 1 
In this case, x <0, vy <Oandxy<1 


+ 
=> ante 4 <0 
l-xy 
= tan (A + B) <0 
=> A+B lies either in II quadrant or in IV 
quadrant 
> A+ B lies in the IV quadrant 
= -™<A+B<0 
+ 
Now, tan(A+B)= ae 
1-—xy 
7 + 
= Aepaen'{ 242 ») 
l—xy 
= = = + 
=> tan”! x+tan7! y=tan! aE 
l-xy 


Case II: when (x > 0, y < 0) or (x < 0 andy > 0) 
In this case, x >0 andy <0 


> Ae|0,~| and Be|-~,0 
2 2, 
> At+Be on 2 
2x2) 
Now, tan(4+B)=2-* 
l-xy 
=> tan”! x + tan"! y= tan7! nag ) 
l-xy 


Similarly, if x <0 and y > 0, we have 
+ 
tan” x+tan7! y= tan”! ) 
l-xy 
It follows from above three cases that 


+ 
tan’! x+tan! y= tan! es 
l—xy 
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Case IV: when x > 0, y>0 and xy> 1 Lay 
In this case, we have x, y > 0 and xy > 1 => (x +(At+ B)) = tan’ 2) 
-x 
X+y 0 y 
— ey -1{ x+y 
= A+B=-7 + tan i 
> tan (4 + B) <0 TAY 
A+B either lies in the II quadrant or in the “a e ifxty 
IV quadrant. = tan x+tan y=-—7+ tan iow 
A + B lies in the II quadrant. 
1 (vi) tan7!—tan7! y 
=> ~<At+B<n 
Z a : xy>-l 
= 7 <(A+B)-2<0 T+a :xy<-lx>0,y<0 
2 —t+a :xy<-l,x<0,y>0 
i ae 
> —3 <(4+8)-7<0 5 :xy=-lLx>0, y<0 
x+y 7 ixy=-1 x<0,y>0 
Now, tan(A+B)= x ,x<O0,y> 
1l-xy 
= = _xty where a=tan-'{ =) 
> tan(z (A+B) = l+xy 
a Proof: Do yourself. 
=> 4¢B—n=tar[ *) 
l-xy 6.9.1 Some Solved Examples 
1 1 
=> A+B=n+tan! cas Ex-1. Find the value of tan”! G + tan”! |) 
l-xy 2 3 
1 1 1{ *+y Soln. We have tan! z +tan”! e 
=> tan x+tan” y=7+ tan 7 2 3 
l-xy 
1 1 
Case V: When x <0, y< 0 and xy > 1 a} 273 
In this case x, y< 0 andxy>1 = tan ret 
1-=x= 
+ 
= ENG 2:.°3 
l-xy 
=> tan (4+ B)>0 = tan! 28 
= A+B lies either in the I quadrant or in the 1-1/6 
III quadrant (5/6 7 
=> A+ B lies in the third quadrant = tan = =tan™'(1)=2/4 
=> —N< Agpec= 
2 Ex-2. Find the value of tan”! (1)+ tan™' (2)+ tan”! (3) 
1 
> m—-m<m+(A+B)<a- > Soln. We have, tan! (1) + tan! (2)+ tan”! (3) 
2+ 
=> O<n+(A+B)<= ge ee 
2 1-2.3 
x+y - 
Now,  tan(A+B)= = —+a+tan™ (-1) 
l-xy 
x+y 4 1 
tan(z7+(A+B))= = Spe = 
= Ase) 1 xy 4 4 
=1 
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Ex-3. Find the value of tan7! (9) +tan7! 3}. 


Soln. We have, tan”! (9)+ tan! (=) 


Se 
4 


-1 
7+ tan 5 
1-9,— 
4 
41 


4 


| 
ss) 
+ 
= 
a | 


ee 
4 


ll 
eS) 
+ 
= 
i 

—_~ 

I 

= 


Ex-4. Find the value of 


“(2 “(3) (3) 
sin — |+s1n — }-sIn Sa is 
5 13 65 


Soln. 


t 
— sin 


2 2 
ele i-(3) se 1-(2) 
5 13 13 5 
| 
4f412)5 4 “(3 
—+—. —sin | — 
5 13 13 13 65 
. 1/48 15 . -1( 63 
= sin’ | —+— |-sin | — 
65 65 65 
| =| : (3) 
= sin | — |-sin | — 
65 65 
-1 1 =} 1 TU 
Prove that 2tan”'| — |+ tan” | — J=—. 
3 7 4 


We have, 2 tan! ) +tan! (+) 


Ex-5. 


Soln. 


— 
| 
| 
i ees, 

N 


| 

S 

=) 

uN 

\0 | co|us | to 

+ 

S 

i=) 

ue 

| 
Nae 


We have, sin”! (=) +sin! (=) ~sin7! (3) 
5 13 65 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


Ex-8. 


Soln. 


cipal Ec ri 
= tan + tan 
4 7 
3 1 
4°7 
= tan7! 
an 31 
]-—.= 
47 
— tan”! 2 
25 
= 
re 


1 


If sin" x+sin7! y+sin” z=, prove that 


xv1l—x? +yVl-y +2v1— 2? =2xyz. 


Let sin) x= A, sin”! y=B, sin!) z=C 


Then x =sin A, y=sinB, z=sinC 


we have, xvl— x2 + yyl-y Bisa? 


sin A.cos 4+sin B.cosB +sinC.cosC 


- (sin2A + sin2B + sin2C) 


“ (4sin A.sin B.sinC) 


2sin A.sin B.sin C 
= 2xyz. 


If cos’! x+cos! yt cos z= 
prove that ae y? +274 2xyz =1 


We have, cos! x+cos ! yt cos !z=2 


= cos! x+cos! y=n- cos! z 

os cos’! x+cos”! y= cos! (-z) 

=> cos! [w-vi-2 i=») =c0s(~z) 
= (xy +z)’ =(1-2*)(1-y?) 

=> xy? + 2xyz 42° =(5 sy 4x7 
> VP 4+y 42° 42xy2=1 


If cos! (5) +cos! (4) = 6, prove that, 


9x? +12 xy cos +4y* =36sin @ 


Given cos! (5) +cos! (=) =0 
2 3 


2 2 
-1| % Vy x y 
Be |e | ee 
=> Sd : 3 4 | 


Ex-9. 


Soln. 


Ex-10. 


Soln. 


2 2 
xy x JY 
—-—,/l-—,Jl-—— |=cos@ 
mi E 4 | 
xy : ie y 
—-—cos@}| =| 1-— || 1-— 
y (2 4 9 
ry x 
=> y ~~ cos@ + cos? @ 
36 3 
x? 2 422 
a ee Sere a. 
4 9 36 
x’ yy xy 
=> “4=_c¢9s9 =1-cos’6 
4 9 
x 2 x 
> x Yr pos = sin? @ 
4 9 
- 9x? + 4y* —12 xy cosO = 36sin’ 0 
-1 -1 -1 
t 1)+t 2)+t 3 
ney (1) +tan~ (2)+tan™ (3) 


cot '(1)+ cot! (2) + cot”! (3) 


then find the value of (m - ie . 


We have, tan”! (1) + tan! (2)+ tan”! (3)=a 


and cot” (1) +cot™! (2)+cot™! (3) 


= tan”! (1)+ tan” Z +tan! L 
2 3 


Hence, pee 
m/2 


Solve for x: tan”! (2x) + tan7! (3x)= =. . 


Case I: When x <0 

Then, tan”! (2x) <0, tan! (3x) <0, 

= x<0 

So, it has no solution. 

Case II: When x > 0, 2.x. 3.x = 6x* <1 
1 


LS SS 
= 46 
Then = = tan! (2x) +tan! (3x) < . 


So, it is not possible. 


Ex-11. 


Soln. 


Ex-12. 


Soln. 
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Case III: when x > 0, 2x.3x >1 


= DO 


ib 


Then = = tan! (2x)+ tan”! (3x) 


= neta [ an )-# 
1-6x7) 4 
= ta { ae )-# oe" 
1-6x? 4 4 
(ee 
=m 16x?) 
= 6x* —5x-1=0 
=> e=1,-1/6 


Thus, x = | is a solution. 


Solve for x: sin“! (x) +sin"! (2x) = 

We have, sin”! (x) + sin! (2x)= x 

= sin} x+sin7! (2x) = sin! 2) 

= sin! x—sin™! (2) =-~sin (2x) 
=> sin”! E = Bi | =sin™ (-2x) 


inv) =a 


= aN 
= 5x=3V1-x° 
= 25x? =3(1- x") 
=> 28x? = 
> ae 
2V7 
= = V3 negative value of x does not 


oe 2,/7 ’ satisfy the given equation. 


3-3x 
2 +} 


Let f(x)=cos'(x) +cos™ : + 
for —<x<l 
2 


Then find ((2013). 
We have f(x) 
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come Q. Prove that each of the following: 
-1 -1 — 3x 
yas (x) a is 2 13. tan” (=) +tan! (5) = tan! (2) 
7 13 9 
1 
= cos”! (x)+cos! (3) —cos | (x) 14. tan7'(9)+ tan! of peel 
2 4 4 
t 
=. 15. tan” [ )--tan-t(2) tan“ 5) z 
3 5 19) 4 
t 
NOM: f (2013) = es 16. tan” ( }- tan”! (2) +tan! (+) +tan7! ) mea 
5 7 8) 4 
1 


3 

4 

3 

4 
EXERCISE 6 i d1an"( +) +tan"'(2) =F 

S)eme(] 


1. sin”! x+sin7! (l-x)= cos! x 18. 2tan! :) +tan7'| — |+2tan™! (3) = a 
2 Re | ee 3/2 -1 3/2 
2. x° —4x> sin |{sin| 7 +cos {cos] 7 
| [ ) | [ ) 19. sin 2) +sin! (=) =sin! (7) 
3. cos (tan! x) =x 
if 4 ii 29 ee Lee 
4. sin (tan x) = cos (cot! (x+ 1)) SDE jeg) ee aa ee ae 
1 1 13 
ae ed gs ern re cos '| —|+cos"'] -— |+cos"| — |= 
5. sec () sec x=sec 2 21. q 7 14 
. 1 1 4 _a 
6. cos} tan} cot] sin™!} x+ 2 Ban (2 teot(3)= a 
2 
12 
+tan(sec! x) =0 23. 2tan”! (3) + tan”! (2) = 
7. Find the smallest +ve integer x so that Q. Write the simplest form of each of the following inverse 
- 1 = trigonometric functions: 
tan tan (=) tan" (| = tan( = 5 
10 x+l1 4 24. cos vl-x 
8. Find the least integral value of & for which 25. cos” (1 29) x) 
(k-2)x? +8x+k+4>sin”! (sin12)+cos” (cos12) ets 
: 26. cos (2x - 1) 
holds for all x in R. 
l+x = COS Xx 10 10 
= -1 27. tan beset sl 
9. If @=2tan (==) and Vagina: ea 
1x -1{ Ccosx _f t 
pesin'(i5) Opes eae 28. tan (Zaue it pes 
x 
then prove that a+ B = 7. 29. tan” cose O0<x<a 
cos x +sin x 
10. Let f(x)=sin|(sinx) ,V xe [-2, 27], 
then find f'(x). 30. tan” qs] os a 
11. Let f(x)=cos"'(cosx), V x €[-2z, x], ee 
4 Si: Sin 
then find f t). (= 
12. Let f(x) =tan™ (tan x), ve p(seeie Daas) 
bcosx +asinx 


Vxe -=. =| , then find f'(x). 


33. tan! Nite al 
: x 


34. tan! pas? 


1+cos } en 
x 


3a°x- x? 

-1 

35. tan ae | 
a —3ax 


36. cot 


I V1+sinx +J1—sinx 
V1+sinx —VJ1—sinx 


37. sin! [xvI=x - vevi- 2} 


38. sin x + cos x = ae 
4 4 


40. 


“eS 
ae cae 
«las 


+ 
aie 


Al. sin”! (Zoos. + 4sinx). 


6.10 MULTIPLE ANGLES 
(i) sin” [2.1 - *] 


Re 1 1 
2 sin"! x > -—=<x<s— 
2 2 
Sted 1 
=) m—-2sin x: —=<x<l 
a 
. 4] 1 
—-m-2sin x : -l<x<-—= 
2 
Y 
A 
~< > y=nl2 
<< > y=-al2 
x’~< > xX 
x=-1 ia qe O ge 1 x=1 
V2 V2 
Y 
y’ 
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(ii) cos! (2x° = 1) -| 


2cos!x :0<x<l 


2%,—2cos"! x :-l<x<0 
A 


> yan 
cree. > y=al2 
> X 
m= 1 
5 a :-l<x<l 
Oi: e x 
(iii) tan { :}= —H+a:x>1 
l-x 
H+a:x<-l 
where o = 2tan™! (a). 
¥ 
A 
A A 
-) —_ 
x’ < > xX 
Oo 
« 4 y—.. nl2 
Yy Y 
x=-1 Mf x=1 
y’ 
, a :-l<x<l 
(iv) sin( :}= N-Q :x>l 
1+ 
—l-a x<-l 
where a = 2tan™ (x) 
¥ 
A 
> y=nl2 
X’~< 5 > X 
> y=-n/2 
Y 
x=-1 y’ x=1 
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>< 


x’~< > xX 


6.10.1 Some Solved Examples 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


Find the value of sin(2 sin! ) 


Let sin! (5) =@0 
4 


> eee 
4 


Now, sin(26) 


= 2 sin@. cos@ 


eee fe 
4 \V 16 


1 
Find the value of cos 205" (+)) 
afl 
Let cos | —|=0 
3 


=> Eee ae 
3 


Now, cos(26) 
= 2cos*@-1 


=e oi 


Find the value of cos [2tan- (3) 


Let tan7! 3) =@ 
3 


=> ey ae 
3 


Now, cos(2@) 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


a 1— tan’ @ 


1+ tan? 6 


Find the value of sin(Seor? (3) 


4 
Let cot! (3) =6 
4 


N sin (5) 
ow, 5 


1—cos@ 


VY 2 


[oh ee 
"ra = Se OSE CE 


‘3 
0 
\ COSEeC 


cos@ 


2 


= cotd@ 


(es 
2 


_ 1 }__3/4 
J2\ Vi+9/16 
ee ee 

JIN 5 

8 

5 


Find the value of tan7! (# —2tan7! (2) 


4 
Let tan”! (3) =@ 
4 


=> tand= 


| 


We have, tan 


a 
a|g 


- 


—1-tan(26) 


1- tan (20) 
2tan@ 
1—tan? 6 


_ 2tan@ 
1— tan? 6 
tan? @—2tan@-1 


1—tan? 6 —2tan@ 


eR 
16 4 _ 41 
ee Le 
16 4 


EXERCISE 7 


Q. Prove that each of the following inverse trigonometric 


functions: 


1. sin 2a (3) = as 


COs 


tan 


tan 


tan 


Inverse Trigonometric Function 


11. Find the integral values of x satisfying the 


inequation x* —3x <sin™' (sin2). 


12. Find the value of x satisfying the inequation 
3x° + 8x <2sin | (sin4)—cos”! (cos4) - 


13. For what value of x, 


f (x) =cos!x+cos! fF + 


2 


x aa 


is a constant function. 


6.11 MORE MULTIPLE ANGLES 


(i) sin! (3x - 4x°) 


ec 1 1 
3 sin’! x -—<x<- 
2 2 
= m—3sin x :—<x<l 
-n—3sin'x :-l<x<-— 
Y 
A 
>y=n2 
x’~< re) > xX 
> y=-al2 
Y 
y’ 
(ii) cos (4x° — 3x) 
1 1 
3cos x :—<Sx<l 
2 
= 1 1 
= 2n-3cos!x :-—<x<— 
2 2 
-] 1 
—2m7+3cos x lara 
Y 
A 
> yY=n 
~¢ >y=n2 
x’ > 
O x 


x=-1 x=-1/2 
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ks _}{ 3x- x 
111) tan 
mw 1—3x? 


= 1 1 
3tan! x —-—=<x<— 
V3 3 
2 1 
m+3 tan! x a63.< x= 
3 
z 1 
-m+3tan!}x : =<x<0 
3 
Y 
A 
> y=nl2 
xX~< fe) > xX 
C C > x=-7/2 
Y 
= oe 1 
cs 
V3 aS 


6.11.1 Some Solved Examples 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


Let F(s)=sin"[- 2) 2a" (el aes 
+X 


then find the value of f(2013). 
We have, f(x) 


ae 2x -1 
sin [5 }+2tan (x) 


= t—2tan! (x)+2 tan! (x) 


= 
Hence, the value of 
f (2013) =T. 
ea] l+x ey 1-x? 
Let f(x) =2tan™ | —— |+sin 
l-x ee 


1 
for 0<x<1. Then find the value of (saa) : 


2014 
We have, f(x) 
in! In x! 
1+x? 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


Ex-5. 


Soln. 


2 (2 +2tan” (2) + (z- 2 tan” ()] 


Hence, the value of f ae = 
2014 


Let F(x) =sin"[ a ) 2 tan -2) 


x" +9 


is independent of x, then find the value of x. 


We have, f(x) 


ll 
tw 
S 
=) 

a 
w | 

| 
tw 
= 
fee) 
=) 

uP 
aa 
ws 
NY” 


=0 
‘ x 
It will happen when 3 <1 
= 2 <3 
=> —3<x<3 


Find the interval of x for which the function 


Ghia 23 

1 1 

f (x) =cos : =) 2m (x) 
ae 

is a constant function. 


We have, f (x) 


se: 
= co s+ 20") 


+x 


= —2tan! (x) +2tan! (x), x<0 


It is possible only when x < 0 

= xE(-ce, 0]. 

Find the interval of x for which the function f (x) 
= 3cos! (2x° - 1) +2cos! (42° - 3x] 


is independent of x. 
We have f(x) 


= 3cos! (2x? - 1) +2cos! (42° - 3x) 


= 3(2cos! x) + 2(2n —3cos! x) 
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(for 0S x<1) [tor -F<xs3) EXERCISE 8 


Q. Prove that 


It is possible only when 0x55 L i{ V1+2x? +V1-x? -($+5 -] | 
+—cos x 
— re[0.3) V1+x7? -—V1-x? 
Also, f(x) 2; é soos! 2) +tan(2 7 scos! ‘| 7 za 
a 
= 3cos! (2x? - 1)+ 2cos! (4x° - 3x) 
: : 3. wr 2 1 ran( 2 “Jan Plan 
= 3(2m-2cos” x) + 2(-20 +3008” x) 1+ pq l+qr 1+ pr 
: where p > g > 0 and pr <-1 <qr, 
(for -l<x <0) (for -lSx<-—) 1 1 1 
2 4. cot [2% Jroort(S2} cor 2*2) 0 
=n a-b b-c c-a 
1 
It is possible only when x €| —1,-— Li aint 2X Ib, sca eae 
2 5, tan sin °) +—cos 5) 
2 l+x 2 I+y 


Hence, the value of x is 
x+ 
apo lig -( aa 
a) 7) l-xy 


Ex-6. If tan’! y:tan!x=4:1, th = = . 
x-6 an yitan x , then express y 6a 1-x afl l-y =sin7! yr-x 
as algebraic function of x. Also, prove that 1 (1+x2\(1+ 92) 


7. tan7! [Sean 24) +tan7! (cot A)+ tan7! (cot® A) =0 


tan( 22) is a root of x* — 6x? +1=0. 


Soln. We have, tan™! y= 4tan! x 
> tan! y=tan”! [a] i at+b 2 a+bcos@ 
—6x° +x 
4x(I- | 9. tan (2tan™ a) =2tan(tan™ a+ tan rae) 


= = se 
1—6x? +x" 


Which is a function of x. 


2 
- 1 
10. cos! x+cos"! aa aeee ave ,—<x<il 
2 3° 2 
1 
Let tan! x =— 
8 11. If sin“) x+sin™ yt sin! z=2,, then prove that 


= x= tan( = wi- +yJl-y? + 2vl-2? =292 


12. If cos! x+cos! y +cos!z=2, 


=> tan”! y= 4tan | x= a er ee 
2 then prove that, x° + y° +2z° + 2xyz =1 
4x{1- 
= Axio?) mies 13. If cos! (5) +cos! (2) = 0, then prove that, 
1- 6x? +.x4 2 3 
=i 1—6x2 +x4 =0 9x? —12xycos0+4y* =36sin’@. 
3% 

1 - I . 1 es eae 

= x= tan( = igatontet les = bx 14. If sin x+sin” y+sin- z= oe then prove that, 


x ty? $2? —2xyz=1. 
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15. If sin! x+sin| y+sin z= an , then prove that 2) iene [ 1 }- re [ I Sapa (5 
3 2 1+2x 1+ 4x : 
xy t+ yzt+2x=3. 
32. 2tan™'(2x+1)=cos™ 
16. Ifsin' x+sin! y+ sin! z= = , then find the value an” (2x+1)=cos” x 


33. cos !x—sin !x=cos! (x3) 


9 
2012 , .2012 , _2012 
of x + +2 - 
e ca pe age 34. If tan! y: tan! x=4:1, express y as an 
17. If cos !x+cos! yt cos }z=37 , then prove that, alec orate tunenon Ob Hence, provetnat 
Sy Var 23. tan( = is a root of x* +1=6x". 
18. If cos! x+cos! yt cos! z = 37 , then find the value 
12013 4. 2013 4 72013 4 & PROBLEMS FOR JEE MAIN EXAM 
of 2014, ..2014 , _2014 : — Set Gave 
xO typo +z Ex-1. Find the principal value of sin (sin 10) : 


Soln. We have sin”! (sin 10) 


19. If tan”! x + tan7 yt tan! z= - , then prove that 
= ‘sin? ( sin (3% — 10)) 


xy tyz+z2x=1. 


20. If tan7! x + tan7 y= a , then prove that 7 (32 = 10) 

xtytxy=l. Ex-2. Find the principal value of cos! (cos 5). 
21. If tan! x+tan”! y+tan'z=7, then prove that Soln. We have cos”! (cos 5) 

xty+z=xyz. = cos | (cos(27 — 5)) 
221 tant ex — = a, then prove that = (20-5). 


V1+x? 41a 


x? =sin2a. 


23. Let m=tan(sec '2) + cot” (cosec ! 3), then find the 


Ex-3. Find the value of tan7! (1) + tan”! (2)+ tan! (3)4 
Soln. We have tan™! (1) +tan! (2) +tan7! (3) 


os -l =] 2+3 
value of (m? +m +10). = tan (1)+7+ tan fax 


1-—2.3 
i T “4 5 
24. If d sin! Sa , then find the value of tan 0. =—+7+ tan! - 2) 
2 5+4cos20} 4 4 5 
(tan 1+tan7'2+tan™! 3} ay ean (-1) 
25. Let m= , then prove that 4 


(cot! 1+ cot !2+cot! 3) 


m+l 7 ¥n-tan! (1) 
(m+2)"" =64, 4 


Q. Solve for x: glen ers 
26. tan”! (2x)+tan™! (3x) = an i : 
4 = 71. 
77 tana! 2 + ) eee ae ; Seen Ex-4, Find x, if sin! x>cos”'x. 
x—I me Soln. Given sin” x>cos' x 
28. sin! (2x)+ sin (x)= ua => sin x+sin'x>sin | x+cos! x 
3 
el TU 
=> 2sin x>— 
29. sin! =) +cos!x=~ 2 
5 4 oe] TU 
‘s = sin x >— 
30. sin“! (x)+sin™ (3x)= z : 


Ex-5. 
Soln. 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


> sin [ dd ! 

Xx — |=—= 

> 4 V2 

Also, the domain of sin™ x is [-1, 1]. 
Thus, the solution set is xe (+. 


V2 


Find x, if sin"! x < cos"! x 


f e251 =] 
Given sin’ x<cos x 


=> sin’! x+sin7! x <sin7! x+cos” 


> 2sin!x< Le 
2 
=> sin | x< z 
4 
=> x< sin( 2) = aus 
4) 2 
Also, the domain of sin7! x is [-1, 1] 


1 
Thus, the solution set is x € 1 +) 
2 
Find x, if 2sin™! x =sin! [2x1 ee 
Given 2sin7! x =sin7! [2x =a 


Now, the range of sin”! (2= V1- x 


Thus, an <2sin!x< a 
2 2 


14 Us a 4 
=> 22 <n ee 
4 4 


> —= SxS = 


Find x, if 3sin7! x = +sin7! (3x = 4x°) 


Hence, the solution set is 


1 


Given 3sin7! x =2+sin™ (3x = 4x°) 


Now, the range of 7 +sin7! (3x - 4x) 


. | aw 3n 
is | —,— 
2 2 


1 


x 


Ex-8. 


Soln. 


Ex-9. 


Soln. 
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Thus, ~ <3sinx< oe 
2 2 


> Ea ye 
6 2 
4 . (a 
sin| — |<x<sin| — 
= ) e 
1 
> —<x<l 
2 


Hence, the solution set is a 


Find x, if 2tan!x=a+ tan! (- ao 


2x 
1-x’ 


2 
Now, the range of 7 +tan | (75) 
=X: 


. (a 3x 
is | —,— 
2.2 


Thus, ~ <2tan'x< ae 
2 2, 


Given 2tan7)x=2+tan7! [ 


1 = 37 
> = eta es 
4 4 


tan( = <x< tan( = 
= 4)~ 2 
and tan( =) <x< tn 2) 

2, - 4 


=> lSx<co &-o<x<-l 
Therefore, the solution set is 
x €(—e, —1] UT], ©) 


Find the value of cos = +cos! - a) 


We have cos * cos a 
6 2 

T afl 

—+-cos | — 

6 2: 


= cos 
1 1 
= cos| —+2- 
6 4 
1 “6 
= ¢63||—4—— 
6 3 


= COS 
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Ex-10. 


Soln. 


Ex-11 


Soln. 


. Find the value of > tan’! [ 


Find the value of cos™ ‘(cos (2 cot (v2 - i) 


) 


We have cos we (v2-1 


= cos '| cos| 2cos”! 5)) 


= cos '| cos} cos! = 
(4-2v2) 
= cos | cos} cos! es eee 
(4-22) 
= cos '| cos} cos”! 


22D 
(4-2v2) 


= a ee 
cos COs} COS SS 
2 
é | 1 
cos COS] 7 — COS a 
2 


cos | cos 


37 ) 
cos| — 
4 


I 
fe) 
[o) 
Nn 
NO 
LX 
SFr 
se 
1 1 N 
Viral 
ma 
Warten 
es 
NY” 


lI 
a 
| 
a) 
WwW” 
_ 


ll 
Q 
° 
a 


ll 
a. 
alg 
Ne 


r=0 aed 


We have & tan { =] 
l+rt+r 


r=0 


2 1 
7 > tan Cran 


l+r(r+1) 


I 
Ms 


(tan (r+1)- tan! (r)] 


Il 
Co 


ll 
Ms 


(tan (r+1)- tan! (r)), noo 


“1 (2)= tan (1)) +(tan“! (3)— tan“ (2)] 
+(tan™! (4) —tan! (3)] +(tan™! (5) —tan™! (4)) 
a acess +(tan™! (n+1)- tan! (n)) 


= (tan (n+1)- tan”! (1)), noo 


: al (n+1)-1 eee 


1+(n+1).1)’ 


-] n 
= tan ,>noo 
(—) 


= tan7'(1), when noo 


Il 
o 


lI 
—_ > 

S 

5 


us 
4 


r=l Pras 
Soln. we have Zin ( 2 | 
n r-l 
n r_ 94r-1 
= . = r\_ -l({yr-1 
> (tan (2 ) tan (2 ) 
= 2) fan") 
+(tan™" (2 ) - 
+(tan™ (2” ) —tan™! (2"")) 


= tan! (2" ) tan”! (1) 


oo r-l 
Ex-12. Find the value of > tan”! [or] 


Fe) 


Ex-13. Find the value of Y sin fei 
(r + 1) 


Soln. 


Ex-14. 


Soln. 


r(r+1) 


r=l 


n 
We have ») en 


vr- = 
maf vr—Vr-1 
= 2tan (| 
= > (tan (vr) —tan! ( r- 1)) 
= (tan (1) — tan (0)) +(tan”| (2)-tan™ (1)) 


+(tan"! (3)- tan™ 


= tan! (n) 


Find the value of 
_1{ ax- 1{ a@-a 
tan! ates +tan™! oe ae 
aytrx 1+ aa, 
_j{ @,-a 4{a,-a 
ES 1 el (eee mt Se 7 
1+ a3ay 1+ 4,4, 


-i{ 1 
+tan (+ , where X, y,@),4)5...54, €R* 


an 


1 f ax- = -a 
We have tan7?| 2*7 | 4 tan“! 7% 
ayt+x 1+a,a, 


ll 
S 
5 


= tan”! (a,)—tan™ (2) +tan7'(a,)—tan™'(a,) + 
a 


tan”! (a, ) —tan™! (a) +...¢tan (a, ) —tan! (4,1) 


+ cot” (a, ) 


= tan” (a, ) +cot! (a, ) —tan™! (2) 
x 


Ex-15. 


Soln. 


Ex-16. 


Soln. 
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ll ll 
S N/a 
= (mu 
aT 5 
RIS | 
No = 
Go ne 
& IS 
KY 


0) 
2 2 
Find x, if (tan x) + (cot! x) aes 
8 
1/7 op ANZ 1 
We have (tan x) + (cot x) =— 
8 
‘ 2 
> (tan x+cot! x) —2tan!x.cot! x= = 
1 ; n 
> (=) —2tan™! x.cot7! x = 
2, 8 
2 o. 
— FO tan” x.cot | go 
4 8 
2 
— 2tan! x.cot! x= = 
=> tan7! x.cot7! x = ui 
: 16 
2 
=> ay ae where a = tan! x 
3 16° 
u 2 
=> l6a| —-al=a 
(G-4] 
=>  16a*-S8an+n =0 
=> (4a - mn) =0 
=> (4a - 1) =0 
1 
> a=— 
4 
oy T 
=> tan  x=— 
4 
> x=1. 


Hence, the solution is x = 1. 
Find the maximum value of f(x), if 


f(x)= (sec™! x) + (cosee“!x) 
Given f (x)= (sec! x) + (cosec"!x) 


1 1 


2 
= (sec 1 y+ cosec 'x) —2sec” x.cosec’ x 
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Ex-17. 


Soln. 


2 
(-) —2sec™! (% —sec! | 
2 2 


2 
NU Z = 2 
——7.sec ' y-+2(sec a) 


Max value of f(x) is - at x= 1. 

Find the minimum value of f(x), if 

f (x) =(sin™ x) +(cos”! x) 

Given f (x)=(sin™ x) +(cos”! x) 

= (sin“! x+ cos x) 

((sin“!x)’ + (cos"!x)* ~ sin xcos x] 
= (sin! x+ cos x) 


4 -1.)? ‘od -1 
(sin x+cos x) —3sin  xcos x 


ll 
N/a 


N/a 


Bes ILL 
2\ 4 2 
ee qe are. 
2 2 4 
2 2 2 
ahi Pye) eee 
2 6 4 16 
a) 2m 37? 
= —| 3} a- + 
2 4 4 16 
2 2 
Fil al fo); 5 
2 4 


Ex-18. 


Soln. 


Ex-19. 


Soln. 


Ex-20. 


Soln. 


3% [ > mm 
= a- + 2 
2 4 32 32 
Hence, the minimum value of f(x) is a . 
Find x, if [ cot x| + [cos x| =0 
Given [cot x| + [cos x| =0 


It is possible only when 
cot! x=0&cos' x=0 


=> 
> 0<cot!x<1 &0<cos!x<1 
=> x E(cotl, ce) &x e(cos1,1] 


Thus, the solution is x € (cot1,1] 

Find x, if | sin“! x]+[ cos"! x ]=0 
Given | sin“ x]+[cos™! x ]=0 

It is possible only when 

[sin x ]=0 & [cos x]=0 


=> 
= O<sin!x<1&0<cos!x<1 
=> xe[0, sinl) & x €(cosl, 1] 


Thus, the solution is x €(cos1, sin1). 
Find x, if | tan“! x]+[ cot”! x ]=2. 
Given | tan“! x]+[cot™! x]=2 

The range of [tan x| is {-2,-1,0, 13 
and [ cot”! x| is {0, 1, 2,3} 


Case I: when [ cot x| =1& [tan x| =1 


= 1<cot'x<2&1<tan'x<2 
= x €(cot2, cotl|&x e[tanl, tan 2) 
s xe (‘ cotl<tanl) 


Case IT: when [ cot”! x| =3& [tan x| =-l 


3<cot!x<4&-1<tan!x<0 


= 
= x E(cot4, cot3]& x e[-tanl, 0) 
= xE@ , (-“cot3 <—tan]) 


Case III: when [cot x| =2& [tan x| =0 


2<cot!x<3 &0< tan! x<1 


=> 
= xe (3, cot 2] &xXE [0, tan1) 
= xe@, (- cot2< tanl) 


Thus, no such value of x, where the equation is valid. 


Ex-21. Find x, if sin (cos (sin! (tan™ x))) =I 
Soln. Given sin (cos (sin (tan x))) =I 
= — 0<sin“ {cos (sin! (tan“! x))} <1 
= 0< (cos (sin (tan“!x))) <sint 
= cos(sinl) < (sin (tan“! x)) <1 
— — sin(cos(sin1))< (tan x) < sinl 
=  tan(sin(cos(sin1))) <x < tan(sin1) 
=, xe (tan(sin(cos(sin1))), tan(sin1) | 


Ex-22. Find the range of 
f(x)=sin |! x+tan x + cot x 


Soln. Given f(x)=sin™! x+ tan” x+cot™! x 
It is defined for -l< x <1 
Thus, f(-1) 


= sin | (-1)+tan™! (-1)+ cot”! (-1) 


1) +tan! (1) +cot (1) 


Ex-23. Find the range of 
f(x)=sin x+cos! x+ tan! x 


Soln. Given f(x)=sin7! x+cos”! x+ tan x 


u -1 
=—-+tan x 
2, 


As we know that , the range of 


tan! xis (- ae *) 
2 2 


Thus, the range of f(x) is (0, 7) 
Ex-24. Find the range of 
f (x)=sin™! x+sec™! x + tan! x 


Soln. Given f(x)=sin™!x+sec™!x+ tan x 


The domain of f(x) is {-1, 1} 


Ex-25. 


Soln 


Ex-26 


Soln. 
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Now, / (1) = sin! (1)+ sec | (1)+ tan! (1) 
ene ie 3% 
ps) 4 4 


and f(- 1) =sin! (-1) +sec! (- 1) +tan! (- 1) 


= ee e0As 
2 4 
es 


Thus, the range of f(x) is 3 F 


If tan”! (2x)+ tan”! (3x)= 3 , then find x. 


Given  tan™! (2x)+ tan7! (3x) = 1 


tan { 2x+3x )-2 
re 4 


CN 
ae 
| 
Nn 
lon 
Qs 
NR 
SY 
ll 


6x? +5x-1=0 
6x’ +6x—-x-1=0 
(6x—1)(x+1)=0 


eee 


Yd’ dy 


1 
Hence, the solution set is {-h ‘| 


4 1 
If cos} x=cot! (5) + tan! (7) , then find x. 


Given cos! x=cot7! 4) -tan"'(=) 
3 7 
=> cos} x = tan7! 3) tan-"() 
4 7 
3,1 
-l,_4,.-1] 4 7 
= cos x=tan 31 
AT 
1 ) a 
cos x=tan |—J|=tan (1 
> a5 (1) 
1 
> cos x=— 
4 


=> x=—= 
af 2. 


eAtus 1 
Hence, the solution is x = —= 
2 
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Ex-27. 


Soln. 


Ex-28. 


Soln. 


Ex-29. 


Soln. 


If cot! (=) > z , where né JN, then find 
1 


the maximum value of n. 
: ifn I 
Given cot (=) > 
1 6 


n 1 
—<cot] — 
1 (=) 


=> 
> Lae 
4 
=> n<nv3 
= n<mV3 =3.14X1.732 = 5.43848 


Hence, the max value of 7 is 5 


If sin! (=) +sin! (2) = - , then find x. 
x 


x 


Given sin”! (=) +sin! (2) on 
x x 2 
2 


=> 
2 
=> sin™( 2) = sin" 1-(2) 
x x 
eG) 
a 2) =1-[+ 
x x 
cap 
=> 2 
= x” =169 
> x=113 


If x=sin! (a° + 1) +cos! (a* + 1) +tan7! (a? + 1) 


then find the value of sin [x + *) +cos [x + *) 


We have 

x=sin! (08 + 1) +cos! (o* + 1) +tan7! (a + 1) 
It is possible only when a = 0 

Thus, x =sin™! (1)+ cos! (1)+ tan”! (1) 


1 nan 32 
=—+0+-—= 
2 4 4 


Therefore, sin [» + =) + cos [x + *) 


Ex-30. 


Soln. 


Ex-31. 


Soln. 


= sina +cos7z 

=0-1=-1l 

Find the number of integral values of k for which the 
equation sin’! x+tan7! x =2k+1 has a solution. 
Given sin’! x + tan) x=2k+1 
Let g(x)=sin™! x+ tan”! x 
Domain of g = [-1, 1] 


Now, g(-1)=sin™' (-1)+ tan (-1) 


_ a kt  3n 
2 4 4 
g(1)=sin"! (1) + tan! (1) 
un HK 32 
es eee 
2 4 4 
3a 3% 
Ri fg=|-—, 
ange of g 4 =| 
Thus, Pay pee 
4 4 
= ee e5 pe = 
4 4 
= _3X3-14 5 np 3 X3-14 | 
4 
= —2.35-1<52k <2.35-1 
=> -3.35<2k <1.35 
_ 3:35 2, < 135 
2 2 
a -1.67<k <0.67 


Thus, the integral values of k are —1 and 0. 


If sin) x+sin! y= ; , then find the value 


f l+x'+y* 
Poy 4y 
P we oe 1 
Given sin) x+sin a 


_-1. 40 | 
— sin’ x=—-sin- y 
2, 
r= ee 
=> sin’ x=cos y 
=> sin’! x =sin7! V1l—- y 


Ex-32. 


Soln. 


Ex-33. 


Soln. 


=> x= jl-y 
Bie 2 
=> x el-y 
> +y= 
l+x'+y' 
Now, 20D 7 
xX xy +y 
1+(x? +7] ao yy 
(x? +9? -x’y’) 
_ | 141-2x7y? 
(1-27y’) 
2(1-x?y?] 
(I-27y") 
=2. 
If cos"! x+ cos”! (2x)+ cos! (3x)=2 


and x satisfies the equation ax? + bx? +cx=1 


then find the value of a? +b* +c* +10 


Given cos 'x+cos"! (2x)+ cos” (3x)=2 
=> cos !2x+cos!3x=2a-cos !x 
= cos! 2x+cos™'3x=cos' (-x) 
= cos! [23x —V1-4x? ¥1-9x? = cos”! (—x) 
= (6x° —V1-4x? Vi= 9x7) =x 
2 2: 
= (6x? +x) =(vi-4e Vi= 93") 
=> 36x*4+12x3 +x? =1- 4x7 —9x" +36x4 
=>  12x°+14x? =1 


Also, ax’ + bx”? +cx=1 

Thus, a= 12, b= 14 andc =0. 

Hence, the value of a’ +b? +c’ +10 

= 144+ 196+ 10 

= 350. 

7 )= sin’! x+tan™!x+x*+4x+5 such that 


Ry= [a,b] , find the value of a+ b+ 5. 


The domain of sin! x+ tan! x is [-1, 1] 


Now, f(1)=sin™'(1)+tan7' (1)+1+4+5 
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= om 46 
4 
and _f(-1)=sin"'(-1)+tan™'(-1)+1-4+5 
= ae g5 
4 


Therefore,a+b+5=10+2+5=17 


QUESTIONS WITH SOLUTIONS OF PAST JEE 
MAIN EXAMS 


1. If cot! (Vcos ax) +tan! (Vcos ar) =x, then sinx is 


(a) 1 (b) cot® (or/2) 
(c) tana (d) cot{ 2] 
[JEE Main — 2002] 
Soln. Clearly, x =4 


Thus, sinx = | 
Ans. (a) 


2. The domain of sin” [tog 
(a) [1,9] 
1 


(c) [-9, 1] 
[JEE Main - 2002] 


Soln. As we know that, domian of sin™' x is [-1, 1] 


Therefore, —1< log, (=) <1 


=> l1<x<9 
Thus the domain of f(x) is [1, 9]. 
Ans. (a) 
3. The trigonometric equation sin! x=2sin"!a has a 
solution for 


(a) all real values (b) lal<s 
(c) las (d) Pzile=s. 
V2 2 2 


[JEE Main - 2003] 


Soln. As we know that, the range of sin! x 


. xT 
Tes fi Se 
ie 


274 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


Therefore, —_~ <2sin 7 a< a 
2 2 
=> ait <sina< = 
4 4 
1 1 
=> -—=<sas— 
2 2 
1 
=> |a| < — 
2 
Ans. (c) 
: . sin! (x-3) | 
4. The domain of the function f (x) aaa eerie 
9-x 
(a) [1,2] (b) [2, 3) 
(c) [2, 3] (d) [1, 2) 


[JEE Main - 2004] 


Soln. Now, sin! (x - 3) is defined for 


-I1<(x-3)<1 > 2<x<4 


Also, the function a? is defined for 
-x 

=> 9-x7>0 

= x°-9<0 

=> (x+3)(x-3)<0 

> —3<x<3 


Thus, the solution is x €[2, 3) 
Hence, the domain is [2, 3) 
Ans. (b) 
5. Let f:(-1,1)> B bea function defined as 


2 
f (x)= tan” (5 , then fis both one one 
—x 


4 
(09 


and onto, when B lies in 
1 
0, — 
@ | | 
a3 un 
meee a 
© (-3.3) @ [-2.3| 
[JEE Main - 2005] 


Since the fis ont, so the range of fis co-domain. 
i.e., Range = B 


Soln. 


Clearly, range of fis (-%. *) 


2 
Thus, B= (-Z. *) 
2°22 
Ans. (c) 


6. If cos !}x—cos! (5) =a, then 


4x? —Axycosa+y* is 
(a) 4 


(c) —4sin? a 


(b) 2sin2a 
(d) 4sin? a 
[JEE Main - 2005] 


fe) 
° 
a 
—_ 
ad 
IX 
+ 


2 
x 
a cos?ar—x yoosar+( 2) | 


=> x? —ayeosar+7-=1— cos? 0 
2 


= x? —ayeosar+7—=sin’? a 


> 4x* —4xycosat y? =4sin’? a 
Ans. (d) 
7. No questions asked in 2006. 


8. If sin! (=) +cosec’! (=) eae , then x is 
5 4 2, 


(a) 4 (b) 5 (c) 1 (d) 3 
[JEE Main - 2007] 
Soln. Given — sin’! 2 + cosec”! 2 af 
5 4 2 
sin” ®) +sin! (=) ae 
a 5 5) 2 
> sin! ®) +cos! (2) ee 
5 5 2 
> x=3 
Ans. (d) 


9. Find the value of 


(3) "(5) : 
cot] cosec — |+ tan = 1S 
3 3 
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5 6 Ex-2 Find the domain of 
(a) UV (b) UV 1 1.\2 
7 7 f (x)= (sm sin” x— 6(sin” x) 
(c) = (d) a Soln. The function fis defined for 
2 
= a ree 
[JEE Main - 2008] 5asin ~~ x 6(sin x) 20 
.-1_\2 52] 
Soln. Given cot cose (3) tan! (2) 7 6(sin x Sass 
3 > => (sin! x)(6(sin™! x) - sm)< 0 
= cot} sin”! (2) +tan”! (2) Sx 
3 3 => O<sin'x< 7 
{3 {2 
= cot} tan — |+tan _ 1] 
3°. 2 wihe,,'8 
—+= Also, sin x is defined for [—1, 1] 
= cot} tan! one 1 
1-32 Thus, bd, =[0. +]: 
4°3 2 
7 Ex-3 Find the domain of 
-1 
= cot] tan 2) fajesin* (log, (x? +3x+ 4)} 
(6 ) Soln. fis defined for 
= cot] cot | — 
17 -1< log; (x? +3x+4)<1 
6 
=e = a1 <(x?+3x+4)<2 
Ans. (b). when be +3x+ 4) <2 
10. No questions asked in 2009 to 2014. 5 
5 (x +3x+ 2) <0 
PROBLEMS FOR JEE ADVANCED EXAM a (x+ 1)(x+ 2)<0 
Ex-1. Find the domain of = ae el | 
if f-2) af 1-|x] 2 l 
f (x) =sin™ | —— |+cos™ | —— when x°+3x+42>— 
3 4 2 
|x|-2 = 2x? +6x+720 
Soln. Let Dj: -1s a <1 = ZeR 
Thus, D,= —2,- 1}. 
2 -3<(|x|-2) <3 y =[-2,-]] 
es =| <|x| <5 Ex-4 Solve for x: cos !x+cos! x? =22 
= peeS25 Soln. Given cos! x+cos! x? =22 


1—|s] It is possible only when 
—|x 
and D,: (HE): cos) x=m&cos | x* =n 


x=cosm#=—1 and x* =-1 


-4<1-|x/< 
> 4s] I = Thus, no such value of x is exist. 
es 5 <-|x|<3 Ex-5 Solve for x: 

—3<\|x/< 
> 3s|x]<5 cot” | = )tan-t(s?-1) = 
=> —S<x<5 ~ 2 
Thus, Dy = D, 7D, =[-5, 5] Soln. It is true only when = ae | 
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Ex-6. 


Soln. 


Ex-7. 


Soln. 


ad (x?-1) =1 
= (x? -1)=+1 
= x? =141=2,0 
=> x=0,+V2 
Solve for x: 


alx=l | 2x 2n 
cot + tan =— 
2x x2 -1 3 


2 x 
(ete 
> tan + tan == 
=x =x" 3 
> 2ran{ ae )-# 
1-x’ 3 
=> tan™{ an )-2 
agg" 3 
1X 
a (5s) =1n(F)= 95 
2x 2 
> —=I1-x 
af 
2 
=> x? + x-1=0 
3 
pics gull <A 
as 3 oie 
1 2 
xX+—= |=+—— 
| ( | 3 
ee oe 
3 3 


=> x=—,- 
V3 


1 
Hence, the solution set is {3 =| 


2 
Solve for x: sin7! an( 2 a ‘) <m-3 


x7 +1 
=H) 3% 2x7 +4 
sin | sin} — <a-3 
x +1 
seresfil|l. xe 2x* +4 
as sin | sin| Z-—> <m-3 
x +1 


Given 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


2x° +4 
=> 25 <a-3 
x +1 
2x7 +4 
= 2 
x +1 
2 
4 =a +4 359 
x +1 
2x? +4-3x7 -3 
> ; >0 
x +1 
2 
> ved) 
x +1 
2 
-1 
=> S <0 
x +1 
-1)(x+1 
_ Det 6, 
x +1 
> -l<x<l 
Solve for x: 


x? -4x> sin! (sin [a ]) +cos! (cos in? ]) 
we have sin”! (sin [ 2°” ]) +cos! (cos[ 2” ]) 
= sin! (sin[ xv ]) +cos! (cos [ nvr |} 


= sin! (sin [5.56]) +cos” (cos [5.56]) 


= sin”! (sin5)+cos”' (cos5) 

= sin“! (sin(5—2z:)) + cos" (cos(2m —5)) 
= (5-2n)+(22-5) =0 

Thus, the given expression reduces to 

x? -4x<0 

x(x-4)<0 


O0<x<4 


Solve for x: cy tn cot sin [x + 2) 


+tan(sec! x) =0 
Now, coy tn [co [sin [x + 2) 


-1 -1 
= cos} tan "| cot} cot 


Ex-10. 


Soln. 


2 
1-243) 
“| 2 
= cos| tan | ——-—_—_ 
a 
x+— 
2 
3 
x+= 
= cos| cos! = 


5 (+43) 


Thus, the given equation reduces to 


[x + 3) + tan (sec™ x) =0 


2 5 
= +3] = (Vi? =1) 
2 
> “+3 =x*-1 
2 
= x? 4+3x+-=x7-1 
> 3x+—=-1 
a) Spt 
4 4 
13 
> =—-— 
12 
13 
Hence, the solution is x = Sap 
Solve for x: 
-j{ x -] 1 T 
tan| tan — |+ tan —— } |= tan} — 
10 x+1 4 
We have 
Popol 
= tan| tan7! 10 x4) 1 
————— 
10 x+l 


Ex-11. 


Soln. 


Ex-12. 


Soln. 
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10 x+1 


74 xb 
= x41 10 x+1 


=> x(x+1)+10=10(x+1)—x 
> x? +x+10=10x+10—x 
= x* 8x =0 

> x=0,8 


Hence, the solution set is {0, 8} 


1 
If @ =2tan"! (=) and 


f= 
ee 

= sin 
P j= 


a+B =n. 


for 0 < x < 1, then prove that 


Given a =2tan! (=) 


l-x 


=2 (tan 1+ tan! x) 


= 24 +tan7! | 
4 


1 7 
= —+42tan! x 
2 


Thus, a+ B 

BAe Fe te eee Se x 
2 2 

= 


Find the range of f (x)= 2sin™! (2x -3) 


As we know that, 


-F sin! (2x-3)< 


N [a 


20 


= ey rel ee) ee 
2 2 
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Ex-13. 


Soln. 


Ex-14 


Soln. 


Ex-15. 


Soln. 


=> -IS f(x)<a 


Thus, Ry = [-z, | 
Find the range of. f(x)= 2sin”! (2x-1)- : 


We have a5 <sin7! (2x-1)< 7 


= -m <2sin'(2x-1)<a 
= geo esi Oe eee e 
4 4 4 
51 3% 
=> -—< <— 
7 sfO)S5 
Thus, Rp = st 
4° 4 


Find the range of f(x) =2cos"'(-x*)- 
We have f (x)=2cos"! (-x”)- 

= 2(n-cos"(x*))- 2 

= m-2cos"'(x?) 


As we know that, 0 < cos! (x?) <0 


a 0<2cos"!(x”)<2” 

x ~2n <-2cos"!(x”) <0 

= In +m <n 200s" (x”)<x 
= -1< f(x)<a 


Thus, Ry = [-z, | F 


Find the range of f(x) = sian! (1 = x) = a 


We have 
-o<]-x7? <1 
=> tan ' (ce) < tan (1x?) < tan“ (1) 
=> ——<tan '(1-a7)<4 
4 
> ~* <<tan"!(I-x?)<* 
8 


Ex-16. 


Soln. 


Ex-17. 


Soln. 


Ex-18. 


Soln. 


> Ech tan(1-x*)-2 ae 
2 2 4 8 


Hence, the range of the function 
pe aoe 
ihe ae 38 
Find the range of f(x) =cot™! (2x - x”) 


We have 2x— x 


= -(x° -2x41)+1 


=1-(x-1). 

Thus, -c<1—(x-1) <1 

a cot (-c2) < cot ( —(x- 1) < cot” (1) 
> 0<eot™'{I-(x-1)'} <4 


Hence, the range of the function 


Find the range of 
f(x)=sin"' x+cos'x+tan! x 
The function fis defined for —1 <x <1 


we have f(x)=sin7! x+cos”! x+ tan”! x 


1 -1 
=—+tan x 
2 


Thus, R, =[ f(-1), f(1)] 


nm Tn Lane nN 30 
a eae ee ee eae a 


Find the range of 


f (x) =sin’!x+sec!x+tan! x 
The function fis defined for x = +1 
Now, f(1)=sin™'(1)+ sec”! (1)+ tan (1) 


2 4 4 


=-74,-0-" 
2 4 
28 
4 
Thus, Ry = SLE 
4.4 


Ex-19. 


Soln. 


Ex-20 


Soln. 


Ex-21. 


Soln. 


Ex-22 


Find the range of 


f(x) =3eot"! x + 2tan“!x +7 


We have f(x) 


= = a 1 
= 2(tan ly +cot ' x) +cot ixt7 
r _ T 
= 2 — +e0t! xe — 
2 4 
=| 57 
= cot x+— 
4 


Also, 0<cot!x<z 


=> 
=> 
Thus, &y = (=. ea 

Prove that sin [cot (tan (cos! x))} =x, Vx €(0,1] 


We have sin [cot (tan (cos! x))} 


ot) 


= sin 
x 


= sin 


Provethat sin (cosec~ (cot (tan x 


We have sin (cosec" (cot (tan x 


= econ oa{ow' (4) 
cole!) 


= sin (sin! (x)) 


Find the value of sin! (sin5) + 


cos”' (cos10) + tan (tan (-6)) +cot! (cot (-10)) 


Soln. 


Ex-23. 


Soln. 


Ex-24. 
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We have sin”! (sin5) + cos! (cos10) 
—tan™! (tan 6) +2 —cot™! (cot10) 

= sin ' (sin(5—2z))+cos | (cos(4z -10)) 

+ — tan"'(tan(6—2z))—cot' (cot(10-4z)) 
= (5-22)+(4m -10)+2+(6-27)-(10-4z) 
= 5n-9 
If U = cot"! (eos20)— tan“! (60528) 
then prove that sinU = tan’ @. 


Given U =cot’ (Vcos 20) —tan”! (cos 20) 


1 
=" U =tan! =] —tan™! (Vcos 20) 
cos 
1 
— cos 20 
= aan Vcos 20 
1 
+ .Vcos 20 
cos 20 
_1{ l-—cos20 
U = tan!) ——== 
- 2V cos 20 ) 
2sin? @ 
U =tan!| ———— 
= 2 cos 20 
a) 
sin“ @ 
U =tan! 
= Vcos 20 
U =sin' sin” 9 
a = 
sin’ @+1—2sin2 6 
- 2 
= sinU =sin wn Sug 
Vsin* @4+1—2sin2@ 
5 
_,  sinU= ui 
- 4 ee 
sei 0+1-2sin“ 0 
ee: ae: 
2 sinU = sin* 0 = oil isha 
(sin?o-1) | 98° 


Hence, the result. 


Prove that tan ss + Tagen! ha 
4 2 b 


(4 1 4 ‘) 2b 
+ tan] ———cos = 
4 2 b a 
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Soln. Let ae ag 0 
2 b 
cos(20) = — 
The given expression reduces to 
tan 2 + 0] + tan( 2 - 6] 
4 4 
_I1+tan@ 1-tané 
l-tan@ 1+tan@ 
(1+ tan 6) +(1- tan 6) 
(I — tan? 6) 
2(1 + tan? 6) 
(1 — tan? ) 
_ 2 
cos 20 
_ 2b 
a 
_1{ cosx+cosy 
Ex-25 Prove that cos [ ete 
1+cosxcos y 
= 2tan7!| tan se tan » 
2 2 
Soln. R.H.S = 2tan! [tn()an(2) 


— 1- tan? 1-tan(5}en?( 5) (2) 
wea ()an(2) 

“cect om Cao CE) -F)(5) 
= tiie 


Sear 


_( (L+cosx)(1+ cosy 
=C 
(1+ cos x)(1+cos y 


+ 
_,( (2cos x+2cos y) 
=c 
(2+2cosxcos y) 


1{ (cos x+cos y) 
= cos 
(1+1cos xcos y) 


Hence, the result. 


(1—cosx 


(1—cos y) 


~ossesi—ena)) 


Ex-26. Prove that 2 tan7! 


= cos" 


a-b (5) 
tan| — 
a+b 2 


b+acosx 
a+bcosx 


Soln. We have 2m" | ee wa) 
a+b 2 
1- (<<# — ? ran () 
a ger! a+b 2 
1+ = tan? (3) 
+b 2 
2{ Xx 
(a+b)-(a—b)tan (5) 
= cos! 
(a+b)+(a—b)tan? (;) 
a| 1—tan? (=)} + u( + tan? (2) 
-] 2 2 
= cos 
a| 1+ tan? z +b] 1—tan? = 
2 2 
1— tan? @ 
a +b 
[is tan? (=) 
= cos! 
1—tan? (5) 
at+b 
[ita (3)] 
2 
_1{ acosx+b 
= cos | ————— 
at+bcosx 
Ex-27 If tan”! x,tan7' y,tan7' z are in AP. then prove that 
(x+z)y? +2y(l-xz)=x+z, where ye (0,1), 
xz<l,x>Oandz>0. 
Soln. Given tan”! x, tan! yy tan7!z 
=> tan! x+tan™!z=2tan”! y 
-1f{ x+zZ -1[ 2y 
tan = tan 
= F - =) [: - y ) 
x+z)\_[{ 2y 
= l-xz 1- y? 
= (x+z)(I-y?)=2y(1-2z) 


Ex-28. 


Soln. 


Ex-29. 


Soln. 


=> y’ (xt+z)+2y(l—xz)=(x+z) 


Prove that 


(si =") z| m) 
sin | sin—— |+cos "| cos — 
7 7 
-| 132 -] 197 
+tan = ge +cot “| cot as 


13 
7 


We have sin7! [sin = +cos! [cos *) 


ay 2 [ 197 
+tan | —tan— |+cot cot} ——— 
8 8 
= sin”! sin{ 4 + =) +cos! cos 6 + =) 
7 7 
+tan7! -tan( 2 - 2) 
+cot!| —cot [2 + **) 


I 
g, 
=) 
L 
g, 
=) 
15S) Nn 
a xg 
a 
SS 


+ 


_2n 4n 3x Sa 
= +—4+—+ 


7 7 8 8 
67 
=—+7 
7 
_ 130 
7 


Solve for x and y: 


1 


| es | 20 = -1 
sin x+siIn ae X—COS y= 


Given equations are 


eet | 20 
sin x+sin y=—, 
3 
-l -| TU 
coS xX—COS y= 3 


wla 


Ex-30. 


Soln. 
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(i) reduces to 
T | 1 -] 20 
—-cos x+—-cos  y=— 
2 2 3 
=] -| T 
=> m™—|cos x+cos =—_ 
( eee 
> (cos! x+cos! y) =1- mall — (iii) 
gr ge 


Adding (ii) and (iii), we get, 


2cos }x= a 
3 


=| T 
> cos x=— 
3 
cos f : 
x= —|j=— 
rm 3) 2 
when x=—,y=0. 


Hence, the solutions are x = 1/2 andy = 0. 


If yt HE afl x? 


Vl+x? +V1—x? 


, then prove that 


x’ =sin(2y) 


La ea 


Given y= tan! | 


a) 


Put x* =cos (20) 


Thus, y= tan”! [ 


med 


V2 cos@+~V2 sin@ 
» fact cos @ —sin@ 
cos@+sin@ 
— tan”! 1—tand 
7 1+tan@ 
= tan”! wn( 4-0) 
4 


= o=%-y 

= beos(xt)=2-y 
= cos ()=F-2y 
= (**)-evs{ Z-2y) 
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3 
1 
Ex-31. Prove that — tan”! (4)) 


Soln. We have 


ee tan7! (4)) + a sec” E tan7! (<) 
2 2 a 2 2 B 


= 2sin? 


B x oo 


eal (2) en (2) 


1+ cos soe (As 
3 


=( a + B? leo a 
p'(Ya +p? +a) 0°(Ja?+8° -8) 


B? 


= 


om [vor + B’ |( (lor + Bp’ +a)+a( Ja? +p - B)) 
= [vor +B | Jo? +B’ (a+ 8B) 
= (a? +B? \(a+ B) 


Hence, the result. 


Ex-32. Find the minimum value of n, if 


2 
cor" rsh, cag 


1 
-—10n+21. 
n+ s), ea 


Soln. 
1 


T 
6 
n> —10n + 21.6 W4 
= 


(n? -10n+21.6<2V3 


Given cot~ 7 


(n? -10n+21.6<5.6 
(n? -10n+16<0 
(n—2)(n-8) <0 


Yu vou gy 


2<n<8 


Thus, the minimum value of 7 is 2. 
Ex-33. Prove that 


et} 


Soln. We have 


sin 4 cot,sin 
gin sna" f = | +cos! 2) +sec! a) 


ae ee | | (V3 -1) x 
sin cot, sin 8 ha — 
_1 etl AeL |, tee 
= sin cot, sin ——— | FS SS 

2V2 6 4 


Ex-34. 


Soln. 


Ex-36. 


Soln. 


= sin '(0) 
=0, 


Solve for x ; sin" (cos (sin (tan x))) =1, 
where [,] = G.LF 

Given sin" (cos (sin (tan x))) =] 
1<sin7! [cos (sin (tan a <2 

sin (1) < cos” '(sin” ' (tan! x sin ( 


)<sin "(tan x) <co 


(sin - 


sin (cos( sin ( 2)))< (tan x) <sin( (cos (sin (1))) 
(2 


tan (sin (cos (sin )))) <x Stan (sin (cos (sin (1)))) 


Find the interval for which 


COs (sin (2) 


2 
2tan!x+sin7! F “ 


5 is independent of x. 
+x 


: es es 2x 
Given 2tan7!x+sin i =] 
l+x 


= 2tan!x+a—-2tan"! x,x>l1 
=7,x>1 
Thus, x€ (1, oo) 


If x =cosec [tan [cos [cot (sec (sin «)))) 
wt =n ome). 


where a €[0,1], then find the relation between 
xand y. 


Given x = cosee( tan™ [cos (cot (sec (sin! a)))) 


woo] 
ov (eo(o()) 


cosec | [Va?+1)) 
- (ari) 


= Cosec 


= COSsec 


= Cosec 


= Ccosec 


Ex-37. 


Soln. 


Ex-38. 
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mid 3k sec{ cot” [sin (tan! (cosec(cos™! «)))) 


= (v ot i 
Thus, x =y 
Find the sum of the infinite series. 


“(s}ree Gea“) 
tan — |+tan — |+tan ad eee 
3 7 13 


We have 


3 ] 13 ~ 


af “Dl a Gey ai AS 
= tan —— |+tan —— |+ tan 
14+2.1 1+3.2 1+4.3 


+ tan! a 
— 1+(n+1).n 


= tan! (2)- tan”! (1)+ tan! (3)- tan! (2) 


ll 
S 
5 


+ 


+tan7! (4)- tan”! (3)+...+ tan! (n+1)- tan”! (n) 


= tan”! (n + 1) —tan™! (1) 


( 


= tan! i } n— oo 
n+2 
= tan”! (1) 
ei 
4 
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Soln. 


sj Sggcl| NBeaeel 
Let ¢n nena 
geet| SENS 
1+./r(r-1) 
= tan! (Vr )— tan"! ( r—l) 
N Seat 
Ow, dae 
if vr-Vr=1 
14 vrVr-1 
- (tan r—tan” vr=1) 


= (tan” )— tan7 '0)+ (tan V2 - tan! 1) 
+(tan™! af —tan7! V2) + (tan V4 —tan7! V3) 
n- 1) 


Se + (tan n—tan”! 
= tan”! Vn — tan! 0 
= tan”! Vn 


f 2 1 
When n — ©, the sum is tan™! (co) = a 


Ex-39. Find the sum of infinite series: 
cot! (2.1°] +cot! (227) +cot”! (2.37) zu 
We have 


ot! (2.1°) +cot™ (2.27) +cot”! (237) aes 


Soln. 


2 “(254) *(353) 
= tan — — |+ tan 
14+3.1 14+5.3 


+tan7! — = }. wet wo (2n zs ! = (2n = !) 
1+7.5 


1+(2n+1)(2n-1) 


= (tan 3-tan! 1) + (tan 5—tan! 3) 


+(tan! 7 tan * 5) + (tan! 9-tan! 7) 


tan”! ss] +tan! Ga +tan7! (5) Bere 


| 


Ex-40. 


Soln. 


Note. 


Ex-41 


Soln. 


el (2n +1- 1) 
7 1+(2n+]).1 
-(w-(e5)) 
n+l 
If cos! el +cos! 2) =6, then 
2 3 


prove that 9x” —12xycos@ +4 y” = 36sin’ 0 
[Roorkee - 1984] 


Given cos '(2)=6 
ost| % roe hes ie ee -9 
4 9 


1 
—, whenn >. 


=> 
x y x JY 
cos@ =| —.—-,/l- 1- 
ses ; 3 ¥ 4V 9 _ 
y 2 x? x? 
cos@—-—— | =| 1-—— |} 1-— 
B59 
2 xy 
0-—2.—.cosO+ 
=> [co cos ry 
2 2 9. 
See ew 
4 9 36 
2 
> cs 0S cop 1S 
3 4 9 
2 2 
> pp 0080 +5 = 1-008" 
> 9x” —12xycos6+4y? =12sin’ @ 


Hence, the result. 
No questions asked in 1985. 


V5 


. Evaluate: nl ow (4)} : [Roorkee - 1986] 


Note. 


Ex-42. 


Soln. 


1—tan* 6 V5 
> ae Ba 
l+tan“~9 3 
1—tan? @+1+ tan? 0 g5a5 
— = 
1—tan? @—-1-tan* 0 5-3 
2 533 
=> > = 
—2 tan“ @ Be 
1 V54+3 
=> =a 
tan? @ 32/5 
2 
3-5 
= oe: V5 _| 
+5 4 
2 
(3-v5) (3-5) 
=> tan@=+ i =+ 5 


No questions asked in 1987, 1988, 1989, 1990 and 
1991 


Solve for x: sin| 2 cos! {cot (2 tan7! x] =0 
[Roorkee - 1992] 


Given sin [2 cos! {cot (2 tan! x)}] =0 


Let tan} x=0 > x=tan@ 


=> sin (2 cos! (cot (26))) =0 


1—tan?@ 
: =f 
> sin| 2co se }}-° 
jage 
= sin 2eov'(5=)]-0 
2x 
ge 
sin| cos”!| 2 = -1//=0 
> 2x 
sin] cos || 2 ee -1//=0 
=> 2x 
=> sin sin! [ol = “1 =0 
2x 
2 
> =0 


Ex-43. 


Soln. 
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=> 
ee) : 
IX: 
2 ={| =1 
2 
(a 
5 -1/=+41 
ime 
= | =) -121=20 
2x 
2 2 
1-3? 1=x? 
2 =2&2 =(0) 
1x2) 2 
=1&1-x’= 
(252 
=> =+1&x=+!1 
2x 
=>  x°4+2x-1=0,x*-2x-1=0& x=41 
2 2: 
= (x+1) =(V2) .(v-1) =(V2) &x=41 
=> x=-lt+J2,1+ 2,41 


Find all positive integral solutions of 


Baha 


[Roorkee Main-1993] 


tan"! x+cos! | 


Given tan7!x+cos! | 


sos $5) 


es if 1 s 
tan”! x + tan (2) = tan ae 


JY 
1 
x+— 
y = 
tan”! i = tan '(3) 
l-x.— 
JY 
tan”! 221) ta") 
y-x 


xy+1=3y-—3x 
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=> 


=> 


Ex-44. 


Soln. 


Ex-45. 


Soln. 
Note. 


Ex-46. 


Soln. 


3x+1= y(3-x) 
_3xt+1 
3-x 
when x = 1,y=2 
Also, when x = 2, y=7 
Hence, the +ve integral solutions are 2. 


If cos! x+cos! yt cos! z = 7, then find the value 
of x* + y? +27 + 2xyz [Roorkee Main - 1994] 
We have, cos | x+cos! yt cos !z=a 


-l -l -l 
cOS X+COS YV=AH-COS Z 


= 
> cos’ x+cos | y=cos! (-z) 

= cos! [» - Vi-# i-y"} = cos(—z) 
= (xy+z)’ =(1-2°)(1-y’) 

= Ky Pde te Sex ay ee 
= vty? +27 +2xyz=1 


Convert the trigonometric function 
sin| 2 cos! {cot (2 tan7! x)}] into an algebraic 
function /(x).Then from the algebraic function f(x), 


find all values of x for which f(x) is zero. 


Also, express the values of x in the form of a+ vb ; 
where a and b are rational numbers. 

[Roorkee Main - 1995] 
See solutions of Ex-42. 
No questions asked in 1996. 


3sin 20 
5+4c0s260 }’ 


If @= tan! (2tan? ) - : sin! [ 


then find the general value of 0. 
[Roorkee Main - 1997] 


3sin 20 ) 


Given 6 = tan7! (2tan? 6) - - sin”! ; A ry 
+4cos 


3sin 20 
5+4cos20 


Now, 


6tan@ 
1+tan?@ 


1—tan* 6 
2a) a 
1+ tan“ @ 
6tan@ 

5(1+ tan? @)+4(1-tan? 6) 


Note. 
Ex-47. 


Soln. 


_(_ 6tan@ 
9+ tan? 0 


ne 
3 


(28) 
1+ 
3 


Also, @ = tan! (2tan? )- ssi { 3sin 20 ) 


5+4cos20 


> @=tan! (2 tan? ) - 52 tan”! (=) 


> @=tan! (2 tan? @) —tan”! (=) 


a 
@=tan! ==. ne. 
1+2tan? 0. 3 


6 tan? 6 — tan 0 
tan @ = eee 
34+2tan° 0 


3tan@ + 2 tan‘ 6 — 6tan’ 6+ tan@ =0 
2tan* @ —6tan* 6+ 4tan@ =0 

tan’ @ —3tan? 6+ 2tan@ =0 

tan 6(tan* 6 —3tan@ +2) = 0 


tan @ (tan 6 — ly (tand+2)=0 
tan @=0,1,-—2 
when tan@=0> 0=n7,n€I 


Yuu ududy 


when tan@=1> d=mn+7, mel 
when tan@=—2 > 0= pa+tan'(-2), pel 


No questions asked in 1998. 
Using the principal values, express the following 
expression as a single angle. 


3tan7! (3) +2tan7! (2) +sin! (=. 
3 5 65/5 


[Roorkee Main - 1999] 
We have 


3tan7! (3) + 2tan7! (2) +sin7! =. 
2 5 65/5 


=tan! 


= tan”! 238 
{a= 
4 
= tan! 2) 
2, 
= tan”! i 
2 


24 
= tan’! ; 5 
-(5) 
5 
2 
-1 5 
= tan 5-1 
25 
ken 25 
= tan —-x— 
5 4 
ees 
= tan —_ 
12 


stan-"(3)+2tan-'( 2) sin faa ie ) 
2 5 65V5 
(2) | | (3) 
= tan — |+ tan — |+ tan — 
2 12 31 


Ny 
= tan! 2 +t (2) 
ae) 


Ex-48. 


Soln. 


Ex-49 
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_1{132+10 _1{ 142 
= tan +tan =| — 
24-55 31 
a (ar) ay) 
(a) 
= —tan™ 


ea for x: 


sin” a =) sin : =) =sin" x where 


[Roorkee Main - 2000] 


a - +b =e’, #0 


Nn 

on 

5 
aT 
aly 
——s 

tat 

= 

| 

ao 
oO] oh 

N io 

| 
6.2" 

= 

| 

& 

NR 
Se 


J 
— 
e|.8 
A 
ll 
—. 
& 
= 
| 

o 
a NO 
w]e 
i} 
| 
o|f 
ay 
| 
tS 
Neer 


a 
ES 
x 
NE” 
ll 
LN 
O18 
io) 

i) 
| 
o 

Ne 
Bs 
N 
| 
o 
ele 
paar 
| 
& 
N 
NE” 


=> x( (vet —a8# -oi-3?)-a)=0 
=> Oe Pit page? lagi 
Thus, x = 0 and 

Ve? —- Pe =bl-x +4 

c= Bx? =2abVi-3° +B (1-x") +a 


ce? — b’x* =2abVl—x? +b* —b?x? +a? 
c? =2abV1-x? +b? +a’ 

c? =2abV1- x? +c’ 

2aby1—x” =0 


(1-x°)=0 


x=Hl 


Yu dv’ vu dd 


Hence, the solution sets is {-1, 0,1} 
Solve for x: 


os! (xv6) +cos! (33 i) = 


[Roorkee Main - 2001] 
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Soln. Given cos! (xv6) +cos! (33 ) = _ 


=> sin! (vi — 6x? +cos! (33 cad Be 


2 
It is possible only when, J1— 6x7 = a3 x 
1—6x* =27x* 

27x* + 6x? -1=0 


=> 


: 1 i 
Hence, the solutions are {3 a0 + ; 


30° i 


Let x,X2,%3,X4 be four non zero numbers 
satisfying the equation 


tan”! (<) + tan! (2) + tan! [<) + tan”! (4) 
x x x x 


then prove that 
4 


Ex-50. 


(iti) F(x) = abed 
i=l 


(iv) [] (x) +x) +3 )=abed 


Soln. Given equation is 


ab it 
= tant | tan x |_2 
1-24 1-64] 2 
x x xXx 
+b +d 
ds tat) gt C*A8)_ 
x° —ab x” —cd 2 
+b +d 
sd ciged . x geome (c )x 
x” —ab 2 x —cd 


ar[ 2} +t (2 ta) e( $= 
an —|+tan —|+tan — |+ tan — |= 
x x x x 
2 
x 


= 
=> 27x*-9x? +9x? —3x7 +9x? -1=0 

=> 9x3 (3x-1)+3x? (3x-1)+(3x-1)(3x4+1)=0 
=» ((3x-1))(9x° +3x? + (3x+1))=0 

—, (3x-1)(3x? 3x+1)+(Bx+1))=0 

-, (3x-1)(3x+1)(3x" +1)=0 

2 Hes 


at 
2 


Z 
2 


Ex-51. 


Soln. 


=> tan! 


(a+b)x 


x? —ab 


b= 


(c+d)x 


x? —cd 


| 


(Ge) ee] 


=> 

=> (x? -ab)(x? -cd)=(a+b)(c+d)x° 

> x*—(a+b+cd)x’ + abcd =(a+b)(c+d)x* 
=> x* —(a+b+cd +(a+b)(c+d))x* + abcd =0 


SINCE X,,X7,X4,X4 are the values of the above 
equation, we have 
X, + Xy + X3 + X4 =0 


yy =(ab+cd +(a+b)(c+d)) 
Vii = 0 


Y ¥4X)%4X4 = abcd 
4 


i=l 
4f 1 
Gi 
i=l\ Xj 
1 1 1 1 
=—+—+—+ 
X, Xp Xz X4 
Ny XgXq + XyXZXq + AYXyXq + XXX; 
XX yX3%X4 
0 
= =0 
abcd 
eee 4 
(iii) TI(>;) 
i=l 
= Ny XXX 4 
= abcd 


(iv) [] (x, +x +23) 
= (x, + x, +.x3) (x +29 + x4) 
(2, + X3 + x4) (x, + X34 Xi) 
= (—x4)(—23 )(—x \(-a) 
= XyXyX4Xy 
= abcd. 
Let cos”! (x)+cos”!(2x)+cos”' (3x) = 
If x satisfies the cubic equation 
ax’ + bx? +cx-1=0 , then find the value 
of (at+b+c+2). 


We have cos”! (x)+cos”'(2x)+cos”' (3x)=2 


cos | (2x)+ cos! (3x)=a- cos (x) 


Ex-52. 


Soln. 


1. The set of values of k for which x? — Ax + sin 


cos | (2x)+ cos! Bx)= cos (-x) 


cos" (23.3% - (I - 4x°)(I —9x? ) } cos”! (-x) 


6x? — |(1-4x7)(1-9x7) =-x 
(6x? +x)= yli- 4x?) (1-97) 
(6x° +x) =(1-4x7)(1-92") 


36x? +12x°? +x? =1-13x7 + 36x4 


12x? +14x7 -1=0 

Thus, a=12,b=14,c=0 

Hence, the value of (a+b+c+2) 
= 28. 


1 4 
If x =sin (2 tan”! 2). = sin( Stan ($)) 


then prove that y? =1-x. 
We have x =sin (2 tan”! 2) 


= x =sin(26),tan!2=6 
=> x= aL: =2 
1+tan* 0 
4 
=> c= 
5 
= sin ai es 
Also, y= 3 3 
1 4 
=> y=sin(6) a2) =0 
. 4 
= y =sin(0) ,tan(20) = 5 
. 1 
= y=sin(@) stan (8) =~ 
ge 
= V5 
2 1 
Hence, y° =-=l1-—=1-x 
=) 
LEVEL II 
(MIXED PROBLEMS) 


1 


(sin 4) > 0 for all real x is 


(a) {0} 


(b) (-2,2) 


(c) R (d) None of these. 


1 
. Ifx <0 then value of tan7! (x) +tan! (+} = 


. Ifsin'xt+sin! y= 
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1 1 
(a) > (b) =F 
(c) 0 (d) None of these. 


ala , then cos x + cos ly is 

20 T 
a) — b) = 
(a) 3 (b) 3 


(c) e (d) x 


. Let f(x) = sin ‘x + cosy. Then a is equal to 


1 
(a) f (3) 


(b) fUP—2k+3),kER 


1 
ed [e) ter 
(d) f(-2) 


. Which one of the following is correct ? 


(b) tan 1 <tan! 1 
(d) None. 


(a) tan 1 > tan! 1 
(c) tan] =tan! 1 


. Ifa sin ‘x —b cos”!x =c, then the value of 


asin ‘x + bcos ‘x is 
(a) 0 (b) mab+c(b—-a) 
a+b 
(c) mab —c(b-a) (d) x 
at+b 2 


. The number of solutions of the equation 


sin '(1-x) -~2sin'x= 7 


(a) 0 (b) 1 
(c) 2 (d) More than two 


. The smallest and the largest values of 


4{1=* 
tan ace ,0 <x<l are 


1+ P 
(a) 0,2 (b) 0, 7 

KN KM 
(c) rs, i (d) a > 


3 
. The equation sin !x— cos !x = cos ! (2) has 


2 


(b) Unique Solution 
(d) None 


(a) No solution 
(c) Infinite No of soln 
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17. 
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_ If -a<x<2z, then cos! (cos x) is 
(a) x (b) m-x 
(c) 2a7+x (d) 27-x 
If sin! x+cot™! (5) = ‘ , then x is equal to 
(a) 0 (b) = 

: V5 
(c) + (d) 8 
V5 2 

. Ifcos [tan ! {sin (cot! 3 ]=y, 
then the value of y is 
(a) y=4 ) y= 

a — a 
a ae 
2 b 
a d — ee 
(c) y 5 (d) y 5 


1 : 
. Ifx= —, then the value of cos (cos 'x +2 sin! x) is 


5 
24 24 
(a) 2 ) -55 
1 1 
(c) = (dy == 
B) 5 
“(3 “(2) ; 
tan 5 + tan 3 is equal to 
1 1 
ar OS 
(c) . (d) None of these 


. tan! a+tan! b, wherea>0,b>0,ab>1is equal to 


(a) tan aa2 


(b) tan”! GD). 
l—ab 1—ab 


(c) neta '{2*2) (d) z-tar'{ 2*2) 
1—ab l1—ab 


. Asolution to the equation 


tan”! (1+x)+ tan”! (l-x)= a is 
(a) x=1 (b) x =-1 


(c) x=0 (d) x= 
All possible values of p and g for which 


cos"! (Jp) +cos" (Ji-p) +cos! (Vi-¢) = = 


holds, is 


@) plea 12 
(c) 0<p<l,q=1/2 


(b) g>1,p=1/2 
(d) None 


18. 


19. 


20. 


21. 


22. 


23: 


24. 


25. 


a 1 =I a 1 = 
tan} —+—cos x |+tan}| ———cos x], 
A 2 4 2 


x #0, is equal to 


(a) x 
(© * 
Xx 


(b) 2x 
x 
(d) 3 
The value of cot”! (3) + cosec™ V5) is 
(a) (b) 


(c) 


Ala nla 


ald 
3 
T 
Ore 


2n 2n 
el : 
If sin” x; =n7 , then Yx; is 
i=l i=l 


(a) n (b) 2n 
n(n +1) n(n—1) 
(c) —- (d) = 


If u=cot! (Vian ar) — tan”! (Vian ar) j 


RU): 
then tan( 2 <) is equal to 
4 2 


(a) vtana@ (b) vVcota 
(c) tana (d) cota 


The value of tan a )-ta'[ b } 
bt+e at+c 


if ZC = 90, in triangle ABC is 


(a) (b) ; 


(c) 


Nila Ala 


(d) x 


If cot! [) > 7 ,n EN, then the maximum value of 
1 


‘n’ is 
(a) 1 (b) 5 
(c) 9 (d) None of these 


sin ‘x > cos! x holds for 


1 
(b) xe [o-) 


(d) x= 0.75 


(a) all values of x 
1 
c) | ~,l1 
© (Ze) 
1 ifl1))\. 
The value of cos 5 5 is equal to 


3 3 
ey OS 


1 
(c) 16 


(d) 4 


26. The values of x satisfying 


tan (sec! x)= sin cos (+5]) is 


v5 


(a) + 


(c) 4x3 
5 


1 .\2 + .\2 5a” ‘ 
27. If (tan x) + (cot x) ee the value of x is 


(a) 0 (b) -l 


28. The number of real solutions of 


(c) -2 


cos! x+cos!2x=-z is 


(a) 0 
(c) 2 


(b) 1 


(d) -3 


(d) infinitely many 


29. Let a, b, c be positive real numbers and 


e= al al 


at+b+c) 


be 


+tan7! | 


then the value of tan@ is 


(a) 0 
(c) -l 


30. The set of values of x satisfying the inequation 


tan? (sin x) > 


(a) [-1, 1] 


1 is 


(b) 1 
(d) None 


31. The value of a for which 


ax’ +sin! (x? —2x+ 2) +cos! (x? —2x+ 2) =0 


has a real solution, is 


(a) 2/2 
(c) 2/x 
32. The value of 


sin || cot se 


is 
(a) 0 
(c) 7/6 


5 
4 


(b) —n/2 
(d) —2/ 


| 7 
+ COs == 
4 


(b) 7/4 
(d) x/2 


eal Hess) 


ba 


sertte), 


}. sec! | 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


4l. 


42. 
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The number of positive integral solutions of 


tan”! x+cot7! Z, = sin! (F.) 1S 
y V10 


(a) 0 (b) 1 
(c) 2 (d) 3 
The value of cos on jon si" (2) is 

3 3 

se b) = 
(a) 16 (b) 3 

3 3 

oe d = 
(c) ‘i (d) 7 
If tan! x + tan”! yt tan”! z=7,, then the 
value of NE is 

zx xy 
(a) 0 (b) 1 
1 

(c) — (d) xyz 


XZ 


1 
If x < 0, then tan”! (+) is 
x 


(a) cot (x) (b) —cot™! (x) 


(c) —2+cot (x) (d) None 
The number of triplets satisfying 
sin"! x+cos| y+sin!z=27, is 

(a) 0 (b) 2 

(c) 1 (d) infinite 
If x? +y +z =r’, then 


fan (2) +tan7! (2) +tan! (=) is equal to.... 
Zr xr yr 


(a) @ (b) 7/2 (c) 0 (d) None 
If tan} x+tan!2x+tan!3x=a , then 
the value of x is 


(a) 0 (b) -1 (c) 1 (d) @ 


The number of solutions of the equation 
1+x° +2xsin (cos! y) =() is 

(a) 1 (b) 2 

(c) 3 (d) 4. 

If @ is the only real root of the equation 

x? +bx” +cx+1=0(b<c), then the value 


= afl). 
of tan”! a@+tan (=) is equal to 
a 


(a) o/2 (b) -7/2 = (c) 0 (d) None. 
If a, B, yare the roots of x° + px? +2x+p=0, the 


general value of tan”! @+ tan’ B+tan"'y is 
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. Prove that sin [cot (tan (cos! x))} =% 
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(a) nT 
(c) (2n+ 1)x/2 


(b) nz/2 
(d) depend on p. 


If sin" [cos (sin (tan! x))) =e 


where [, ] =G. I. F, the value of x lies in 
(a) [tan sin cos 1, tan sin cos sin 1] 

(b) (tan sin cos 1, tan sin cos sin 1) 

(c) [-1, 1] 


(d) [sin cos tan 1, sin cos sin tan 1]. 


LEVEL III 
(PROBLEMS FOR JEE ADVANCED) 


. Prove that 


sin! (cos (sin x)} +cos! (sin (cos! x}} 


. Prove that 


= = = Ty ets 
tan '{cosec (tan ' x)—tan (cot 'x)} = ytan ly 


where x #0. 


. Prove that 


tan (tan x+tan” yt tan”! z) 


= cot (cot x+cot! yt cot! z) ‘ 


Vx e(0,1]. 


. Prove that sin (cosec™" (cot (tan! x))} =x 


Vxe (0,1] 


. Find the value of 


sin”! (sin5) + cos ' (cos10) + tan‘ (tan (-6)) 


+cot! (cot (-10)) 


. Find the simplest value of 


= -1| 
cos XxX+COS + 
2 2 


2 
V3—3x }wne(S 
2 


. Find the value of 


tan” (= tan! ae 


. Let m=sin" (a° + 1)+ cos! (a4 + 1) — tan”! (a? + 1) ’ 


then find the image of the line x + y = m about the 
y-axis. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 


22. 


a ae Tae ee ae ee Gx) 
ALE (sin x) + (sin y) + (sin z) = 5 


then find the value of (3x+4y—5z+2). 


. Let S= Ycot™ Ce + =) , 
r=l 


then find lim (S). 
n—-co 
Find the value of 


uh 4 
Lim] tan tan™{ ) : 
Lin| [z Ar? +3 


Find the number of solution of the equation 


2sin! (=) =x. 
+X 


-i{ x : 
If cos! (=) +cos” () = a, then prove that, 
a 
x xy y 
; -—cosat+— =sin’ a. 
a ab b 


If sin! x+sin™ yt sin z=2, 
then prove that, 


xvl-x? + yyl-y? +2V1—2? =2xyz. 
Find the greatest and least value of the function 


f (x)= (sin! x) + (cos! x) 


Solve for x: sin! x+sin7! 2x = - P 
Solve for x: 
-1 1 4 1 {2 
tan + tan = tan — 
1+2x 1+ 4x x 
Solve for x: 


tan”! (x-1)+ tan”! (x) + tan”! (x +1) 


= tan7! (3x) 


1 
Solve for x: sin”! (=) +cos x= = . 
V5 4 


x -1 eal 2% 2n 
3 + tan 5 — 
x +1 x“ -1 3 
Lage Lapel Lo" 
l+@ l+p2 J] 


Solve for x: cos! 


Solve for x: 


2tan7! x =cos7! 


a>0O, b>0. 


23. 


24. 


25; 


26. 


27. 


28. 


29. 


30. 


31. 


Solve for x: 
cot! x+cot! (0? —x+ 1) =cot! (n - 1) d 


Solve for x: 
_{x-1 _1{ 2x-1 _1f 23 
tan —— |+tan — |=tan — 
xtl1 2x+1 36 

Solve for x: 


ta Pax fx > e 
sec !| —|—sec™!| — |=sec!b-sec!a. 
a b 


Find the sum of 


= = 8n 
tan”! —_— }. 
2 (| 


Find the number of real solutions of the equation 


sin! (c* ) +cos! Cag) = 5 : 


Find the number of real roots of 


sin(x) = cos ‘(cos x) in(0,2z) 


If tan”! : + tan! z + tan! x +tan”! ae 
3 4 5 aa 


where né& JN, then find n. 


If athe real root of x° +bx* +cx+1=0 


where b < c, then find the value of 


1 
tan! tan!| —]. 
an’ (or) + tan (=) 


If the equation x° +bx* +cx+1=0 has only 


one root a, then find the value of 


2tan”! (cosec a) + tan”! (2 sin asec” ar) . 


Q. Solve the following inequalities: 


32. 
33. 


34. 


35. 


36. 


37. 


38. 


39. 


sin’! x>cos | x 


cos! x>sin7! x 
2 
(cot x) - 5(cot™ x) +6>0 
tan? (sin x) >1 
2 
4(tan! x) - 8(tan™! x) +3<0 
2 
Acot | x- (cot! x) -—320 
2x° +4 

sin”!| sin zs = <nm-2 

l+x 
Find the maximum value of 


f= {sin (sin x ~sin™' (sin x) 


40 


41 


42 


43 
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. Find the minimum value of 
f (x) = gsi” x + gcos x 
. Find the set of values of k for which 


x’ — kx +sin™ (sin4)>0 , for all real x. 


_ If A=2tan7! (2V2- 1) and 


B=3sin! (3) +sin | (2) “ 
3 5 


then prove that A > B. 
. Prove that 


“cht 


44 


46 


48 


49 


31 


. Find the domain of the function 


f (x)= sin! (cos! x+tan™!x+cot! x) 


. If sin! ve +sin7! ene ei ye 
2 4 3 


then find the maximum value of (3 + yy + 1) . 


. Find the number of integral ordered pairs 
(x, y) satisfying the equation 


tan7! (+) + tan”! [+] = tan! (=) 
x y 10)° 


. Let ex » cot '(k? +k + ) = 


k=l 
where a and 6 are co-prime, then find the 
value of (a+b+10). 


. Ifp>q>0, pr<-—Il| <qr, then prove that 


tan”! | +tan7! gE +tan! am = 
1+ pq l+qr l1+rp 


. Consider the equation 
Pee at? 3 
(sin x) + (cos x) =an 
find the values of ‘a’ so that the given equation has a 
solution. 


2 
‘ -1| * 
. If the range of the function f (x) = cot e Z | 


is (a,b) , find the value of & 2) : 
a 


. If tan y=4tan! x, C ie wn( 2) , find y as an 


algebraix function of x and hence prove that tan =) 


is a root of the equation x4 6x7 +1=0. 
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52 


53. 


54. 


55: 


56. 


57. 


58. 


59: 


60. 


61. 
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. Prove that 


wo BG HBED tn [ enh e)| 


be ac 


dia c(a+b+c) 


Jer wher e>0 
ab 


Solve: 


6=tan! (2 tan? 6) = : sin”! [ 


3sin 20 
5+4co0s20) 
Simplify: 


_i{ xcos@ | cos@ 
tan | ———— |—-cot : 
1—xsin@ x—sin@ 


Prove that 


tan”! ae +tan! nad +tan! a ae. 
xr yr zr 2 


where x? + +2 =r’. 


10 3 m 
oe -cot() 
x [= +3r— ) n 


where m and 7 are co-prime, find the value 
of (2m +nt+ 4) : 


10 10 
Ifthesum ¥ Y tan") mar, then find the value 
b=1a=l 
of (m+4). 
Let 
1 canes -l -1 (x+1) 
x)=—|sin x+cos x+tan = x}+— >——_—— 
f() al ) x? +2x+10 


such that the maximum value of f (x) is m, then 
find the value of (104m — 90). 

Let m be the number of solutions of 
sin(2x)+cos(2x)+cosx+1=0 in 


Gage” and 
2 


re (m2) (2) 


then find the value of (m? +n +mtnt 4) : 


Let f(n)= y [cor (tan ) 


k=-n 


such that ¥( f(n)+ f(n-1))=az then find 
n=2 


the value of (a+1). 


INTEGER TYPE QUESTIONS 


. If the solution set of 


eS as 2x? +4 , 
sin | sin} — <a-—3 is 
x +1 


(a,b), where a,b €/ , then find (b-a+5). 


. If asin! x—bcos |! x=c , such that the value of 


asin }x+bcos! x 
mmab+c(a—b) 


is ———————— ,me JN , then 
a+b 


find the value of (m? +m+ 2) : 


: If m is aroot of x7 +3x+1=0, 


1 
such that the value of tan7! (m)+ tan”! (=) 
m 


k 
is Sk e/ , then find the value of (k + 4). 


. Find the number of real solutions of 


sin! ea —2x+ 1) +cos! (x? - x) = 5 : 


. Let cos! (x)+cos'(2x)+ cos”! (3x)=7- 


If x satisfies the cubic equation 
ax’ +bx? +cx+d=0, then find the value of 
(b+c)-(at+d). 


. Consider a, 8, yare the roots of x —x? -3x4+4=0 


such that tan7! a + tan™! B+ tan7! y=0. 


. P 
If the positive value of tan (0) is Pe where p and q 


are natural numbers, then find the value of ( pt+qd ) 2 


. If Mis the number of real solution of 


cos !x+cos! (2x)+2=0 and Nis the number of 


values of x satisfying the equation 


12 
sin! (2) +sin! (2) ae , then find the value 
x x 2, 


of M+N+4. 


. Find the value of 


soos os"'{4{J6- V2) cos" (4 (v6 +V3)}}, 


. Find the value of 


5 
soot 5 cot '(k? +k + ) 


k=1 


10. Let 3sin™ (log, x)+ cos’ (log, y)= 
and sin”! (log, x) +2cos” (log, y) = 
1 1 
then find the value of | >=+—+2 
x y 


11. If wand B are the roots of x” +5x—44=0, 
then find the value of cot (cot! a+cot! B) . 


12. Ifx and y are +ve integers satisfying 


tan”! (+) +tan! - = tan! (=) , then find 
x y 7 


the number of ordered pairs of (x, y). 


COMPREHENSIVE LINK PASSAGE 


In these questions, a passage (paragraph) has been given 
followed by questions based on each of the passage. You 
have to answer the questions based on the passage given. 


PASSAGE 1 
Function Domain Co-domain 
sin bx a EE 
yi) 
tan 'x R Lag 
2 2 
cos’!x Eeay [7, 27] 
cot 1x R [ 7, 270] 


1. sin (-x) is 
—sin™! x 
m+sin |x 
(c) 2n-sin™! x 


(d) 2x-cos! y1-x’*,x>0 


2 Fa 3sin"'x—2cos' x, then f(x) is 
(a) even function 
(b) odd function 
(c) Neither even nor odd 
(d) even as well as odd function 


3 3 
ie eel =i E 
3. The minimum value of (sin x) - (cos x) is 


3 3 
(a) _ 630 (b) 637 
8 8 
3 3 
(c) 1252 (d) 1254 
32 32 


Inverse Trigonometric Function 295 


| eer 
4. The value of sin” x+cos x is 


@ 2 o) = 
51 TN 
(c) > (d) > 


5. If the co-domain of sin! x is - = such that 


1 57 


x= , then the co-domain of 


sin’! x+cos” 


-1 


cos x is 

(a) [4z, 5z] (b) [37 , 47] 

(c) [67,77] (d) [5z, 67] 
PASSAGE IT 


We know that corresponding to every bijection function 
f. AB, there exist a bijection g: B > A defined by g(v) = 
x if and only if f(x) = y. The function g: B — A is called the 
inverse of function fA — B and is denoted by f “| Thus, 
we have f(x) =y => f |(y) =x. We know that trigonometric 
functions are periodic functions and hence, in general all 
trigonometric functions are not bijectives. Consequently, 
their inverse do not exist. However, if we restrict their 
domains and co-domains, they we can make then bijectives 
and also we can find their inverse. 
Now, answer the following questions. 
1. sin '(sin 6) = @, for all @ belonging to 


nn 
(a) [0, | (b) 4.2) 
(c) [-2.0] (d) None of these 


2. cos ‘(cos 6) = @, for all @ belonging to 
a 1 
(a) [0, z] (b) [73°59 


(c) a ® (d) None of these 
22 
3. tan '(tan 6) = @, for all 0 belonging to 


(b) -2.2) - {0} 


(d) None of these 


(a) [0, 7] 


(a 
© (34) 


4. cosec |(cosec 4) = 8, for all @ belonging to 


nn nT 
(a) 2.2) (b) (-2.3] — {0} 
(c) [0, 7] (d) (0, 7) 
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5. sec '(sec 6) = @, for all @ belonging to 
(a) [0, a] - {3 (b) (0, - F 


(c) (0, 2) (d) None of these 
6. sin '(sinx) =x, for all x belonging to 
(a) R (B) @ 
mT 30 
(c) [-1, 1] (d) Ee 


7. The value of sin™' (sin2)+cos™'(cos2) is 


u 
0 b) = 
(a) (b) 5 
1 
(c) ar (d) None of these. 
PASSAGE III 


Let f (x)= sin {cot (x+ ny} — cos (tan x) and 
a =cos (tan! (sin (cot! x))} & b=cos (2 cos’! x+sin™! x) 


1. The value of x for which f(x) = 0 is 


(a) -1/2 (b) 0 

(c) 1/2 (d) 1 
2. If f(x) =0, then a’ is equal to 

(a) 1/2 (b) 2/3 

(c) 5/9 (d) 9/5 


2 
3. If a? = =. then b” is equal to 


(a) 1/25 (b) 24/25 
(c) 25/26 (d) 50/51 
PASSAGE IV 


Every bijective (one - one onto function) f A — B there 
exists a bijection g: B > A is defined by g(y) = x if and 


only if f(x) =». 

The function g: B > A is called the inverse of function 
f:A— B and is denoted by f “| If no branch of an inverse 
trigonometric function is mentioned, then it means the 
principal value branch of that function. 


1. The value of cos{ tan” (tan 2)} is 


(a) W/V5 (b) —1//5 
(c) cos2 (d) —cos2 
2. Ifx takes negative permissible value then sin! x is 


(a) cos” (vi-*) 
(b) -cos"'(Vi= 3") 
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(c) cos! | = i 
(d) m-cos! (vi- +?) 


3. If x+ Z = 2, then the value of sin! x is 
Xx 


1 1 
ae b) — 
(a) r (b) 5 
3a 
1 d) — 
(c) (d) 5 
PASSAGE V 
2 : 
Let cos! x+(sin™ y) = Se (i) 
d cos"! (sin (oe : 
and cos. x.{sin” y} = i seiee (ii) 


where —1 <x, y <1. Then 


1. The set of values of ‘a’ for which the equation (1) holds 


good is 
(a) (0.244) (b) o, 145) 
1 u 
(c) R (d) [o -1+4) 
u 


2. The set of values of ‘a’ for which equations 
(i) and (ii) posses solutions 


(a) (-2, 2]U[2,-2)  (b) (-2, 2) 
(c) [2.144] (d) R 
a 


3. The values of x and y, the system of equations (i) and 
(ii) posses solutions for integral values of ‘a’ 


oleh te) 


2 
(c) fer} fe | (ad) {(x,y):xeR, ye R} 


MATCH-MATRIX 


Given below are matching type questions, with two columns 
(each having some items) each. 

Each item of column I has to be matched with the items 
of Column IJ, by encircling the correct match(es). 


Note: An item of column I can be matched with more than 
one items of column II. All the items of column II have to 
be matched. 


1. Match the following columns: 
Column - I 
(A) The principal value of 


sin” (sin 20) is 

(B) The principal value of 
sin”' (sin 10) is 

(C) The principal value of 
cos ' (cos 10) is 

(D) The principal value of 
cos ‘(cos 20) is 

2. Match the following columns: 

Column - I 

(A) The range of 
f (x) =3sin™ x+2cos' x 
is 

(B) The range of f(x) = sin | x 


+cos !x+tan! x is 


(C) The range of 


f (x)=Vsin'x+7 is 
(D) The range of 


f (x) =2tan!x+sin! x 


ge 
+sec| — | is 
x 


3. Match the following columns: 
Column - I 
(A) sin (sin! x) = sin! (sin »), if 
(B) cos (cos! x)=cos! (cos x), if 
(C) tan (tan! x)=tan'! (tan x), if 
(D) cot (cot ' x) =cot! (cot x), if 
4. Match the following columns: 


Column - I 
The value of 


Column - IT 

(P) (20-67) 
(Q) Gx-10) 
(R) (42-10) 
(S) (54-20) 


Column - II 


(P) (0, z) 


(S) [0, z] 


Column - II 
(P) -l<x<l 
(Q) 0<x<l 


(R) 0<x<ax 


(P) 
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(D) sin! ats +cos” = is (S) = 
2013 2013 2 


5. Match the following columns: 


Column - I Column - IT 
(A) The value of (P) = 


tan7!1+tan7!2+tan7!3 is 


(B) The value of 


1 
2 
tan7'1+ tan7! G + tan! =) 1s 
2: 3 


(C) The value of (R) @ 
tan” (9)+ tan (=) is 
(D) The value of (S) eS 
2tan! x—tan! [ a ). x>l1 is 
l-x 
6. Match the following columns: 
Column - I Column - IT 
3 3 1 
(A) (sin *) 2 (cos! x) (Op 5S 
1s maximum at 
2 2 
(B) (sin! x) + (cos! x) 
is minimum at (QQ) x=1 
(C) (sin! x) - (cos! x) 
is minimum at (R) x=-1 
2 2 
(D) (tan x) + (cot x) 
is minimum at (S) x=0. 
ASSERTION AND REASON 
Codes: 


(A) Both A and R are individually true and R is the 
correct explanation of A. 
(B) Both A and R are individually true and R is not 
the correct explanantion of A. 
(C) Ais true but R is false. 
(D) Ais false but R is true. 
1. Assertion (A): 


ie ae Ala 3% 
If sin"! x+sin y4+sin aoe 


2013 


then the value of (x ey Oe a) 


9 


- is zero. 
as eget + 27014) 


Reason (R): Maximum value of sin™! x is ; 
(a) A (b) B 
(c) C (d) D 
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. Assertion (A): sin! (3x - 4x°) =nm-3sin x 
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. Assertion (A): The value of 


2tan7! x—tan7! [ 


2x . 
7 | isa 
l-x 


(b) B 
(d) D 


Reason (R): x > 1 
(a) A 
(c) C 


. Assertion (A): The value of 


tan! (p) + tan! (+ is — a 
Pp 2 


Reason (R): P is the root of x” +2013x+2014=0. 


(a) A (b) B (c) C (d) D 


. Assertion (A): 


ve ae 20 

If sin’! x+sin 7! y= 3° then the value of 
=] -l . 

cos x+cos y Is 2 


1 


Reason (R): sin”! x +cos x= “ , when x €[-1,1] 


(a) A (b) B (c) C (d) D 
. Assertion (A): 

The value of cos”! (cos10) is (27-5) 

Reason(R): 

The range of cos”! x is [0, r| 

(a) A (b) B (c) C (d) D 
. Assertion (A): 

If cos! x+cos! yt cos z= A 

then x? +y" +274 2xyz =1 

Reason(R): For -1< x, y,z <1. 

(a) A (b) B (c) C (d) D 
. Assertion (A): 

If tan! (2x) + tan! (3x) - . , then 

xis —. 

Reason (R): For 0 < 2x, 3x <1 

(a) A (b) B (c) C (d) D 
. Assertion (A): 

ee 
cos ! _ =2tan! x 
1+x 
Reason (R): for x 2 0 
(a) A (b) B (c) C (d) D 


1 


1 
Reason(R): for 5 <x<l 


10. 


12. 


(a) A (b) B (c) C (d) D 
Assertion (A): cos”! (42° - 3x] = 2m —3cos' (x) 


1 1 
Reason (R): For — 5 Sx<t 


2 
(a) A (b) B (c) C (d) D 


F = fl 
. Assertion (A): cot”! (x) = tan (2) ,x>0 


x 
1 

Reason (R): cot”! (x)= + tan” (+) x50 
x 


(a) A (b) B 
Assertion (A): 
If a, B are the roots of x? —3x+2=0 , then sin”! a 


(c) C (d) D 


exist but not sin”' B , where a> B 


Reason (R): Domain of sin” x is [-1, 1] 
(a) A (b) B () C (d) D 


QUESTIONS ASKED IN PAST ITT-JEE EXAMS 


1. 


Let a, b, c positive real numbers such that 


paper a(a+b+c) 


be 
ae Jb(atb+e) [e(a+b+e) | 
ca ab 


Then tan @ is equal to. [IIT-JEE-1981] 


. The numerical value of 


[IIT-JEE -1981] 


tan7! 2 2tan7! (2) tee 
5 4 


. Find the value of cos(2 cos !}x+sin! x) at x = 1/5, 


where 
2 1 
0<cos!x<a and ee 1xSS. 


[IIT-JEE-1981] 


. The value of tan os (=) +tan7! (2) 1S 


(a) 6/17 (b) 17/6 (c) -17/6 (d) -6/17 


[IIT-JEE-1983] 


. No questions asked in between 1984 to 1985. 


. The principal value of sin” [sin( 27) is 


Owe 


20 1 57 
3 (b) 37 (c) 3 (d) 3 


[IIT-JEE - 1986] 


. No questions asked in between 1987 to 1988 


11. 


12. 


14. 


15. 


16. 
17. 


. The greater of the two angles A = 2tan™! (22 = 1) 


and B=3sin! (5) +sin7! (2) 1S8....... 
3 5 


[IIT-JEE-1989] 


. No questions asked in between 1990 to 1998. 


. The number of real solutions of 
tan7! Jx(x+1) +sin7! Vx? 4x4 ee 1S 
Je(e#i) +sin“'V : 
(a) 0 (b) 1 
(c) 2 (d) oo [JIT-JEE-1999] 


No questions asked in 2000. 


for 0 <|x|< V2, then x is 


(a) 1/2 (b) 1 
(c) -1/2 (d) -1 [IIT-JEE-2001] 
ay ee = x7 +1 
. Prove that cos (tan (sin (cot x))} = : 
ea) 


[ I1T-JEE-2002] 


[IIT-JEE-2003 | 
Ifsin (cot (x + 1)) = cos (tan x), then the value of x is 


(a) —1/2 (b) 1/2 (c) 0 (d) 9/4 
[IIT-JEE-2004] 
No questions asked in between 2005 to 2006. 

Match the following columns: 


Let (x, vy) be such that 
sin”! (ax)+cos'(y)+cos”' (bx y)= 5 


Column - I Column - II 
(A) Ifa=1 and b=0, then (x, y) 
(P) lies on the circle xt De =1 


18. 


19. 
2 


i) 


21. 


22. 


23. 


24. 


25: 


26. 
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(B) Ifa=1 and b=1, then (, y) 
(Q) lies on (x? -1}(y? -1)=0 
(C) Ifa=1 and b = 2, then (, y) 


(R) lies on the line y =x 
(D) If a=2 and b = 2, then (x, y) 


(S) lies on (4x? -1)(y? -1)=0 
[IIT-JEE-2007] 
If0<x <1, then 


V1+x? x i cos (cot! x) +sin (cot JF - | 


equals 

@) = (b) x 
V1+x? 

(c) xV1+x? (d) Vi+x? 


[IIT-JEE-2008] 
No questions asked in between 2009 to 2010. 


Let 4(6)=sn{ tn P25) 


where _2 <@< = Then the value of 
4 4 


d 


Taney )) 1S....... 


[IIT-JEE-2011] 


No questions asked in 2012. 


23 n 
The value of co 3 cot! i +¥ 2) is 


n=l k=1 
(a) 23/25 (b) 25/23 
(c) 23/24 (d) 24/23 


[IIT-JEE - 2013] 


The value of 


2 1/2 


1 | cos (tan y) + ysin(tan™ y) i 


y cot (sin y) + tan(sin™ y) 
[IIT-JEE - 2013] 
If cot [sin V1-x? = sin (tan! (xv6)). x40 


[IIT-JEE - 2013] 


Find the number of positive solutions satisfying the 
equation 


‘ten (aa)-"(S] 
tan —— |+tan —— |= tan —= 
2x+1 4x+1 x2 


[IIT-JEE-2014] 


then the value of x is....... 


No questions asked in 2015. 
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ANSWERS 
EXERCISE 1 20. [1 2] 
L. f"(@)=== [_= x 
21. [22 
2. f'(x)=—— [ 5x = 
= 22: = 
x 1 [ 4 o) 4 
3. f (x)= l-x 23. [-z, | 
xX 
1 
24. 4.0) 
4. F()= 3007) 2 
2 1-x 
fea 25. (0, z) 
. =1+1— 4x7 
5: ‘(x)= 26. (0, x) 
EXERCISE 2 ate 
I. [1.2] a. (58,2) 
nar mae 
2. [—- ;| 255 (1-9) 
5 . [l. 
: 5 ] 30. {cosec™'(1)} 
. tae 
EXERCISE 3 
4. [-3, 3] 
Ty ae 
5. [-6, 6] 2 
6 [-5 5] 2.x=l1y=12 
: : 3. x= 
7. [-L1] 4. x= 
1 5. x =3/2 
5 fo] | 
6. *-(F:1] 
9. [-V3,1] v2 
7. x=t+ 2 
10 x=(4n+1) nel 1 
7 ial 8. x= at 
12: 22% P plasal 
13. [-2,-1] arn 
14. [-2, -1] Uf], 2] 10. x= 2-1 
r 1 1 11. x=0 
15. |-1,-—=]|vU|-, 1 = 
ae ere: 
16. x=@ 
fs 7 13. (cos1, sin1) 
17 $e 2|U[ 2 | 14. (cos, tan1) 
18. (0, 4] 15. [ tan (sin (sin1)), tan (sin1)) 
19. (0,1)U(L, 2) 


16. [tan (sin (cos (sin 1))) , tan (sin (cos (sin 1)))| 


17. x=1/2 


EXERCISE 4 


Nv kw 
| 
— 
Oo 
— 


; (tan 3, cot 2) 
[ 1 

7. |-L-—= 
ca 


8. - ] 
2 


15. — ee a 
6 6 
EXERCISE 5 
tee 
3 
Pct 
3 
a 
8 


on HD un & 
aN oN mn mS 
— 
| 
i) 
a 
a” 
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EXERCISE 6 


1. 
2. 


x=1/2 
(—-, 0) U(4, >) 


Ns 


AJA AIA AIA 
| + 
Q [|e ioe ays ROUSE, 
Ses 7 


34. 


35. 3tan! (=) 
a 


36. — 


N|sS 


37. sin! 

38. (- +: | 
4 
wt 

39. ; 


40. 7 + sos! (2) 


41. (x+a@),wherea = tan”! (3) 
EXERCISE 7 


i. (a ales 


2 : 2 


12 ve(- -5) 
. bs 3 
13. x [34] 
2 


EXERCISE 8 


1. (d) 2. (b) 3. (b) 
5. (d) 6. (b) TG) 


4. (b) 
8. (d) 


. (a) 10. (c) 11. (c) 
. (a, C) 14. (a) 15. (d) 
. (b) 18. (c) 19. (c) 
. (a) 22. (a) 23. (b) 
. (a) 26. (b) 27. (b) 
. (a) 30. (c) 31. (b) 
. (a) 34. (c) 35. (b) 
. (c) 38. (b) 39. (c) 
. (b) 42. (a) 43. (a) 


LEVEL III 


6. 


7. 


16. 


_ xe(-1 


_ xe (—0, cot 3) U (cot 2,00) 


(82 - 21) 


T 


3 
3 


Max value + , when x = —1 


3 
and Min value = a , when x = 


1 


ie 


- ©) 
- (b) 
- (b) 
. (c,d) 
- (a) 
- (a) 
- (©) 
- (a) 
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44. tan (sin (cos (sin 1))) <x< tan (sin (1)) . 


45. [l,°°) 


61. 100 


INTEGER TYPE QUESTIONS 
7 


ll 
— 


, where M=0,N=1 


Rey a SS 


DOWMWINNOWH WA 


COMPREHENSIVE LINK PASSAGES 


Passage-I : 1.(c) 2.(b) 3.(a) 

Passage-II : 1.(b) 2.(a) 3.(c) 
6.(c) 7. (a) 

Passage -IIT: 1.(a) 2.(c) 3.(b) 

Passage-IV: 1.(d) 2.(b) 3.(b) 

Passage-V : 1.(b) 2.(c) 3.(c) 

MATCH MATRIX 


1. (A) (P); (B) (Q); (C) (R); (D) (P) 
- (A) (S); (B) (P); (©) (Q); (D) (R) 
- (A) ); (B) (Q); (©) (S); (D) (R). 
- (A) (Q); (B) (R); (©) (P);(D) (S). 
- (A) (BR); (B) (Q); (©) (P); (D) (R). 
- (A) (R); (B) (P); (C) (Q); (D) (Q). 


NOB WN 


4. (c) 
4, (a) 


5. (a) 
5. (a) 


304 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


ASSERTION AND REASON 
1. (a) 2. (a) 3. (a) 4. (a) 
5. (a) 6. (a) 7. (a) 8. (a) 
9. (a) 10. (a) 11. (b) 12. (a) 
HINTS AND SOLUTION 
LEVEL - III 
1. We have 
sin” '(cos(sin x))+ cos |(sin(cos! x)) 
= sin |(v1- x? )+cos | (V1- x ) 
= cos (x) + sin! (x) 
=f: 
2 
2. We have 


tan”! {cosec(tan~! x)- tan(cot” x)} 


ee ies see 
x 
tan! sect x =tand 
tan @ 
eel 1-—cos0 
sin @ 
2sin* (5) 
tan7! 
. {86 0 
2sin| — |cos} — 
2 2, 
tan! wn( 2)] 
2 
1 
plan ix 


3. We have tan(tan7! x +tan™! y + tan! z) 


le es py eee ee, 
l-xy-—yz-2x 


Nh REDE Sz 
l—xy-yz-2x 


Also, cot(cot™ 


'x+cot! yt cot! Zz) 


= cot [a (+) +tan7! (=| +tan! [ 
x y 


‘) 


1- (xy + yz + zx) 


‘y zt +i- te 
= cot| tan”! 
shee ae eel 
xyz — weet) 
Seeel auel xyz —(xt+y+z) (x+yt+z) 
xy t+ yz+zx-1 
ee lesa — =| :) 


(= 


1-(xy + yz + 2x) 


Hence, the result. 


4. Given expression is 


x))) 


sin(cot'(tan(cos 


1 


= sin(cot! (tan @)),9 =cos x 


= sin(cot '(tan@)),cos@ = x 


= sin oo | Vi-x? ] 


l-x 


= sing, where cotg = 


=X 


5. Given expression is 


sin (cosec”! (cot (tan x))) 


2 


= sin (cosec™ (cot 0)), where tan 0 = x 


-s{ oe) 


1 
= sin@, where cosecy = — 
x 


=X 


6. Given expression is 


sin”'(sin5) + cos '(cos10) + tan” '(tan(—6)) 


+cot | (cot(—10)) 


= (5—2n)+ (4-10) — (6-2) +2 — (10-37) 
= (5—2m)+ (4m —10) + (20 —6) +2 + (32-10) 


= 8a -21 


7. We have 


= cos !(x)+cos! [+34 |-Niz?] 


= cos |(x) + cos” (3) — cos '(x) 


aL 
3 
8. We have 
tan (| ta sae) 
p) 1+ V6 
= tan! +) Sa oR oe 
2 1+ V6 
if th) Len net| (ald) 
= tan q tan | 


= tan! *) - (tan! (V3) —tan! (/2)) 


cot !(/2)+ tan”!(/2) — tan“!(V3) 


AE 
2 3 6 
9. We have 


m=sin'(a° +1)+cos '(a* +1) —tan'(a’ +1) 


since sin”! ( )+cos | ( ) is defined for [-1, 1] 
Put a=0, then 
m =sin7'(1) + cos '(1)— tan”'(1) 


1 
Hence, the image of the line x + y= a 


fae u4 
w.r.t to the y-axis is x- y+ 4 =0 
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10. Given equation is 
3 
(sin7! x)? + (sin y)> +(sin 7! z) = a 
It is possible only when 


1 1 


seuss T | fae 
sin ire y=sin z 


So,x=1,y=landz=1 
Hence, the value of (3x +4y—5z+2) 


=3+4-54+2 
=4 


a 1 
11. We have S= ¥cot™! Ge +x 
r=l 


g2rtl 


+1 
a" 


n or 
=], 
= tan aaa 
x 1+ pert 


z 1 
= } cot” 
r=l 


_ s ee grt a 2" 
cay 1+ perl r Ds 


= s [tan'(2"*') -tan!(2")] 


rl 
= [tan7!(2”*1) - tan! (2)] 
Thus, lim (5) 

= Lim [tan”!(2”*1) — tan7!(2)] 
= [tan 7! (ce) — tan! (2)] 


u -1 
= —-tan (2 
5 (2) 


= cot !(2) 


n 4 
12. We have Lim tn{ 3 tan 5 ) 
noo r=l 4r° +3 


n 
= Lim] tan] > tan 
i cae r=l 2 


ro+— 
4 
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n 
= Lim] tan] > tan 


“~, oo 1+ [ = ;) 
nae, io 14(r+3](--3) 


a 1 1 
= Lim] tan] § tan7!| n+ 5) —tan! (» - 5) 
no a 2 2 


isn (o> 2]-em-()) 


1 1 
n+—-= 
= Lim| tan| tan7! a 
noo 1 1 
1+—|n+— 
-( ;) 
= Lim : 
neo ( | 
l+-|n+— 
2 2: 
= Lim ! 
n>0| | *( “| 
—+—|14+— 
n 2 2n 
=2. 


13 Given equation is 


2sin! [- =n 
+x 


es Xx 
2tan7! x =—— 
2 
-| nx? 
tan x =—— 
4 


Clearly , there are 3 solutions at x =—1,0, 1 


14. Given cos”! (=) +cos! (=) =a 
a b 


l 


2 2 7\ 
*” cosa | = Hs =e 


2 

xy xy 2 

=> —| -—2] — |lcosa@+cos* a 
(=) (=) 


2 2 
xy JY 2 
> —-2] — |cosa+——~=1-cos’ a 
2 (| b? 


3 
x x : 
> #7 -2[ 22 Jeoserr 25 = sina 


ae ab 


15. Put Az=sin !x,B=sin' y,C =sin!z 


=> x=sindA,y=sinB,z=sinC 


= cosd4=Vl-x ,cos B= Jl-y,cosC = 2" 


Thus, 4+ B+C=a2 
Now, L.H.S 


= xvV1—x +yyl-y +2V1-2? 


= sin AcosA+sin BcosB +sinC cosC 


= slsin24 +sin2B+sin2C] 


= + (4sin Asin BsinC) 


2sin Asin B sin C 


= 2xyz. 
Hence, the result. 
16. Given f(x) =(sin! x)* +(cos! x)? 


= (sin! x+cos! x) {(sin | x)’ + (cos! x)’ 


-sin | xcos! x} 


| 
ola 
= 
nN 
gS 
N 
| 
a 
y 
gS 
+ 
) 
NR 
we 


ee 
and Max value = as at x=-1 


17. Given equation is 
ee a 1 
sin) x+sin 2x => 


ee 1 iy At = 
=> sin (2x) = 5 — sin x= cos” x 


= — sin )(2x) =sin7!(V1- x7) 


2 


=> 2x=vV1l-x 


> x= 


> vex 
> 


18. Given equation is 


tan7! L }- tan7! ( ! = tan”! [ 
1+2x 1+4x 
1 1 
+ 
= tan 1+2x  14+4x  |_ tage 
1 1 
1- x 
1+2x 1+4x 


1+4x+1+2x 2 
= Qa iD 
1+6x+8x°-1l x 


19 


20. 


U 


Yuds vd 
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2E6X? . 32 
6x +8x" ~ y? 
EEOR: 2 
3x+4x ~ y? 


3x3 +x" +8x7 +6x=0 
3x° +9x° +6x =0 

x3 +3x? +2x=0 
x(x? +3x +2) =0 

x(x +1)(x +2) =0 
x=0,-1,-2 


Given equation is 


tan7'(x—1) + tan”! (x)+ tan! (x +1) = tan! (3x) 


= tan !(x—1)+tan7!(x+1) = tan! (3x) — tan! (x) 


=> 


=> 


a 


/x-l+x4+l a 7 
tan “| -—_____ |= tan 
1-(x* -1) 1+3x-x 


(-3) 7 E oe 


2x (1+3x? +x) =0 


2x=0 ,(1+ 4x7) =0 
x=0 


Hence, the solution is x = 0. 
Given equation is 
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1 2 1 
=>. x= x + x 
V2 V5 V2 


21. Given equation is 


1 3 
Vs Vi0 


=> m-2tan'(x)-2tan | (x)= = 


=> n—Atan\x) == 
= 2a 1 
=> Atan | (x)=2-——=— 
(x) aa 


-] T 
> tan (x)=— 
(x) ) 


=s x=tan()=(2- 93) 


22. Given equation is 


2 2 
2tan! x=cos7! | S ~cos! ! z 
l+a 1+b 


=  2tan!x=2tan!(a)—2tan |(b) 


=> tan! x=tan! (a)- tan”! (b) 


Ss go) =i a-b 
=> tan x=tan 


1+ab 
4 
l+ab 


23. Given equation is 


cot! x+ cot |(n? -x+l= cot! (n—-1) 


=> tan + tan = tan 
x n—x+l n-1 
a 1 upset OW costed 
> tan ar te tan — tan 
n> —-x+l n—-1 x 


1 
> tan! (tan oe 
no —-xtl 1 


> ww 


xox fxr tk nen =x 41 
=> wx—x?+x—n +nx—ntn’—x4+1 
=nx-x+tl 
=> nx—-x? +x—-n—nt+n’ =0 
> (n?4+))x-(n? +1In-x’? +n’ =0 
=> (n> +))(x-n) -(x -n’)=0 
=> (x—-n)(n? +1-x-n)=0 
=> (x-n)=0,(n? +1-x—-n)=0 
= 2 
> x=n,n —n+l 
Hence, the solutions are 
x=n,n?—n+l1 


24. Given equation is 


{x1 _}{ 2x-1 _1{ 23 
tan —— |+tan = tan — 
xt+l1 2x4+1 36 
x-l 2x-l 
ee eee ees oe 23 
1- x—-1 2x-1 36 
x+1 2x41 


2x? -—x-14+2x°+x-1 _ 23 


=> = 
2x? +3x4+1-2x7+3x-1 26 
_ 40-2_23 
6x 36 
2 =) 33 
> ee 
x 12 
= 24x*-23x-12=0 
= 24x*-32x+9x-12=0 
=> 8x(3x—4)+3(3x-4) =0 
=> (8x+3)(3x-4)=0 
= ge 
3° 8 


>: 


= 
3 


oo | We 


Hence, the solutions are x = 


25. Given equation is 


aif Bre es 4 = 
sec || — |—sec7!|} — |=sec7! b-sec™! a 
a b 


=> sec! * 4 see""(a) =sec" [2] + seo") 
a b 
a icaal Cletm dina) 
> cos — |+cos — |= cos — |+cos = 
x a x b 
2 
=> cos! 4.2-h-(2) [=| 
xXx a xX a 
2 
v(t 1-(2) “3 
xb V GV Pp 
VQ? =a’ ya? -1) 1 yQ? 0°)? -1) 
= x ax a bx 
2 V0? = @?\(a? -1) : V0? = 2? \(? =1) 
a b 
(x? -a’)(a*-1) (x? —b?)(b? -1) 
= 2 > 2 
a b 
= (x? -a’)(a’ -1)b? =(x? —b’ (b? - Na’ 
=> x ((a’ -1)b* -a’(b? -1)) 
= a’b*(a* -1)-a*b?(b? -1) 
=> [a -b?]=a7b"[(a? -1)- (6 -))] 
=> x [(a -b*)]=a°b’[(a -b’) 
> x? =a’b? 
=> x=ab 


ee oe 8 
26. We have > tan (= 


ns —2n? +5 


n=l 


2{(n+1)*-(n-1)°} 


1 4+(n-1)° 


1 & 
1+ 
2 


(33 


3) 


jee) 
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2; 
= an (17)-0+ tan! (3) —tan7!(1’) 


3/7 
+tan7!(27) —tan”! (3) ee 


= tan! uel i 
2 


ll 

<r 

lz 

8B 
= 

= 

i=) 

ne 
Lh aS 

= 

+ 
Ne 
Se, 
Ne 

| 

Oo 
Sa 


I 
s 
i=) 

pg 
8 

~— 
I 


27. Given equation is 


28. 


29. 


sin !(e*) + cos !(x*) = . 


It solutions exist only when 


x 2 
e =x 


Hence, the number of solution is 2. 
Given equation is 


\/sin(x) = cos7!(cos.x) in (0,27) 
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From the graph , it is clear that , the number of real 


1 
solution is 1 at x= > 


Given equation is 


tan”! =) + tan! (+) + tan”! =) + tan”! (+) a 
3 4 5 n 


ty 
4 


> tan! L ay a Zz 
n 4 24 
afl 1 _1{ 23 
=> tan7!| — |= tan7!(1) —tan7!} = 
*) 0 (=) 
1-23 
=> tan (=) tan! —4 
a Le 
24 
=> tan7! (+) = tan! (=) 
n 47 
=> n=47 


30. Given equation is 


x +bx’? +cx+1=0 

Let f(x) =x +bx?> +ex4+1 

Now, /(0)=1>0, f(-D=b-c<0 

So, the function f(x) has a root in -1<a <0 


Now, tan! (a) + tan (=) 
a 


= tan! a-—a+cot!a 


—m +(tan7! a +cot7! a) 


xq Tn 
= -%+—=-— 
2: 2 


31. Given equation is 


e+bx* +cex+1=0 


Let f(a=x +bx? +cxt1 


32. 


33. 


34. 
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Now, /(0)=1>0, f(-D=b-c<0 
So, the function f(x) has a root in -1<a <0 


Now, 2tan”' (cosecar) + tan”! (2sin asec’ a) 


= _1{ 2sina@ 
= 2tan! jx i ; 
sina cos’ & 
2 _,( 2sina 
= 2tan! +t i 5 
sina l-sin’ a 
= 1 -l,. 
= 2tan || — )-2tan ‘(sin a) 
sina 


= tan (=) +tan! (sin «| 
sin 


1 : 
= 2-2). sna<0=27 
: eit -1 
Given sin’ x>cos x 


| tT -1. 4 
=> 2sin x>sin” x+cos ard 


wa] T 
=> sin x>— 
4 


> sin( 2) L 
> x — |=— 
4) 2 
1 
Hence, the solution is x € | —~,1 
ss 
Given cos! x>sin7) x 


> sin’! x+cos!x>2sin7! x 


was 1 
=> asin! x <> 


: TU 
=> x<sin| — |=—= 
4) v2 


1 
Hence, the solution set is x €} —1,—= 
| V2 ) 


Let a=cot™! x 
The given in-equation reduces to 


a’ —5a+6>0 
=> (a-2)(a—3)>0 


=> a<2anda>3 


= cot) x <2 and cot !x>3 


=> 


Hence, the solution set is (—e°, cot(2)) U (cot 3, °°) 


x >cot(2) and x > cot(3) 


35. tan’} tan”! ee >1 
Vvl-x° 


l 


=> 


(V2 x + 1)(V2x-1) 
(x+1(x-1) 


ol $H(§ 


<0 


36. Given 4(tan7! x)? —8(tan7! x) +3 <0 


=> 


=> 


=> 


4a” -8a+3<0, a=tan x 
4a* —6a-2a+3<0 

2a(2a — 3) —1(2a —3) <0 
(2a -1)(2a-3) <0 


1 3 
—<a<t 
2 2 


1 Sete 
—<tan x<—= 
2 2 


1 3 
tan] — |< x <tan| — 
G) G) 


37. Given 4cot! x—(cot! x)? -320 


=> 


=> 


=> 


4da—a* -3>0,a=cot!x 
2 
a’ —4a+3<0 


(a -1(a-3) <0 
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= l<as3 
=> l<cot x <3 


=  cot(3)< x <cot(1) 


38. Given in equation is 


1+x° 


x7 +1 


2 
sin”'| sin oh “Ae? 


2 
. -{ .. | 2(x gO?) at 


2x7 +4 
=> ae <nm-2 
x +1 
2x? +4 
=> 2 
x +1 
x7 +2 
=> 5 >1 
x +1 


which is a true statement. 
Hence, xe R 
39. We have 


f(x) = {sin (sin x)}* — sin (sin x) 


AGG . a 
of sin ‘(sin x)is—— 
2 


T A é 
A (7 + 2), since the maximum value 


40. Clearly, both terms are positive. 
Applying, 4.M 2G.M , we get, 


sin”! x cos) x 
Ax 8 +8 > [gsin™” x goos x 


2 


f(x) > [asin x+cos! x 
2 
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T 
ON Ps 
2 
T 4 3x 37 


=> f(x)22V82 =284=224 =2 4 


32 


4h 
Hence, the minimum value of 2. 4 


41. Given in equation is 
x° —kx + sin”! (sin 4) > 0 
=> x -kx+sin'(sin(a-4))>0 
= x? -kx+(m-4)>0 
=> For,allxink, D20 
= k-4(n-4)20 


=> kk 24-4) 
So, no real values of & satsfies the above in equ. 


Hence, the solution is k = 9 
42. Given 


A=2tan!(2V2 -1) 
= A=2tan!(2.8-1) =2tan '(1.4) 


20 
>— 
3 


and B =3sin! @ +sin7! (3) 
3 5 
3 4 3 
Bz=sin'| —-— |+sin"| = 
> sin 3 a sin (3) 
= B=sin! =| esin 3) 
27. 5 


ala af v3 
B<sin'|  |+sin7!| = 
=> sin = Jes (2) 


=> A 


qa nm 20 
=B<-+2-=— 
3 3 3 
Hence, 4>B 
43. We have 


sin | cot a | e =i +cos! (2) +sec! vai 


= sin! fo f=" =e +cos 2) +cos” «al 


sl est 2 TU 1 (4 
= sin {cotysin | sin} — | |+—+— 
| [ (35) 6 } 


ll 
n 
hen 
5 

ue 
om 
Co 
Ne 

ll 
Oo 


44. Given f(x)= sin'(cos! x+tan!x+cot7 x) 
= sin |—+cos x 
2 
Thus, -1< (< +cos! s] <1 
WU =] 4 
=> -l-—<cos x<l-— 
2 2 


But the ranges of cos! xis[0, 7] 
So it has no solution 
Therefore, Dy = @ 
45. Clearly, 0S x <4 
We have 


3 
1 ai 20 
+t =— 
=> 5 an (y) 3 
27 nan 
“1 
tan = TST 
=> (y) a. 


> y = tan (=) = ek 

6) 3 
Hence, the maximum value of (x* + y* +1) 
is = [is+2+1- =z 


3 
46. Given tan”! (4) tan 1 = tan! (=) 
- y 10 
1 1 
=] Xx y -] 

tan = tan —_ 

~ cane (=) 
xy 
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a cil +y sie L 49. Given equation is 
Xs =a 10 (sin! x)3 + (cos! x)3 = na? 
=> ae (=) > 7 (sin7! xy + (cos! xy —2sin! xcos! x]= na 
xy-l 10 2 
2 
=> 10(x+y)=xy-1 = E —3sin"! xcos! 7 =2an 
4 
=> ylO-—x)=-1-10x 
(=) => [a -126(£-0) |= sar 
> y= 
10-x 
2 27_ 2 
Thus, there are four ordered pairs = [x -6bn+12b"]=8an 
(11,111),(111,11),(9,—-91),(-91,9) 4220 ee 8am _ 2an 
=> — => => 
satisfying the above equations. 2 12 12 3 
10 . 5 
47. Given ool 3 cot |(k* red) =— = n 1 
z ed eee 5) ee 
i : ae fgg OF 
* =| cot ¥ cot 2 441) n\ 9 
ee pals alee ee ee coreah 
L 4) 48 
Es : 
-1 2 2 
=| cot tan | ————— ba tek 1 1 
2 (<a) > sin’ x-— | =—(32a-1) 
~ 4 48 
g - As we know that 
=| cot] ¥ tan [# ey )] s we know that , 
ae ESD —* <sintx<% 
_ ; 5 
= | cot Sun ee-+ tag) a a ae 
L k=l S 2 So Sein ees Se 
7 4 2 4 
= | cot(tan“"( 1) tan“) ae 
= => ee in ae 
5 4 4} 4 
ria 
= | cot] tan iali > ee 
: 7 = os(sinx-2) <9 
= : 4 16 
=| cot} tan”! *))| ea) = 
0 < — (32a -1) < — 
s ; ~ rT eer ea 
=| cot| cot! <)) => 0<(32a-l)<27 
= 6 => 1832a< 28 
; 1 7 
Hence, the value of (a+b +10) is 21. > Prue 
48. We have : 
x 1 
= = - 50. Let = =1- 
tan} 4 | 4 tan7!| 2" [4 tan! | 2? et o(x) x +1 1+x2 
1+ pq l+gqr l+rp 
Clearly, R, =[0,1) 
= (tan! p-tan' q)+(tan”' g —tan™! r) 
Now, R- =(f(1), f(0)] =(cot7'(1), cot (0 
Pe eee a ow, Ry =(F(),f()] = (cot '(),cot (0) | 
= 
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1 
= — =cot(40), where, x = tand 
J 


1 : u 
=Clearly, —=0 is zero only when 0 = S 
y 


Hnece, xt -6x7 +1=0 


a(at+tb+c) b(a+b+c) 
52. Let x= b y= 
c 


c(a+b+c) 
and z= |-—_—— 
ab 


Now, *+ y+2Z-xyz 


4 a b c _(atb+ey? 
feria E+ fe (S| wttss 


3/2 
_ Javea ate) (at+b+c) 


abc 


3/2 3/2 


_ (at+bt+c) (at+b+c) 


abc abc 


=0 


Now, tan”! x+tan7! yt tan”! z 
-j{ XFYV+Z—XyZ 3 
= tan! | 2722 | tan 'O)=2 
l—xy- yz-2x 


Hence, the result. 


53. We have 
0= tan”! (2 tan? 0)- : sin”! asus 

2, 5+4cos20 
1 6tand 

=> @ = tan! (2 tan? 6) — —sin™! 

( ) 2 9+tan? 6 

22) 

=> O0= tan”! (2 tan? 9)—=sin™ 7 
2 1+ = tan? @ 


= 6@=tan'(2tan?6)- : x 2tan7! (=) 


= @=tan'(2tan? @)- tan! (=) 


2tan? 6 — dnd 
~{ 
=> @=tan~ | —— = 
1+2tan?. S08 


= nye een 
3+4+2tan° 0 
=>  3tan(@)+2tan‘ @—6tan? @+2tand =0 
=> 2tan* 6 — 6tan? 6+5tan@ =0 
= tan@(2tan? 6 —6tan@ +5) =0 


= tan@=0,(2tan* @-6tan@+5)=0 


> O=nn,nel 
54. We have 


_1{ xcos@ ay [ cos 0 
tan” | ————— |-cot™ | ———— 
1—xsin@ x-sin@ 


— tan”! xcos@ | _ tan7!| * sin@ 
1—xsin@ cos 0 


xcos@ x—sin@ 


-1| 1l—xsin@ cos0@ 
xcos@ x—sin@ 


l1-—xsin@ cos@ 


-] xcos’ @—x +x" sin@ +sin@ — xsin? 0 
cos O(1 — xsin 8) + xcos O(x — sin @) 


_,{ (x? +1)sin @ —2xsin @ 
(x” +1)cos@ — xsin 20 


(x* —2xsin@+1)sin@ 
tan 7] : 
(x* —2xsin@+1)cos@ 


| 


tan”! (tan @) = 0 


55. Given equation is 


-1 x =1 bf 2% 
cos 5 +sin 5 
x +1 xo + 
-1 -1 -1 20 
=> ma—2tan x+2tan x—2tan Bema 
2 
=> fap ee 
3 
=> 2tan x == 
3 
=> tan x= 
6 
tan( = : 
=> > SS 
6) 3 


1 
Hence, the solution is x = tan( = = 
56. We have 
tan! (22) +tan”! [=] +tan! 
xr yr 
yZ ZX XY XYZ 
a 3 
Sea xr 7 = : 
Zz xX y 
i-[ - +425) 
r r r 
yZ ZX XY XYZ 
ae 3 
= tan” xr yr zr * 
i-(? +y° +z 
2 
r 
YZ 2x xy XYZ 
3 
= tan xr yr zr r 
1-1 
1 
= tan”! (cc) = — 
(co) 5 
57. Given Stan" (= — 
Or? +3r—1 


= y tan! 


r=l 


[abarc| 


caer 
, + tan 


x? -1 


)- 


20 


3 
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) 


y [tan ! (3r +2) —tan'(3r —1)] 
r=l 


(3r +2) -(3r-1) 
1+(3r+2)Gr—1) 


0 
> tan™ 


r=l 


tan! (32) — tan”! (2) 


7 2) 
= tan 
1+32.2 
_1{ 30 if 6 
= tan — |= tan — 
65 13 
= cot! 2) 
6 
Hence, the value of (2m +n +4) 
=26+6+4 
= 36. 
58. We have & 
10 10 
= > ¥ tan™ (2) 
b=la=l b 
10 
=)>)| tan (+ 1an {2 an (Fea tan (2) 
bel b b b 
1 “(3 “(3 ( 1 
= tan — |+ tan — |+tan —|+....4 tan —_ 
3 10 


“10 a5 
4 2 


= 25n 


Hence, the value of (m+ 4)is29 . 
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59. We have 
I 52-05 = : 
f(x) =—(sin™! x + cos! x+ tan! x) + 
1 


It will provide us the max value at x = | 


l/{z -] 2 

1)=—| —+t 1) |+— 

fQ) (3 an 0] a 
213m 2 
zm 4 13 


3 if 2 _ 39 +8 a 47 
4 13 52 52 

Hence, the value of (104m-— 90) is 4. 
60. We have 

sin(2x) + cos(2x) +cosx+1=0 


sin 2x +(1+cos2x)+cosx =0 


Each term of the above equation is positive 


in [0.2] 
2 


So it has no solution 
Thus, m= 0 


Also, 1 = si a [tn (=) Looe! [co (72)) 


_({t a _ {7 
= sin| —+— |=sin| — |=1 
(S+5)-sel5) 


Hence, the value of 
(m? +n? +m+n+4) 
=0+1+0+1+4 
=6. 


61. We have f(n)= y [cor (+) - wn") 


k=-n 


5 cor! [;)-10149] 
k=-n k 
+ y [cor (;] — tan! w) 
k=l k 


y (tan !(k) + 2 — tan! (k)) 


k=-n 
+ 3 (tan~!(k) — tan”! (k)) 
k=1 
= z (x) +0 
k=-n 


(x+1) 


x? +2x+10 


10 
Now, x (f(n)+ f(n—-])) 
10 
= ¥ (na+(n-Ia) 
n=2 
10 


= 2 {Gan)a) 

= (3454749+...419)n 

= (14+3454+74+9+...419)4-2 
= (10°)x-2 

= 997 


Hence, the value of (a +1) is 100. 


INTEGER TYPE QUESTIONS 


2x7 +4 
1. Given sin] sin a = <a-3 
x +1 


2x? +4 
=> 3 >3 
x +1 
2x? +4 
s 2s 
x +1 
2x? +4—3x? —3 
=> 5) >0 
x +1 
_ 2 
=> 5) ze >0 
x +1 
2 
al 
=> S <0 
x +1 


=> xe(-L) 
Hence, the value of (b—a+5) =1+1+5=7. 
2. Given asin"! x—bcos!x=c 


fea 4 a 
=> asin h(E sin ix }=e 


= (a+b)sin" x= 04 
=n i -1 2c + bn 
2(a+b) 
N yee 
Pa 2 atb) 
1 (at+b)x-2c—-bnr 
> Cos = 
2(a+b) 


Ve an —2c 
2(a+b) 


=> cos 
Now, a sin”! x+bcos' x 
2c+bn an —2c 
=a +b 
2(a+b) 2(a+b) 
2ac + abn abn —2bc 
2(a+b) 2(a+b) 


_ { 2ac + abn + abn — 2be 
2(a+b) 


abn +c(a-—b) 
(a+b) 


Clearly, m = 1 

Hence, the value of (m? +m+2) is4 

. Since sum of the roots is —ve and product 
of the roots is positive 

So , both roots are negative 

Thus m is a negative root 


1 
Now, tan! (m) + tan”! (=) 
m 


tan7'(m) — 2 + cot '(m) 


= —m + (tan™!(m) + cot !(m)) 


: ae 
= -%+—=-— 
2 2 


Clearly, « =-1 
Hence, the value of (k +4) is 3. 
. Given equation is 


sin“! (x? —2x +1) + cos" (x? - x) = _ 
It is true only when 


(x? —2x4+]l)=x° —x 


> x=1 


Thus, the number of solutions is 1. 

. Given cos~!(x) + cos !(2x) + cos 1(3x) = 

=> cos! (3x) + cos !(2x) =H- cos !(x) 

=> cos! (3x-2x- V1—9x2 Vi —4x?) = cos”! (—x) 
= (Gx-2x-V10—9x? Vi—4x2) =(-x) 


= (6x? +x)? =(-Vi-9x7 I-40?) 
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=  36x*4+12x° +x? =1-13x? +36x4 


=> 12x?+14x?-1=0 

Thus, a= 12, b=14, c=0,d=-1 
Hence, the value of (b+c)-—(a+d) 
= 14-11 =3. 


. Given equation is 


x —x? -3x+4=0 

=> at+Bt+y=1,0B+ By +ya=-3,aBy =-4 
It is given that , 
tan a@+tan' B+tan'y =0 


, wn| a+ B+y—-oBy ) 
1—(aB + By + yor) 


5 
tan @ = — 
= 4 


Hence, the value of (p + q)is9 


. Given equation is 


cos! x+cos! (2x)+7=0 


= cos” (2x) + cos! (x) =-7 

=> cos ex = Via? Vi=4x2 ax 
=> (2x- Vi-2x? Vi—4x?) =cos(-z) =-1 
= (2x7 +1)? =(1--x”)(1- 4x”) 

=> Ax* +4x7 +1=1-5x7 +. 4x1 

= 9x7 =0 

=> x=0 


But x =0 does not satisfy the equation 
So it has no solution 
Therefore M= 0 


Again, sin! (5) +sin! (2) fe ; 
x x 2 
=> sin! 2 +cos! jae ae 
xX x? 2 


It is true only when, 


B-f3 
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25 144 
sate 3a+b=2 
x 
169 11 
= =I Pee eae 
x 
=> x? =169 On solving, we get, 


geee andb=7 
6 


Claerly, x =13 only satisfies the equation e 
Thus, V =1 = sin! (log, x) =—— and cos! (log, y)=% 
Hence, the value of M+N+4=5. 6 


8. We have 


sco cor(4 (VE —v8) cor" ( (V6 +8) 


1 
=> (log, x) = = and (log, y) =-1 


1 
=> x=2 2 andy=2"! 


V3-1 V3 +1 
= 4cos| cos-!| ~—— |- cos"! IL IL 
[ 2/2 2/2 => x 2 and - 2 
= Acos[cos”! (cos(75°)) — cos! (cos(15°))] xs ans a8 = 4+2=24442=8 
= 4c0s(75° — 15°) : 
~ Acos(60°) 11. Here, both roots are negative 
=? Now, cot(cot! a+cot! B) 
EE ORANG = cot| 7+ tan”! (=) +m+tan! - 
5 sis a B 
seot{ 3 cot (k +0) 
k=1 -1 [ 1 =1 1 
= cot] 27+tan | —}+tan | — 
5 i I a B 
= Scot} }) tan™ (—_] 
= l+k+k fea de 
= cot| tan™ *) tan” B 
5 = a 
ke 1+(k+Dk 4(a+B 
= cot} tan 
: -1 -1 oB —1 
= Scot] ¥ [tan (A +1)-tan™ k] 
k= =i 
F i = cot} cot! Gp 
= 5cot(tan”' (6) — tan” '(1)) a+ B 
_ -1 6-1 = Pe ap -1 
= 5cot} tan ea cot! co a+B 


= Scot] tan 


12. Given equation is 


= 5cot] cot 
‘ea =) 
tan | —|+tan | —]/=tan /] — 
=e, x y 7 
10. a= sin | (log, x) and b= cos (log, x) ex.  YGne! x+y ) a (+) 
The given equations reduces to 


; eae 
| 
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a2) = ote) 


=> Tx+7y=xy-l 


a 
= 7x41 +1 = tan} tan”! 5 eae 
=> (24) i-(4) 4 
Hence, the possible ordered pairs are 5 
(8,57), (9,32), (12,17), (17,12), (32,9), (57,8) 5 
= tan| tan! 5 )- tan“) 


Thus, the number of ordered pairs is 6. 


QUESTION ASKED IN PART IIT-JEE EXAMS D5 1 
1. Now, = tan| tan! 12 5 
———— 1+—.1 
tan7! a(at+tb+c eee b(a+b+c) 12 
\ bc ca 7 
= tan| tan”! -)) 
[eaxbre + Pareto 
eae be ca z - 4 
1 [erbto arbre) 17 
be ce 3. Now, cos(2cos 'x + sin !x) 
(“ ne °) [¢ 2) =cos(cos !x + sin ‘x + cos !x) 
+ + 
= tan! ve vb va = c0s( $+ 005" *| 
1 Jethro arbre 
c c =—sin(cos |x) 
[tno ,( 2) - -sin(sin“ Vi=° 
anc! ve) vas 
[ee Pe) = -Vl-x° 
ve When x = 1/5, then the value of the given expression 
(etete).( te { | - 4 
= tan! ve a 
a 


ven tnfcos (3 Jen "(5) 
4. Given tan| cos | — |/+tan | — 
5 3 
= tan”! By esas) = tan| tan7! 2) +1an-"(2) 
ab 5 3 
2 
4 


: -an| eerba) 2 
ab 7 -1 
tan| tan oe) 
Therefore, 0 4 3 
— tan7!| [Ot 2+ V4 an t{ folate to _( 9+8 
ab ab 12-6 
= 17 


Thus, tan 0= 0 6 
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. No questions asked in between 1984 to 1985 


: ; . (2a 
. Given sin (sin( 24) 


sacle Ge) 
eG) 


. No questions asked in between 1987 to 1988 


| We have A= 2tan“'(2V2 -1) = > 2tan"(V3)== 


and B = 3sin! 3) +sin7! (2) 
3 5 


_ 28 
3 
Thus, A >B 


. Ans. (c) 


Given 


tan! fx(xt+1) +sin Vx? +x41 = . 


= cos! pad +sin"! (Vi? +241] =e 
Vx7 +x41 2 


1 
Thus, | === = (vi? +41} 
= (| 


2 
=> [VP +x] =] 


> wtxtl=l 
=>  x+x=0 
=> xx+1)=0 


=> x=0,-1 


11. No questions asked in 2000. 
12. We have 


Vy 
Se 


=> x(2+x)=x7(2 +x) 
=> (2x+x)=(2x +x) 
=> x = 

=> xx-1)=0 

=> x=0,1 


Hence, the solution set is {0, 1} 
13. We have cos(tan ‘(sin(cot 'x))) 


) sin wn ! 
x +1 
= cos| tan7! ! 
x +1 
x7 +1 
= cos| cos! 5 
x +2 
_ x? +1 
x7 +2 


14. Ans. (d) 


Given f(x) = ,|sin”! (2x) + . 


It is defined for, sin”! (2x) + a >0 


= cos| tan 
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2 eid 
> x+y 
sin (2x) >—2 y 
? Ans. (P) 
(2xy2sin{ -=) Ah (8) Whea a= 18 S1then 
7 6 2 m 
1 sin ‘x + cos ‘y+ cos ‘(xy) = 5 
x2-— 
4 ie 4 - 7 Ps 
=> = _cos x+cos y+cos (xy)= = 
Also, -1 <2x<1 2 2 
1 1 = cos 'x=cos ‘y+ cos ‘(xy) 
-~Sxs- ; ; 
2 2 => cos x—cos y=cos (xy) 


Thus, the domain of the given function 7 

=> cos fy -vi- 2 i=] = cos |(xy) 
11 
| 4°2 => (w-vi-# Vi-»*) =c9 
15. Given sin(cot (x + 1))= cos(tan !x) 
=> yi-xVl-y’? =0 
ell ey 1 
=> — sin} sin~ | —————— 
| [1 => (1-x)(1-y)=0 


5 Ans. (Q) 
= cos] cos” [| (C) When a= 1, b=2, then 
x7 +1 


1 
1 1 => sin 'x+ cos ly + cos |(2xy) = 5 


Vx? 42x42 Vx? 41 2a = 4 T 
_cos x+cos yt+cos (2xy) = Fs 


= ee CR PY aE 9 |e 
ss: upp ay => cos [w 1-x° 1 ¥) cos (2xy) 
=> 2wt2=1 [== 
~ > [w- I= Vi-y"] = (2xy) 


~ = (ime Vi-37) = Gn? 


16. No questions asked in between 2005 to 2006. 


4 
Nia 


=> dt ¢4 9 Set 


x = (1-2) -y))=x’y" 

17. Given sin /(ax) + cos |(y) + cos |(bxy) = > => 1-7 aye a ry = ry 
(A) when a= 1, b=0, then => rty=l 

Ans. (P) 


4 
sin /(x) + cos '(y) + cos !(0) = = 
2 (D) When a =2, b = 2, then 


| -| 14 4 
=> sin + COS ee 4 
@) 0) Qe 2 = sin '(2x) +cos 'y + cos \(2xy) = a 
> sin '(x) + cos ‘(y) =0 
Be eel ~ -1 ee 
Sy. gins cee y= sen | hh y] => 5 ~ 60s (2x) + cosy + cos (2xy) 5 
=... Bas h = y > cos !(2x) = cos ly te cos |(2xy) 


> cos !(2x) - cos ly = cos |(2xy) 


=> cos’ [29 =A1=4x7 f= y? = cos |(2xy) 
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=> [2xy-Vi-4e (i-y’] = (2xy) 
E (vi-ax? Ji-y*) =0 


=> (1-4’\1-y’)=0 
Ans. (S) 


. We have 


Vi+x" x [{x cos (cot !x) + sin (cot 'x)? — 1}]!? 


a fmfowr(55) 
= iin all i 


r 1/2 


2 2 
=V1l+x aa tee -1 
: Vx? 41 Vx? 41 


Ans. (c) 


. No questions asked in between 2009 to 2010. 


Given f(6) = sin wan" my 
cos 26 


: a | | sin@ 
= sin| sin) | ————————___— 
Vsin? 6+ cos 20 


7 sin @ 
isin? 6+cos* @-sin’ @ 


2k. 
22. 


23. 


d 
N tan@) =1 
Lee PR 
No questions asked in 2010 
Now, » (2k) 
k-l 


=2(1+2+3+...+n) 


=(n° +n) 


23 
Therefore, ¥ cot '(l+n+ n°) 


n-l 

: —] 

= tan | —————— 
a lt+ntn’ 
23 1 

= > tan | —————— 
we 1+(n+ Dn 
23 l)- 

= Y tan (ut)-n 
nel 1+(n+])n 


- 5 (tan“!(n +1) — tan™!(n)) 
n-1 
= (tan”!(2) — tan!(1)) + (tan 1(3) — tan”!(2)) 
+... +(tan '(24) — tan 1(23)) 
= tan !(24) — tan 1(1) 


(24-1 _1( 23 
= tan = tan 
14+ 24 25 


Thus, the given expression reduces to 


“oo 


We have cos(tan”' y)+ ysin(tan™! y) 
cot(sin™' y)+ tan(sin™ y) 


fofgcbofe 
oe A w( _ ] 


24. 


si 


SiC oe a 
= 


Given cot [sin v1- a = sin(tan'(xV/6)] 


- foes) 
fea) 
- ea) 
» (elas 


=> 6(1—x’)=(6x +1) 
=> 6-6x°=6x°+1 


=> 12°=5 
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QUESTIONS WITH SOLUTIONS OF PAST 
IT-JEE EXAMS FROM 1981 TO 2015 


1. Let a, b, c positive real numbers such that 


oe a(a+b+c) 


0=ta 
be 

eee b(a+b+c) rere clat+b+c) | 
ca ab 


Then tan 0 is equal to [IIT-JEE-1981] 


Soln. Now, 
ee a9) ze 
\ be ca 
c(a+b+c) 
and z= ,/————__— 
\ ab 


The given equation reduces to 


@=tan'x+tan! yt tan”! z 


patel X+y+zZ—xyz 
l-—xy-yz-2x 


+y+z- 
tang =| 2" 7)? 
l—xy-yz-2x 


Now, x+y+z 


= Marbe 5 Mathes) «dae? ee) 


be ca 


CEE ROE We Cr 


abc abc abc 
a+b+c 
=% Tie (at+b+c) 
Also, x yz 
- a(a+b+c) jilatbee jelexbed 
\ be : ca ; ab 


7 (a+b+c)J(a+b+c) 


x Vabc 


Thus, x+ y+z—xyz=0 
Therefore, tan@ =0. 
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2. The numerical value of 2 
1 i = tan| tan! +) +ta"()) 
tan7! {2000 (2) 2 sh [IIT-JEE -1981] 3 
3 2 
; fl) 2 ria 
Soln. Given tan, 2 tan alert Saealtanet ; 5 
as 
2 
= tan| tan! 5 5 ale -(35) 
i-( :) 4 12-6 
: ae 
6 
= tan| tan! 5 tan") 
2 
5. The principal value of sin“(sin{}} is 
5 
Ts 
= tan| tan”! 20 20 1 5a 
5 a) -— (b) — c) = d) — 
a Oa OO Oe 
7 [IIT-JEE - 1986] 
= tan| tan!} -— 
a} 


Soln. 


Given sin! [sin( 27) 


2 (ole) 


3. Find the value of cos (2 cos !x+sin! x) atx = 1/5, 


= | ne 1 
where 0< cos !x<z and = oon 'xS5- 


ll 
rn 
mm. 
5 

uF 
/ 

n 
n. 

5 
(aie. 
wla 
ae 
NY 


[IIT-JEE-1981] 
Soln. Now, cos(2cos"! x + sin”! x) = (=) 


= cos (cos! xt+sin |} x+cos! x) 
1 -1 
— cos} —+cos x 
2 
: 2} 
= =sin (cos x) 
= -sin(sin™ 1-x? 


= aa 


When x = 1/5, then the value of the given 


a 


expression is — 
25 


5 


r)--78 


4. The value of tan os (=) +tan7! (2) is 


(a) 6/17 (b) 17/6 


Soln. Given tan cos (=) +tan! (2) 


(c) -17/6 


(d) -6/17 
[IIT-JEE-1983] 


6. The greater of the two angles 
A=2tan! (2/2 = 1) and 


B=3sin! ) +sin! (2) 18....... 
3 5 


We have A=2tan™! (22 - 1) 


> 2tan! (v3) = = 


and B =3sin7! [) +sin7! (2) 
3 5 


[IIT-JEE-1989] 


Soln. 


Thus, A > B. 
7. The number of real solutions of 


tan”! fx(x+1) +sin7! Vx? +x41=2 i 
an /x(xt+1)+sin™ Vx" +x+ ; is 


(a) 0 (b) 1 
(c) 2 (d) © [IIT-JEE-1999] 
Soln. Given 
tan”! +1)+sin7! Vx? + wee 
x(x ) Vx +x 5 
= cos | a +sin"! (Vi? +41}=% 
Vx +x41 2 
1 
Thus, | |=\Fe) 
vr +xtl 
2 
=> | 4x41] = 
=> x4xt1= 
=> x7 +x=0 
=> x(x+1)=0 
=> x=0,-l 
2 3 
8. If sin (-See- Sos 
4 


for 0<|x|< V2, then x is 


(a) 1/2 (b) 1 
(c) —1/2 (d) -1 
[IIT-JEE-2001] 
Soln. We have 
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x 


= x(2+x?) =x? (2+x) 
=> (2x+x3)=(2x? +.°) 
=> =x 
=> x(x - 1) =0 
=> x=0,1 
Hence, the solution set is {0, 1}. 
2 
9. Prove that cos (tan! (sin (cot x))} = cae . 
x° +2 


[IIT-JEE-2002] 


Soln. We have cos (tan! (sin (cot x))} 


= cos| tan”! 


= COS 


= COS 


10. The domain of f (x)= sin”! (2x)+ is 
1 1 

@ (-73| 
La 
oft! 


[IIT-JEE-2003] 
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Soln. Given f (x)=, |sin™! (2x) + 


It is defined for, sin™! (2x) + Z >0 
in“! (2x) >-= 
sin ( x) 6 


(2s) 2sin{ -2]--2 


ee 


4 
Also, -l< 2x <1 


Se 
2 


2 
Thus, the domain of the given function 


ay 


11. If sin (cot”'(x+1)) =cos (tan!) , then the value of x is 


(a) -1/2 (b) 1/22 (c) 0 (d) 9/4 
[IIT-JEE-2004] 


Soln. Given sin (cot (x+ 1)) = cos (tan x) 
as sin| sin” | —————_— 
| Vx? +2x+2 
= cos| cos! Pan 
Vx? +1 


1 1 


a x? 42x42 Vx? +1 
=> Vx? +242 =V32 +1 
=> x? +2x4+2=x7 +1 
> 2x+2=1 

spiel 
= 3 


12. Match the following columns: 
Let (x, y) be such that 
+] -1 -1 _a 
sin (ax)+cos (y)+cos (bx y)= A 
Column - I Column - IT 
(A) Ifa=1 and 5 =0, then (x, y) 


(P) lies on the circle x? +y? =1 


(B) Ifa=1 and b=1, then (x, y) 
(Q) lies on (x? -1)(y? -1)=0 
(C) Ifa=1 and b = 2, then (x, y) 
(R) lies on the line y =x 
(D) If a=2 and b = 2, then (x, y) 
(S) lies on (4x° zm I)(v? = 1) =0 
[IIT-JEE-2007] 


Soln. Given sin7! (ax)+ cos! (y)+ cos! (bxy)= 5 : 
(A) When a= 1, b=0, then 
sin”! (x)+ cos"! (y)+cos”!(0)= - 
in7! = fea 
= sin (x)+cos WAS 5 
= sin! (x) +cos ; (v)=0 
_, sin! (x)=-cos™!(y)=—sin ( i-y'] 
=> x=-yl-y? 
2g: ipa? 
=> 4y'= 
Ans. (P). 
(B) When a= 1, b= 1, then 
sin" x+cos”! y+ cos”! (xy)= ; 
= _cos!x+cos! y+cos | (xy)=~ 
2 2 
= cos! x=cos! y+cos! (xy) 
= cos! x-cos”! y=cos ! (xy) 
= cos’ (y-vi-2 i=»? = cos" (ay) 
= (w-vi-x Vi-»?)=() 
= Vi-xl-y? =0 
= (-2)f-»4)-0 
Ans. (Q). 
(C) Whena=1,b=2, then 


set ¥ z 1 
= sin! x+cos!y+cos (2a) =5 


Te nace : a 
=> cos 'x+cos! y+cos (2xy) = 


N/a 


= cos! x=cos! y+cos!(2xy) 


Inverse Trigonometric Function 327 


= cos 'x-cos! y=cos” (2xy) 
= cos’ (x-vi- 2? Y= y?)=cos™ (247) 
=a (w-vi-2? Vi-»*)=20) 
2 
=> (vi- i-¥*) =(-xy) 


= (-#\(-r)e<y 


(EP apie y =e iy 


= Vl+x° 
= v1+x7 
= V1+x? 
= v1+x7 


> xr+y?=1 


Ans. (P). = xV1+x" 


(D) Whena=2,b=2, then Ans. (c). 


= gin (2x) seeee yt é6a7! (2xy) _# 14. No questions asked between 2009 and 2010. 
2 . 
7] 
15. Let ¢(@)=sin| tan] = 
> ae cos! (2x)+cos”! y+cos™! (2xy) => F(@) (= 20 
se aga (2x) =cos_! y+ soe (2xy) where 7 <0< 5 . Then the value of 
= cos !(2x)—cos”! y=cos! (2xy) d 


O)) iS.i.2 IIT-JEE-2011 
00s" (any-VnaP YI?) =c06"\2m) | aimay/O) ® ( | 


in@ 
=> (2x»-Vi-4x* Ji y)= 2xy Soln. Given f(6)=sin wn( ou ) 
fl ) cos 20 
= [vi-ax? fi-»*}=0 ¥. +( as | 
= Sin; sin ——————————— 
= (1-4:?)(I-y?)=0 Vsin? 6 + cos 20 
Ans. (S). sin@ 
13. If0<x< 1, then Srey Sey eT 


V1+x? x {» cos (cot! x) +sin (cot xP - i) _ sin@ 


cos” @ 
equals 
2 _{ sin@ Bere 
(a) rag? (b) x se) 
xX 
d 
(c) xvl+x° (d) Vi+x Now, FT ae a 
[IIT-JEE-2008] : : 
Soli. We have 16. No questions asked in 2012. 
23 n 
a See 17. The value of cot cor'(14 2 is 
V1+x? x {cos {cot x)+sin(cot | x) - 1 [3 2 
(a) 23/25 (b) 25/23 
5 a x (c) 23/24 (d) 24/23 
= V¥1+x~|4xcos| cos tae [IIT-JEE - 2013] 
x n 


72 Soln. Now, > (2k) 


(ea)} : 
+sin| sin” -l 

= 2(114+2+3+H..... 
Pa (1+2+3+.....47) 
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. cas 


OS +. 3 : 
Therefore, ¥ cot” (I +n+n ) 


n=l 2 
1 
23 1 1 aa 
= ¥ tan” a Re ae | 


hz l+nt+n? 
=2 tan aa yyl—y? 
ss os) _>(vi->*} 

n= I+(n+1)n Thus, the given expression reduces to 
= ¥ (tan! (n+1)-tan™ (n)) ie 1-y4 er , 


= (tan (2)-tan™! (1)) + (tan (3)— tan! (2 ) 
Aes edre + (tan (24) —- tan”! (23)) 


V/2 
2 
Y (I-» 4 
y 
4 


(26-24 
=((-y' on"? 


= tan”! (24)- tan! (1) 


_1( 24-1 | 2) 
= tan | ——— |=tan | — 
1+24 25 
Thus, the given expression reduces to 
[ af (2 ) 19. If cot [sin l—x* =sin (tan! (xv6)). x#0 
= cot} tan “| — 


then the value of x is....... [IIT-JEE - 2013] 


_,f 25 
= cot [cs (*)) Soln. Given cot [sin Via" = sin (tan! (xv6)) 


7 = cs [5] +o xv6 } 
= sas V1—x? V6x" +1 


18. The value of 


cos(tan“! y) + ysin(tan~! y) V2 f : }-[ xv6 
| | i . v= x? V6x" +1 


y cot (sin y)+ tan(sin™! y) 


allel 


1S... [IIT-JEE - 2013] > 
cos (tan y) + ysin (tan y) 
Soln. We have | a (sin 7) n tan(sin y) a 6(1 - x) = (6x° + 1) 
=> 6-6x" =6x7 +1 
at 1 4 , bl y = 12x? =5 
cos C 5) vn 5] os . 


x 
12 
fi 2 
cot| cot! ao. + tan} tan”! y 12 
y by x=+ 


U 
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20. The number of positive solutions satisfying the 


equation 6x +2 -( =) 
= 2 a) 
-] 1 -] 1 Sif QV (sx +6x+1-1) x 
n —— |+tan —— |=tan ="! 1Ste34 
seai}t "(gaa }-#" (3) 
[IIT-JEE-2014] | — : ax +l -( =| 
Son. We have (8x? +6x+1-1)] \x 
tan”! ! +tan7! ! = tan! as => 3x3 + x? =8x? + 6x 
2x+1 4x +1 x 
> 3x3 — 7x" -6x =0 
1 1 
=> tan! 2x a 4x a = tan! (=) > x(3x? —7x—- 6) =0 
i= x 
Ges al = — x(3x?-9x+2x-6)=0 
> tan! aye e2eS 1 = tan! (+ = x(x—3)(3x+2)=0 
(2x+1)(4x+1)-1 x 2 
=> aan 


Thus, the number of positive solution is one. 
21. No questions asked in 2015. 


Properties of Triangles 


CHAPTER 


S > CD Sb sm Arvanccdiouadad (i) 
In any A, the three sides and the three angles are generally From ABCD, sin B = CD = CD 
called the elements of the triangle. BC a 
A triangle which does not contain a right angle is called => — CD SASINB vevececsecceccsssseesees (ii) 
an oblique triangle. F *) and (ij 
In any AABC, the measures of the angles ZBAC, ZCBA ee Ae wesc 
and ZACB are denoted by the letters. nan a ene ; 
A, B and C respectively, and the sides BC, CA and AB sin A = oe end (iii) 
opposite to the angles A, B and C are respectively denoted a b 
by a, b and c. These six elements of a triangle are not Similarly, we can prove that, 
independent and are connected by the relations. sin A sin ; 
(i) A+B+C=a Sang (iv) 
(ii) atb>c;b+c>a;cta>b : : 
: ° From (iii) and (iv), we get, 
7.1.1 Sine Rule Statement stay sue ae 
The sides of a triangle are proportion to the sines of the o : o 
. fn 8 a b a5 _¢ 
angles opposite to them, i.e. ina AABC, a cae Gal ane Se 
— . The above rule may also be expressed as 
sinC 7.1.2 Some Solved Examples 
2_ 22 ‘ 
; , : a’ —b sin(A-—B 
Soe ae eS iH, teense oS 
a b c a+b sin(A + B) 
A then the triangle is right angled or isosceles. 
2_ 22 . 
- A-B 
Son. We have ~ Pies a ) 
c b a+b? sin(A+B) 
ab = sin(A —B)sin(A+B) 
B a D C a’ +b? sin’ (A+B) 
Proof: Let ABC be a triangle such that a a =? _ sin’ A—sin* B 


AB=c, BC=a, CA=b 
Draw CD is perpendicular on AB. 
CD _cb 


From AACD, sin .A = — 
AC b 


a+b? sin? (x-C) 
g =b* _ sin? A—sin? B 


a’ +b? sin? C 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


a 7 — 
a+b? kc? 
es) (a? -°] 
as = 
a ee ce 
ae) 1 
a —b — |=0 
oo ( Ger (oa 
1 1 
ae) 
=> aeab’, = 
wah Ee 


— a=b,a’ +b’ =c 
Thus, the triangle is isosceles or right angled. 


In a AABC such that 74 = 45° and ZB = 75° 
then find a+ cv2 ‘ 


We have ZC =180°-(4+B) 

= 180°- (45° + 75°) 

= 180°-120° 

= 60° 

From the sine rule, we can write 
a b c 


sin A a sin B Zz sin C 
a = b - c 
sin(45°) sin(75°) — sin(60°) 


a b c 
> = 


a ae 
42 Op 2 


Now, a+ cV2 


ws alee 


2 2 


In a triangle AABC, if Te ee are in A.P. 
then prove that cot A,cot B,cotC are in A.P. 


Given a’,b’,c? are inA.P. 


Ex-4. 


Soln. 
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=> bP-@=c-b’ 
= sin’ B-sin? A=sin’ C-sin? B 
=> sin (B + A) sin (B - A) 
= sin(C + B)sin(C — B) 
= — sinC(sin Bcos A—cos Bsin A) 
= sin A(sin Ccos B —cosCsin B) 


Dividing both the sides by sin Asin BsinC , 
we get, 


=> cotA-cotB=cotB-cotC 


=>  cotA,cotB,cotC are inA.P. 


If cot a eee. then prove that 
2 a 
AABC is right angled. 
We have 
(4) bt+e 
cot} — |= 
2 a 
cat{ $= sin B+sinC 
7 2 sin A 
. +C B-C 
A 2sin cos 5 
= cal - - 
2 sin A 
_{a A B-C 
a 2sin a 5 cos 5 
= cat - 
2 (4) A 
2sin| — |cos| — 
2 2 
Cc 


4) (45 <) 
cos > Cos 3 
> = 
A A 
sin| — sin} — 
>) (3) 
Cos a = cos B= e 
a oa a 5 
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A B-C 
> =—=— 
2, 2 
=> <A+C=B 
=> 2B=A+B+C=180° 
=> B=90°. 


Thus, the triangle is right angled. 
Ex-5. In any triangle ABC, prove that 


: oO 3 
n= Avseds, 27. 
sin A 


tn i 
Soln. We have pe) 


sin A 


= [sin a+ 41}{sin ++) 
sin A sin B 


[sinc _ +1) 
sin C 


>(2+1)(2+1)(24+1)=27 


(applying AM 2G.M ) 
Ex-6: Ina triangle ABC, prove that, 


asin( $48) (6+)sin{ 2) : 


Soln. Let —“— = ed eee 
snA sinB sinc 
Wene on 
a 
_ k(sinB+sinC) 
k sin A 
_ (sinB+sinC) 
sin A 
(755) 3oe) 
2sin cos 
" 2 2 
2sin{ 4 Jos “) 
2 2. 
. (am A B-C 
2sin| —— cos 
= 2 2 2 
2sin( 4 Jos 4 
2 2 


onl Jo 9) 
(5 


cos( 4 ; <) 
sin( 2 

: sin( 4 + 3 

sin( 2 


Ex-7. Ina triangle ABC, prove that, 
asin(B—C) _bsin(C— A) _ csin(A-B) 


prae esa a =p" 
Soln. Let ——= a = ed = 
sind sinB  sinC 
We have, oes) 
b*-c 


__ ksin A.sin(C — A) 
ke (sin? C-sin? A) 


_ sin(B+C).sin(B-C) 
k(sin? B-sin? Cc) 


(sin? B-sin? Cc) 


1 
k(sin? B-sin? c) k 


bsin(C — A) 
are 


__ ksin(C + A).sin(C — A) 
k? (sin? C -sin? A) 


sin*C-sin? A 1 


k(sin? C-sin? A) k 


csin(A-B) 
cap 


Also, 


_ ksinCsin(A—B) 
k? (sin? A-sin? B) 


_ sin (4+ B)sin(4-B) 
k (sin? A-sin* B) 


sin? A—sin? B 1 


k(sin? A-sin? B) k 


Hence, the result. 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ina AABC, if cos A+2cosB+cosC =2 
then prove that the sides of a triangle are in A.P. 


Given cos4+2cosB+cosC =2 
=> cos A+ cosC = 2(1—cos B) 


= 2cos ase cos aoe = Asin? A 
2 2 2 
x B A-C .2(B 
=> cos} —- cos =2sin“| — 
2 2 2 2 
=> sin| — |cos =2sin“| — 
2 2 
A-C eB 
=> cos = 2sin| — 
2 2 
Perth: . B 
Multiplying both sides by 2eos{ 5 , we get, 
=> 2cos ba cos set = 2] 2cos = sin 2 
2 2 2 
(5) [as 
=> 2sin cos 
2 2 


=> sindAt+sinC=2sinB 


)=2sing 


=> atc=2b 


=> a,b,careinAP. 

In a AABC, if cos AcosB+sin Asin BsinC =1. 
then prove that a:b:c=1:1:V2 

We have cos A cos B +sinA sinB sinC =1 


1—cosAcosB _ 


- - sinC 
sin Asin B 
Zs patos aces =sinC<1 
sin Asin B 
=> 1-cosAcosB<sin AsinB 
=> 1<sinAsinB+cosAcosB 
= cos(A-B)>1 
=  cos(A—B)=1 
= cos(A—B)=cos(0) 
=> <A-B=0 
=> A=B 


Therefore, sin C = pores 
sin Asin B 
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1—cosAcosA _ 1—cos” A _ sin’ A 4 


sin Asin A sin? A ~ gin? A 
=> C=90° 
Hence, A=45°=B,C=90° 
Now, —— Z = < 
snA sinB  sinC 
a b c 
> : oe ee 
sin45° sin45° sin 90° 
a b c 
=> — -— 
Het 
V2 V2 
5. PoP Se 
i. ibe ge 


=> a:b:c=1:1:V2 
Hence, the result. 


EXERCISE 1 
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Q. Ina AABC, 

sin(B-C) bee? 

sin(B+C) = 

2. Prove that asin (B-—C)+b sin (C-—A) 
+csin(A-—B)=0. 

a’ sin(B-C) ; b? sin(C — A) 


1. Prove that 


3. Prove that 


sin B+sinC sinC +sin A 
De 8 
z. a out B) -¢. 
sinA+sinB 
2_ 2 2_ 2 
4. Prove that ea ee Phe 
cosB+cosC cosC+cosA 
Ried 
gE ay 
cosA+cosB 


1+cos(A—B)cosC qq? +b? 
l+cos(A—C)cosB gq? 42" 
6. Prove that a. b, c’ are in AP, if 


sinA _ sin(A—B) 
~ sin(B—C)° 


5. Prove that 


sin C 


7.2 COSINE RULE 


Statement 
In any triangle ABC 


Pte oa 


i) cosA= 
@) 2be 
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2 2 2 
(ices 
2ac 

2 2 2 
Gijceee= ee = 
2ab 


Proof: 


B c D A 


iy Hemspen wn = 2 
AC 


=> CD = bsin A 

RomauiCD: tees 
AC b 

AD =bcosA 

AB -— BD =bcosA 

c-BD=bcosA 

BD=c-—bcosA 

From ABCD, 

BC? = BD? + CD? 

=> a= (c-beos A) +(b sin A)” 


Vudu dy 


=> a =c’—2bcecosAt+b’ cos’ A+b’ sin’ A 


= c’ —2becosA+b* 


=> 2becosA=b? +c’ -a’ 


Pe aa 
2be 


= cosdA= 


Similarly, we can easily proved that, (ii) and (111). 


7.2.1 Some Solved Examples 
Ex-1. Ina triangle ABC, prove that 


a(bcosC —ccos B)=b? -c’. 
Soln. We have a(bcosC —ccos B) 
= (abcosC — accos B) 


ee Ebel age Tae | 
= ab = ac| —————— 
2ab 2ac 


_ a+b? -¢? u a +c? —b? 
2 2 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


S(o +0? ee gnc +b") 
1 


5(b? 6? 0? +B?) 


= 5 (26° — 2c?) 


= i#-e! 
Hence, the result. 
In a triangle ABC, if 


(a+b+c)(a—b+c)=3ac , then find ZB. 
We have 

(at+b+c)(a—b+c) =3ac 

> (atc) —b* =3ac 

=> @4+c’—b* =3ac—2ac =ac 


a+e—b ac 1 


2ac 2ac 2 
> cosB=— 
> Ree 

3 


Hence, the angle B is 60° 


In any AABC, if 2cos B= ef prove that the triangle 
is isoceles. . 


We have 2cos B= # 
c 


OF gD 
= aE +¢ “Jas 


2ac Cc 


atc —b* 
=> —————— =a 
a 


=> (?+c?-b )=a 


= (-b')=0 

> 2 = b 

=> c=b 

Thus, the triangle is isosecles. 


In a triangle ABC, if acos A=bcosB, then 
prove that A is right angled isoceles. 


We have acos4=bcosB 


bees Aeey 
a =b 
2be 2ac 


Properties of Triangles 335 


) b 
> c? (a -b?) =(a* -5°) cos( 45°) 
2 
> c’ (a -b")= a’ -b’) a’ +b’) . sin( 2 
=> (a? =p (2° +b*)-c7]=0 
cos( — <) 
> (a? -b?)=0,(a? +b? )=° = 
._{ 60° 
> a=b,(a+b’)=c sin{ 2 
Thus, the triangle is right angled isosceles. = 2008 ( -C 
Ex-5. Ina triangle ABC, the angles are in A.P, then prove 


A-C atc Ex-6. Ina triangle ABC, prove that 
that, 2cos = 5 
Vat —act 222 Pa! 33 2 42 
} é eee ore sin2A+ a sin2B+ PEP 
Soln. Since the angles are in A.P, so4A + C=2B a b? 
=> A+B+C=3B 


sin2C =0 
=> 3B=180° 
B=60° Bae 
= a Soln. We have, | —,— |sin24 
a 
1 
> ae oars ae 
= —~< Jesinacos 
= a+e-b 1 a 
2ac 2, 2 = (32 Di 208 8 
= b - dka b’ +c -a 
=> @+c-b =ac a 2bc 
=> atc -ac=h (b? —c?)(b? +c? -a’) 
Now, R.H.S 7 k abc 
= ES 
Poe, 2 3 Bie ad S18 
a —ac+e = ape le -c )-a ( -—¢c )} 
_ ate 
~ 2. 2 
: Similarly, : - }asinzs 
_ k(sin A+sinC) b 
k sin B 1 
= x{(c4 -a*)-6? (c? -a")} 
(45) (55) kabe 
2sin cos 
_ 2 2 a —b 
_(B B Jonac and 
2sin| — |cos} — Cc 
(5 )eo(3) 
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Ex-7. 


Soln. 


In a triangle ABC, if 2 A = 60° , then find 


the value of (14242 )(142-2), 
c oc b ob 


Given ZA =60° 


=> cos 4A =cos(60°) 


> ee 
2 


= (b +c? -a’)=be ....(i) 


Now, (i+S+2)(145-2) 
c oC b b 
if stash (Res) 
c b 
if teta)(Pten) 
c b 


= b? +c? —a’ +2be 
be 


= (ee). font) 
be 
<=) 
be 
=3 
Ex-8 If ; + l = a , then find ZC. 
a+c b+ce atb+ec 


1 3 


Soln. Given = 
atc b+c atbte 


atbte atbte_ 


atc b+e 
=> 14+ +1+ a =3 
ate b+e 
b a 
> + =1 
atc bt+e 


= b(b+c)+a(atc)=(at+c)(b+c) 
=> pb +beta*+ac=abt+actbet+c? 


= @g +b’ =e Sab 


i ge a 
Now, cos(C) = ae iad 
2ab 
me cuyeye 
ab 2 
265": 
3 


Ex-9. Ifina triangle ABC, 
2cosA 2cosB 2cosC 1 b 
+ + =—+ 


a b c be ca 
then find the angle A in degrees. 


Soln. We have 
2cosA 2cosB 2cosC 1 b 
+ + =—+ 


a b c be ca 


’ 


2bcecosA accosB 2bccosC 
+ + 


abc abc abc 
_@ 8 
abc abc 


= 2becosA+taccosB+2becosC =a’ +b’ 


> (0? +c? -a) +50? He" -b°) 


+(a? +b° -<)=a" +b? 


=> 2b -2a*4+c’+a*-b*? =0 


=> @=b+c 
AABC is a right angled triangle at A 
Thus, ZA = 90° 


EXERCISE 2 


Q. In any AABC, 


1. 


2. 


Prove that b(ccos A—acosC) = (c? - a’) 


Prove that 


cosA cosB cosC a?+bh> +c’ 
+ + = 
2abc 


a b c 


Prove that 


(a—b)’ cos” (S) +(a+b)’ sin? (S) =¢" 


. Prove that 


(0° — 7 )eot A+(c? —a° )cot B+(a” —b* cot C = 0 


. Ina AABC, a=4,b=3,2A=60° 


Then prove that c is a root of the equation 


c? -3c-7=0 


. Ina AABC, if (a+b+c)(b+c-a)=Abc 


then find the value of A. 


. If the angles A, B, C of a triangle are in A.P. 


and its sides a, b, c are in G.P., prove that 


a’,b*,c* are in A.P. 


. If the line segment joining the points P(a,,b,) 


andQ(a,,b,) subtends an angle @ at the origin, 


aa, + bb, 


Ja? +b? ay +b,” 


prove that cos@ = 


. Inatriangle ABC, if cot A,cot B,cotC are 


in A.P., prove that a’,b,c? are in A.P. 


. If the sides of a triangle are a, b and Va? +ab+b° 


then find its greatest angle. 


Properties of Triangles 


7.3 PROJECTION FORMULAE 


Statement: 
In any triangle ABC 
(i) a=bcosC+ccosB 
(ii) bB=ccosAt+acosC 
(iii) c=acosB+bcosA 
Proof: 


From AABD, we have, 
a=BC=BD+DC 
=ccosB+bcosC 


> a=bcosC+ccosB 


Similarly, we can eaisly proved that (ii) and (111). 


7.3.1 Some Solved Examples 

Ex-1. Ina triangle ABC, prove that, 
sinB_c—acosB 
sinC b—acosC 


Soln. We have, Case 
b-—acosC 
_ acosB+bcos A—acosB 
ccos A+acosC —acosC 
_ bcosA 
ccos A 
_6 
c 
= ksinB 
ksinC 
=) sin B 
sinC 
Ex-2. In any triangle ABC, prove that, 
2 Hane tee =at b 
5 5 atc 
oe Cc 4. A 
Soln. We have, 2} asin a +csin ea 
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-o{asn?(S)} +20 (4 


a(1—cosC)+c(1—cos A) 


= a+c-—(acosC +ccos A) 


=atc-—b 
Ex-3. In any triangle ABC, prove that, 
cos A cosB 
bcosC+ccosB ccosA+acosC 
cosC 7 @ +b He 
acosB+bcos A 2abe 
Soln. We have, 
cos A cosB 
bcosC+ccosB ccosA+acosC 
cosC 
acosB+bcos A 
cosA cosB cosC 
= + + 
a b Cc 
_ be Ser in Co +a" ob" 
2abc 2abc 
a+b? -c’ 
2abc 
1 
= {(? +c? -a?) +(c? +a? =b)+(a? +57 -c")} 
2abc 
(a? +b? + *| 
3 2abc 
EXERCISE 3 


Q. In any AABC, prove that 
i 5 usin? = hosing’ aes 
: 5 5 atc- 


2 


B 
2. 2{ peos? C+ c00s 3) =atbt+c 


Q. In any AABC, 
3 P ae sin B c-—acosB 
. Pr a = 
we sinC b—acosC 


4. Prove that (b+c)cos A+(c+a)cosB+(a+b)cosC 


a (at+b+c) 


Q. In any AABC, prove that 


cos A cosB 
bcosC+ccosB ccosA+acosC 
cosC _ a hee 
acosB+bcos A 2abec 


6. 2(bccos A+cacos B+ abcosC) = (a? +b +c?) 


7.4 NAPIER’S ANALOGY 
(LAW OF TANGENTS) 


Statement: 
In any AABC, prove that 


(i t 2=<) b-c (3) 
i) tan = 
2 bte \2 
ay t <4) (<4) 2B 
(ii) tan 5 ae co 5 
ii) t A-B a—-b ‘ C 
(iii) tan 5 rons co 5 


b c 
snA sinB sinC 


We h BRE cot a 
e have, | ——— — 
> Lb+e 2 


Proof: (i) Let 


sin B —sinC A 
=| — : Xx cot 
sinB+sinC 2 
B+C).(B-C 
2cos sin 
2 A 
x cot} — 
B+C B-C 2 
2sin cos 
2 2 
+C).({B-C 
2cos sin 
2 2 A 
= x cot] — 
. ( B+C B-C 2 
2sin cos 
2 2 
_ (A). (B-C 
sin| — |sin 
2 2 x cot a 
A B-C 2 
cos] — |cos 
2, 2, 
_ fA). (B-C A 
sin| — |sin cos| — 
2 2 . 2 
A B-C A 
cos] — |cos sin} — 
2 2: 2 


= tan 


B-C 
2 


Similarly, we can easily proved that (ii) and (iii) 


7.4.1 Some Solved Examples 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


In any AABC, b= V34+Lhc= 3-1 
and ZA = 60°, then find the value of 


tan( =). 

As we know that, 

tan( FS) (98 Noor( 2) 
V3 +1)- (v3 - 1) co 2") 
V3 +1) +(v3- i) 


cot (30°) 


In any AABC, b=3,c=1,B—C =90° 


then find ZA. 
As we know that, 


tan( 2=£) -( P= Noor( 4) 

(7 )-[esilon(€) 
=> tan(45°) = (2- A)eo( 4) 
=> oof Fp et 


> cat( =cot(15°) 


=> A=30° 
Hence, the angle A is 30°. 
If in a triangle ABC, a = 6, b=3 and 


cos(A—B)= 4/5, then find the angle C. 


Given cos(A-B) = : 
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= 200s'( 4=4) 1-4 
2 5 
=> 200s'( 457 )-143=2 
2 5 5 
ee cos’ (457 )_9 
2 10 
(7) 3 
=> cos =— 
2 10 
tan( 4) 1 
> => 
2 3 
a-b a Cyt 
eh mI 3 
ms (FJ E) 5 
6+3 2 3 
= seot(S]=3 
3 2 3 
=> cat( $}= 
2 
=. 3OLe 
2 4 
1 
C=— 
ae 2 
a 
Hence, the value of C is 2° 
EXERCISE 4 


. Ifina triangle ABC, a=4, b=2 and cos (A — B) = 4/5, 


then prove that angle C is 90°. 


. Ina triangle ABC, if 


IS 
x = tan 


and 


fe 
z=tan 


xt+ty+z+xyz=0 


(8) oom) 


B Cc 
tan 5/8 then prove that 


. Inatriangle ABC, ifa=5, b=4 and 


31 
cos(4- B)= ae then prove that c = 6. 
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7.5 HALF-ANGLED FORMULAE 


In this section, we shall desire to the formulas for the sine, 
cosine and tangent to the half of the angles of any triangle 
in terms of its sides. The perimeter of AABC will be denoted 


by 2s 
i.e. a+ b+ c= 2s and its area is denoted by A. 


ie. A= J/s(s—a)(s—b)\(s—c) 


1. F inate sal Lent gale), 
. Formulae for 5 ah ak 


In any AABC, 
ie A. S=b)s=c) 
(i) sin 7 \ ee 
ne Na B . MSEENS= 2) 
(ii) sin 7 \ - 
wid he ec NOOSE) 
(iii) sin a ab 


Proof: (i) We have, 


2sin? (4) 
2, 


=l-cosA 


= 2sin? (+) 
2 


=e PACSY 
2be 


- osbne)x(orens)) 


_ ((a+b+c-2c)x(a+b+c-2b) 
2bc 


2be 


7 [eee 


x sin( 4) = (s—c)x(s—5d) 


be 


Similarly, we can easily prove that (11) and (iii) 


2. F eae eos Vices es ehalees | 
. Formulae for a) a7 a)" 


In any AABC, 

(i) Ai. s(s—a) 
i) cos > ie 
(ii) B s(s—b) 

ii) cos — = ,J——— 
2 V ca 

(iii) Cc s(s—c) 

ili = = ,/-——— 
mer A ah 


Proof: (i) We have, 


2cos* (4) 
2 


=1+cosA 


pte a 
=|]+) —————_ 
2be 


: toe | 


2be 


7 er") 


2be 


: eee 


7 (a+b+c)(b+c+a-2a) 
2be 


z 4) 


2be 


Similarly, we can easily proved that (ii) and (111). 


3. F iaeeeeaanl baal Wan ls 
. Formulae for 5 7) ar 


In any AABC, 
A _ {(s—6)(s—c) 
(i) tan DA aG=a) 
. B_ |(s—e(s—a) 
(ii) tan 2. Mr cae B) 
oy C _ {(s—a(s—5) 
(iii) tan ZA aGeo 
Proof: (i) We have, 
3) 
tan} — 
2 
(5) 
sin} — 
a 2 
veal) 
cos} — 
2 
(16-6) 
= bc 
s(s—a) 
bc 
on tan ( 2 (s=5)(s=c) 
2 s(s—a) 


Similarly, we can easily proved that (ii) and (iii) 


7.5.1 Some Solved Examples 
Ex-1. Ina AABC, ifa= 13, b= 
the value of 


14 and c = 15, then find 


ja 
1 in — 
ca 


Soln. 


A 
Ex-2. Ina AABC, if cos( “)- 


Soln. 


Properties of Triangles 
(ii) B 
ll ae 
cos 5 
(iii) cos A 
We have 2s =a+b+c=134+14+4+15 


_ 13414415 _ 42 
5} 2 


._ A_ f(s—bls—c) 
sin ; on 
2 bc 


ar (21-15) 


14.15 


=21 


(ii) 


21(21-13) 


Vo 14.15 


(iii) 


as 
2c 


prove that AABC is right angled at C. 


A Jb+c 
We have “s he 

2 
[s( S-a = 


=> 
ats (s—a) OPE 
be 2c 
=> 2s (2s —2a) = 2b(b+c) 
=> (a+b+c)(b+c-a)=2b(b+c) 
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Ex-3. 


Soln. 


Ex-4. 


Soln. 


Ex.-5 


Soln. 


= ((b+c)’-a*)=2b(6+<) 


= b4+c?-a? =20° 
= @+hP=c 

Thus, the triangle ABC is right angled at C. 
In a AABC, prove that, 


bcos” (<) + ccos” (2) =S§ 


We have, bcos” (S) +ccos” (2) 


In a AABC, prove that 


becos” 2 +cacos” za + abcos* es = 357 
2 2 2 


We have 


A B 
becos”| — |+cacos”| — |+ abcos” c 
2 2 2 


=s —a)+s(s—b)+s(s—c) 


( 
= s(3s-(a+b+c)) 
( 


= s(3s—2s) 
=sxXs 
. {( A-B+C 
In a AABC, prove that 2acsin — ae 
= (a? +c? -2’). 
. ( A-B+C 
We have 2acsin a 


in “E-8 
= 2acsin ae 


Ex-6. 


Soln. 


Ex-7. 


Soln. 


in 2-5) 
= 2acsin a a 


= 2aesin| © - 8 
2 


= 2accosB 


[< +¢7 *) 
= 2ac} —————— 
2ac 


= (a +07 -b") 


In a AABC, 3a = 6 +c, then find the value of 


cot} — |cot] — |. 
2 2 
We h eot(  Jeor( $) 
a = = 
e have, 5 5 


a s(s—b) uy s(s—c) 
(s—a)(s—c) ot 


—_ 


= 2s 
2s—2a 


atb+t+e 
atb+c-2a 


In a AABC, prove that 


A B 2c 
1- tan tan = 
(4) (=) (a+b+c) 


We h 1-—tan [ tan [ 
a x A B 
Seer 2 2 


Se 
\  s(s—a) s(s—b) 


Soln. 


Hence, the result. 


. Ina AABC, prove that: 


A B C atbt+c A 
cot} — }+ cot} — |+cot = cot 
(5) 5) (5) Fes) (5) 


2 


ii A Cc 
We ave, cot 2 cot o 


{ome ears 


> s(s-a) | s(s—4) |, s(s~c) 
A A A 


= q(s-ats—bts—c) 


= * (3s -(a+5+0)) 


= 5 (38 —2s) 
2 


s 
A 
5? 


- Js(s—a)(s-6)(s—c) 
ae s(s—a) 


~ (s—a) \(s—b)(s—c) 


Soln. 


Ex-10 


Soln. 
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2s s(s—a) 


~(Os= 0a) VB) 


7 eee <cot( 4) 


(b+c-a) 


. A B Cc f 
Ina AABC, if cot 5 ,cot 5 ,cot 5 are inA.P., 


then prove that a, b, c are in A.P. 


Gi ee : in A.P. 
iven cot 5 are in ALP. 


s(s—b) 
Seay =) 
= s(s—a) +| s(s—c) 
\ s—b)(s—c) (s—a)(s—b) 
_ ,{(e3 
(e- 


-| (s-a)° + 
(s—a)(s—b (s—c) (s—a)(s—b)(s-c) 


B C 
In a AABC, c(a + b) cos ac b(a +c) cos >? then 
prove that the triangle is isosceles. 


B C 
We have, c(a + b) cos a b(a+c) cos — 


2 
=> cla b)x PE < ofa re)x PO 9 
=> clas )x Jo") = plate) wd) 


c? (a+b) Peak) pe 


ss c b 
> c(a+b) x(s—b)=b(a+c) x(s—c) 
> c(a+b) x(s—b)=b(at+c) x(s—c) 
=> c(a+b) x(atc—b)=b(atc) x(atb-c) 
- (atc-b _(a+b-c) 
b(at+c) c(a+b)y” 
os on. a ee et 
b(a+c) (a+c) c(at+b) (a+b) 
ais It, 22a Z rr: | 
b(at+c) c(at+b) (atc) (a+b) 
a actc*—ab-b? _ (a+b) -(atc) 
be(a+b)(ate) (ate) (a+b) 
7 a(c—b)+(c?-°) _ 2a(b-c)+(b° -c") 
be (a+c)(a+b) 
2 (c—b)(atb+e) _(b-c)(2a+b+c) 
be (a+c)(a+b) 
7 (atb+c) | (2a+b+c) 7 
= is be Pose 
= (c-b)= 
(a+b+c) (2a+b+c) 
cE [ie errs eo 
=> b=c 
= Ais isoceles. 


EXERCISE 5 


. Ina AABC, 3a = b +c, then prove that 


o(2)o(5) 


. B 
. Ina AABC, if cos A+cosC = Asin? (5) , then prove 


that a, b, c are in A.P. 
. Ina AABC, if (s — a) (s — b) =s(s —c) 
then prove that angle C is 90°. 


A Cc 
. Ina AABC, if cot 7? cot —, cot 5 anr in A.P., then 


2: 
prove that a, b, c are in A.P. 


10. 
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A B S—C 
. Ina AABC, tan tan a 
5] 3] [ s 


. Ina AABC, prove that 


(Fo) (52h 


. Ina AABC, prove that 


ca(4)eco(2}rou(2) areeh 


cot A+cot B+ cotC a 


. Ina AABC, prove that 


(0 cJoor( 4} +(c-a)oor{ Z) + (a—b)eot{ £}=0 


. Ina AABC, if 


tan aise tan aw th 
5 6? 5 37° en prove 


that a, b, c are in A.P. 
: B Cc 
In a AABC, if c(a+b)cos BI b(a+c)cos 5 


then prove that the triangle ABC is isosceles. 


7.6 AREA OF TRIANGLE 


Statement: 
Prove that the area of AABC is given by 


1 
(i) A= 5 bc sin A 
bs 1 : 
(ii) A= 3 ca sin B 
“8 1 : 
(ii) A= B ab sin C 


1 
Proof: (i) We have, A= 5 x ABxCD 


1. 


= A=xexbsind 


1 
> =—be sin A 
2 


Similarly, we can easily proved that (11) and (iii). 


Area of a triangle (Hero’s Formula) 
In any AABC: A= Js(s —a)(s —b)(s —c) 


1 . 
Proof: As, we know that A= ae sin A 


1 
= —xbcX2 sin a cos fas 
2: 2 2 


sg ENED, =O 


Cc be 


= Js(s—a)(s—b)(s—c) 


7.6.1 Some Solved Examples 


Ex-1l. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


In any AABC, if a=V2,b=~3 and c=V5, 
then find the area of the AABC. 


| 
AABC = 5x02 xv3 - i s.u. 


In any AABC, prove that 


a ab? sin Asin B 
A= x= ; 
2 sin(A — B) 
ooh sin Asin B 
We have, 


ae 
2 sin(A — B) 


2(.2 2 
k (sin A-sin B) sin A.sin B 


7 2 *in(A—B) 
S k xsin(4+B)xsin(4—B) sin A.sin B 
2, sin(A— B) 
7 k? xsin(A+ B)xsin Asin B 
2 
2 k? xsin(a —C)xsin A.sin B 
7 2 
ROE on eae 
a k ek 
2 
1 : 
= 5m 


=A. 


If the angles of triangle and 30° and 45° and the 
included side is (v3 + 1)cm., then prove that the 


1 
area of the triangle is 5 (V3 + 1) cm”. 


_b _ Ce 
snA sinB  sinC 


As we know that, 


Ex-4. 


Soln. 


Properties of Triangles 


(v3 + 1) b c 
> : SS == 
sin(105°) sin45°_— sin30° 
(v3 + 1) b c 
— = = 
cos(105°) sin45°_— sin30° 
(v3 + 1) b c 
— = = 
V3+1 1 1 
2J2 v2 2 
=> 2/2 =bV/2 =2¢ 


> b=2&cH=V2 


1 : 
Hence, the area of the triangle is = aon A, 


= 5x2 x V2 x sin(105°) 


1 sad 
SO Kd x 
2 2N2 


(v3 +1) 
= 7 $4.u. 


In a AABC, prove that: 


che eee 
AR Moke AD ebay 


cot A+cot B+ cotC Gb 2" 
We have, cot A+ cot B+ cotC 
cosA cosB cosC 
= FS +> 
sind snB sinC 
Paes ete eb eee ae 
2be 2% 2ac ¥ 2ab 
ak bk ck 
b+ -a Ce =b oa? +h =e 
2abck 2abck 2abck 
_ web tc 
2abck 
(a? +b +c’) 
4x( 3 ab |xsinc 
2 
(a? +b? +c’) 
Se testbed (i) 


Also, cot A + cot zB + cot c 
elas 1 2 
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_ (at+b+c) xcot( +) 
(b+c-a) 2 
7 

iaiay eau (ii) 


Dividing (ii) by (i), we get, 


A B C 
cot} — |+cot} — |+cot} — 2 
(3) a ch. s 


cot(A)+cot(B)+cot(C) 4(a° +b? +c") 


ca(4)ec0(2}roa(2)  Geaneg 


cot(A)+cot(B)+cot(C) (a? Be +c") 


2 
Ex.-5. If in a AABC, prove that A< a : 


Soln. Leta, b, and c are the sides of a triangle and s be the 


semi perimeter. 
Let the four quantities are s, (s—a), (s—b) and (s—c) 
Applying, A.M. = G.M., we get, 

s+(s—a)+(s—b)+(s—c) 

4 

> Js(s = a)(s -b)(s 7 c) 

4s-(a+b+c) s ala? 

4 


4s5-2s 7 
(A 
=25 (a) 


2 
> Ace 
4 


Ex-6. Ifa, B, yare the lengths of the altitudes of a triangle 


ABC, then prove that 


1 1 
stats (cot A + cot B + cotC) 
an Bey” A 
Let AD= a, BE= Band CF=y 
Then, 


Soln. 


Ae hep hep eemskeewcr 
2 2 2) 


sp=24, ge =24, cr =24 
a b c 
2A 2A 2A 
=> a= , B= ,Y= 


Ex.-7. 


Soln. 


= ~x(cot A + cot B + cotC) 


_ (cot A+ cot B+ cotC) 
A 


Hence, the result. 


If DP, P2» P3 are the altitudes of a triangle from the 
vertices A, B, C and A be the area of the triangle 
ABC, prove that 


Ie Cr al 2ab *(S) 
= X COS es ills 
(a+b+c)xA 2 


+ 
Let AD = p,, BE = p, and CF = p; 


Pi P2 P3 


Th A Ly x Lai Ly x 
a a == a Cc 
en, 5 Pi 3 P2 3 P3 


_ 2A 


a b c 
~ 2A" 2A 2A 
(a+b-c) 

2A 
zs (a+b+c-2c) 

2A 
(2s —2c) 
2A 


2 ab 


Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ex-10. 


— BOP. pid © 
(atb+c)A (5) 


If a, b, c and d are the sides of a quadrilateral, 
De ng DoD 

bo a +b°+c 

then find the minimum value of [eee | 


We have, (a—b) +(b-c) +(c-d) 20 


> 2(a? +b? +c?) > 2(ab + be + ca) 

> 3(a? +b? +07) >(a? +b +c" 
+2(ab+be+ca) 

=> 3(a° +b? +c*)>(a+b+c) >a? 

Z 3(a” os 

2, (a+b te) 4 


d’ 3 


(a +b? +c") 4 
Pp is 


Thus, the minimum value of 


3 
In a triangle ABC, if cos A + cos B + cos C= 3? 


then the triangle is equilateral. 


3 
We have, cos A + cos B+ cos C= 5 
(A). (B).(C 3 
=> 1+4sin sin sin = 
2; 2 2 2 
PAY BY GE 1 
> sin sin sin — 
2 2 2 8 


It is possible only when 


_({A 1 ./B Lia hE 1 
sin =—,simn =—,sin = 
2 2 2 2 2 2 


A n Bu2aC fr 

=> = o) pain > = 
2 6 2 6 2 6 

> gu pa C= 
3 3 3 


A is an equilateral . 


In a APOR, if sin P, sin Q, sin R are in A.P. 
then prove that its altitude are in H.P. 


Properties of Triangles 


Soln. Here, 
A } xX px : xqx : xrx 
— =_— = r 
5) PXP 3 q%* Po 3 P3 
2A 2A 2A 
> p= gq = f= 
P\ P2 P3 


From sine rule of a triangle, 
sinP_sinQ_ sinR 


P q r 
Given sin P, sin Q, sin R are in A.P. 
=> p,g,r€AP 
2A 2A 2A 
=> —,—,—eEAP 
Pi P2 P3 


7.6.2 m-n Theorem 


347 


Statement: If D is a point on the side BC such that 


BD: DC=m:n 
Z DAC = B, then 


and ZADC=6, ZBAD=a 


(i) (m+n)cot@ = mcota—ncot B 
(ii) (m+n)cot@ =ncot B-mcotC 


Gye! 2" aCe 
DC on 


Soln. 


B m D n Cc 


So, ZABD =180°— (a +180°- 6) 


ll 
— 
D 
| 
R 
a” 


and ZACD = 180°- (0+ B) 


BD AD 


Rion: sina sin (0-a) 


DC AD 


From AAD = 
rom AADC, Sin sin(180°— (0+ B)) 


DC _— AD 
sinB  sin(@+ B) 
Dividing (1) and (ii), we get, 


=> 


BDsinB _ sin(@+8) 
DCsina  sin(@-@) 


and 
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(ii) 


msinB _ sin@cosB+cos@sin B 


nsina sin@cosa@—cos@sina 


m — (sin@cos B + cos@sin B)sina 
= Se : : 
n  (sin@cosa@—cos@sina)sin B 


Dividing the R.H.S by sinasin Bsin8@, we get, 


m _ cot B+coté 
n  cota-—cotd 


=> n(cot B + cot@) = m(cot a — cot @) 
=> (m+n)cot@ = mcota—ncot B 


BD 
Given = == and ZADC=O 
DC 4n 


Thus, ZADB=180° -@ 
Here, Z ABD = Band Z ACD=C 
So, Z BAD =180° —(180°-6+B)=0-B 


and Z DAC =(180°-(8+C)) 


BD AD 


Now, from AABD, a (6 = B) = sap (1) 
and from AADC, 
DC _ AD 
sin(180°-(8+C)) sinc 
ah DC _ AD (ii) 
sin(0+C) sinc 9 " 


Dividing (i) by (ii), we get, 


BD sin(@+C) _ sinc 
DC sin(@- B) ~ sin B 


m sin(@+C) _ sinc 


n sin(@—B) sinB 

m__ sinC.sin(6—B) 
= n sin B.sin(@+C) 

m  sinC(sin@ cosB-—cos@sin B) 
= 2 


n sin B(sin@ cosC + cos@sinC) 
Dividing the numerator and denominator on the right 
hand side by sin Bsin Csin@ , we get, 

m__ cotB—coté 

n  cotC+coté 


=> (m+ n)cot @ = ncot B-mcotC 


Hence, the result. 
This completes the proof of the statement. 


7.6.3 Some Solved Examples 


Ex-1. The median AD of a triangle ABC is perpendicular 


to AB. Prove that tan A+ 2tanB=0 
Soln. Since AD is the median, so BD: DC=1:1 


Clearly, ZADC =90° +B. 


Now, applying m : n rule, we get, 


(1+1)cot(90° + B) = 1.cot(90°) — 1.cot( A — 90°) 


= -2tanB=0-(-tan A) 
=> -—2tanB=tanA 


=> tand+2tanB=0 


Hence, the result. 


=> P\>P2>P3 © HP 


Thus, the altitudes are in H.P. 


Ex-2. 
ABC and A be its area, then prove that 
2. 2 
cot@= eee where ZADB = 0 
4A 


Soln. 


Cc D B 
By m:n tule, we get 
(1+ 1)cot@ =1.cotC —1.cot B 


=> 2cot@=cotC—cotB 


Rb 2a a ee Sh 
=> 2cotd= ; = ; 
2absinC 2absin B 
Digi 29 DO Oe 59 
es rete =" +b Co ake b 
4A 4A 


If D be the mid point of the side BC of the triangle 


2.2 
> rent —*) 

Deo = 32 
=> aed, 


Hence, the result. 


EXERCISE 6 


1. Ina AABC, if 24 = 60°, b= 4 cm. and c= V3 cm. 
then prove that the area of the AABC is 3 cm’. 


A B C 
2. Ina AABC, If clare = a and the side 
a = 2, then prove that the area of the triangle ABC is 


3 sq. u. 


3. Ifinatriangle ABC, a= 6, b=3 and cos (A— B) = 4/5, 
then prove that ar(A ABC) = 9 squ. 


4. If cos A + cos B + cos C = 3/2, then prove that the 
triangle ABC is equilateral. 


5. Inatriangle ABC, A =(6 + 2/3) sq.u and 
ZB=45°,a=2 (v3 + 1), then prove that the side bis 4. 


6. If the angles of a triangle are 30°and45° and the 
included side is (v3 + 1) , then prove that 


ar(A ABC) = s(¥3 + 1) Squu. 


7. The two adjacent sides of a cyclic quadrilateral are 2 
and 3 and the angle between them is 60. If the area of 


the quadrilateral is 4/3 , then prove that the remaining 
two sides are 2 and 3, respectively. 


7.6 RADII OF CIRCLE CONNECTED 
WITHA TRIANGLE 


7.7 Introduction 


On this topic, we shall discuss various circles connected 
with a triangle and the formula for their radii in terms of 
elements of the triangle. 


7.7.1 Circumcircle of a triangle and its radius: The circle 
which passess through the angular pointsof a A is called 
the circumcircle. The centre of this circle is the point of 
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intersection of perpendicular bisectors of the sides and is 
called the circumcentre and its radius is always denoted by R. 

The circumcentre may lie within outside or upon one of 
the sides of the A. In a right angled triangle the circumcentre 
is the vertex whose right angle is formed. 


7.7.2 Circum-Radius: Statement Prove that the circum- 
radius R of a AABC is given by 
a b c 


GQ) RSS eS Ee 
2snA 2sinB 2sinC 
abc 

ve ee AVE 

a) 4A 

Proof: 


Let ABC be a A and let the perpendicular bisectors of its sides 
BC, CA and AB intersect at O. Then O is the circumcentre 
such that OA = OB=OC=R 


(i) We have ZBOC = 2 ZBAC =2A 
=> ZBOD = ZCOD=A 


inion 
n , sin OB 2 

R 
a 


R= 
2sin A 
Similarly, it can be shown that 


=> 


eae 
2sinC 


= dR 
2sinB sae 


G3 te 
2sinA 2sinB 2sinC 
(ii) As we know that, 


Hence, R= 


1 
A= 5 be sind. 
> in A = 
sin A = — 
be 
ee 
2R be 


> 4AR = abc 


350 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


=> 


abc 
R = —_ 
4A 


Hence, the result. 


6.7.3 Some solved examples 


Ex-1l. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


Ina AABC, ifa= 18 cm., b= 24 cm. and c= 30 cm., 
then find its circum-radius 

Clearly , the triangle is right angled. 

("187 + 24? = 307) 

Thus, the area of the triangle 


1 
=e x 24x 18=12x 18 
Therefore, the circum-radius 
=R 
abe 
4A 
_ 18x 24x30 
4x12x18 


In an equilateral triangle of side 2v3 cm., then find 
the circum-radius 


As we know that, 


a 
- =2R 
sin A 
2V3 
sin(60°) 
=>R= 3 =2 
v3 
2 


Hence, the circum-radius is 2. 
If the length of the sides of a triangle are 3, 4 and 5 
units, then find its circum-radius R. 


Let a=3, b=4 andc=5. Clearly, it is a right angled 
triangle 

1 
Thus , A= 5 x4x3 x 6sq.u 


Hence, the circum radius R 
abc 


4A 


_ 3x4xs © 
= - = 
If 8R? =a +b? +c’, then prove that the triangle is 
right angled 

We have 8R? =a* +b? +c? 

8R? = (2RsinA)’ + (2RsinB)’ + (2RsinC)” 

= sin’A + sin’B + sin’°C =2 


10. 


Ex-5. 


Soln. 


Ex-6. 


Soln. 


Ex.-7 


Soln. 


Ex-8. 


Soln. 


= 1 —cos’d4 + 1 —cos’B + sin’?C = 2 

In any AABC, prove that 
Acosat+bcosb+ccosc=4R sin A sin B sin C 
We have, acosa+bcosb+ccosC 


= 2R(sin A.cos 4 + sin B.cos B + sinC.cosC) 
2R : , ; 
= — [2sin 4.cos 4 + 2sin B.cos B +2sinC cosC] 


= R(sin2A+sin 2B + sin 2C) 
= R( 4sin A. sin B.sinC) 


= 4R.sin A.sin B.sinC 


In any AABC, prove that 
A =2R’ sin Asin BsinC, 


1 : 
We have, Ba eK emsin€ 


=> A= 5X 2Rsin Ax 2Rsin Bx sinC 


=> A=2R’ x sin A.sin B.sinC 


In any triangle ABC, prove that, 
snA sinB sinC 3 

+ + = 
2R 


a b Cc 


sind sinB sinC 
+ + 


We have, 
b Cc 


sin A rn sin B z sin C 
2RsnA 2RsinB 2RsinC 


1 1 1 3 


£ 4: rs = 
2R 2R 2R  2R 


In any triangle ABC, a, b,c are in A.P. and p,, p, and 

P3 are the altitudes of the given triangle, then prove 
1 2 3R 

p, A 


1 
that, ob, + 
Py P2 


Let AD = p,, BE= p, and CF =p; . 


Then. 
A= —Xax pp =~XbxX py == XcX py 
2A 2A 2A 
> Y= » P2= » P3 
a b Cc 


Ex-9. 


Soln. 


Ex-10. 


Soln. 


_ 2R(sin A + sin B + sinC) 
2A 
3R . : : 
<— ( sinA <1, snB<1, sinC <1) 


A 


If p,, pz and p; are the altitudes of a triangle ABC 
from the vertices a, b and c, respectively, then 


1 1 1 
prove that —+—+—= 


Pi Po P3 7 


1 1 1 
H A=—ap, =—bp,=—c 
ere, 5 IP, 3 1) 3 P3 


2A 2A 2A 


— 


~ 


If p,, pz and p; are the altitudes of a triangle ABC 
from the vertices a, b and c, respectively, then 


cosA cosB cosC 1 
+ + = 


prove that 
Pi P2 P3 R 
We have 
cosA cosB cosC 
+ + 
Pi P2 P3 


1 
= —(acos 4+ bcos B+ccosC) 
2A 


= _| loRsin Acos A+ 2Rsin Boos B 
2A 
+2RsinCcosC ] 


= 2 sin 2A+sin2B+sin2C) 
2A 
R,,. : : 

= —(4sin Asin BsinC) 
2A 


= = (sin Asin Bsin C) 


- = (2) (2) x(oinc) 
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ll 
x 
> 


EXERCISE 7 


— 


10. 


In a triangle ABC, the sides are 6, 8 and 10, respec- 
tively. Then find its circum radius. 

If twice the square on the diameter of the circle is equal 
to sum of the squares on the sides of the inscribed 
triangle ABC, then prove that 


sin’ A+sin? B+sin? C =2 


In an acute angled triangle ABC, prove that 


cosA 1 
4R>-q? R 
In an acute angled triangle ABC, 
cos B 1 
prove that ——————_ = — 
4R?-p? R 
In an acute angled triangle ABC, 
cosC 1 
prove that ——————_ = — 
4R?-c? R 


Ifp,, p, and p; are the altitudes ofa triangle ABC from 
the vertices a, b and c, respectively, then 


2,22 
a b’c 


rove that DP, P.p3 =——— 
p 1P2P3 8R3 


. Ifp,, p, and p; are the altitudes ofa triangle ABC from 


the vertices a, b and c, respectively, then prove that 
b Deg po 22 

Pi, Pr , Ps _a +b° +e 

c a b 2R 
O is the circum centre of R,,R,andR,; and 
AOBC,AOCA are respectively the radii of the cir- 


cum-centre of the triangles and AOAB and AOAB, 
prove that 


a b c abc 
+—+—= 
RoR Rk 


. In an acute angled triangle ABC, prove that 


asecA+bsecB+csecC _ 
tan A tan Btan C 


In any triangle ABC, prove that 
(acos A+bcosB+ccosC) = 4Rsin Asin BsinC 
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7.8 INSCRIBED CIRCLE AND 
ITS RADIUS 


On this topic, we shall discuss various circles connected 
with a triangle and the formula for the circle which can be 
inscribed within a A and touch each of the sides is called its 
inscribed circle or incircle. 

The centre of this circle is the point of intersection of 
the bisecter of the angle of the triangle. The radius of this 
circle is always denoted by ‘r’ and is equal to the length 
of the perpendicular from its centre to any of the sides of 
the A. 


7.8.1 In-radius 


Statement: 
Prove that the in-radius r of the inscribed circle of a triangle 
ABC is given by 


: A 
(1) #3. 
s 
(ii) r=(s-a)4.r=(s-B)5r=(s-0)S: 
B).(C 
asin( 3 sin( ¢ 
(iii) r= ‘ 


(iv) r= ansin( 4 sin( 2 )sin{ £) 


Proof: 


A 


Let ABC be a triangle such that the internal bisectors of the 
angles of the triangle intersect at I. Suppose the incircle 
touches the sides BC, CA and AB at D, E and F respectively 


then JD, JE and JF are perpendicular to these sides and JD 
=/E=IF=r. 
(i) We have, ar(AABC) 


= ar (AIBC)+ ar (AICA) + ar (AIAB) 


1 
> A=sr(atbte) 


‘ x 2. 
a S 


(ii) We know that, the length of the tangents to a circle 
from a given point is equal. 
=> AE = AF, bd= BF and CD= CE 
Now, 2s=a+btc 
=BC+CA+AB 
=(BD + DC) + (CE + EA)+ (AF + FB) 


F A r 
Now, in A/J4E, tan} — |= —— 
2 AE 


S Any A 
=r=AF tan (4) = 6-2) tan rat 


B 
Similarly r = (s — b) tan (4) ; 


r=(s—c) tan (<). 


Hence, the result. 
Ina AJBD and AICD, we have 


>AE=s-a ( 


(iii) 


(iv) 


(Cc B C\./{B 
sin] — |cos| — |+cos| — |sin| — 
a a a E 


alate 


w(S)a( 


Similarly, r = ( 8) ; 
cos| — 
2 


a(Sa(S 


We have, r= ( zy 
cos| — 
2 


=2 R sina xX ~ eo) 
cos| — 
2 


h(a 


owl 9 
~ansn(4) sn (2) sa($) 


Hence, the result. 
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7.8.2 Some Solved Examples 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


Ex-3. 


Soln. 


In any AABC, prove that 
acosa+bcosB+ccosC=4RsinasinB sin C. 
We have, a cosa+ bcos B+ccosC 


= 2R(sin Acos A + sin B.cos B + sin C.cos C) 

= R(2sin Acos A+ 2sin B.cos B + 2sinC.cosC) 
= R(sin2A+sin 2B + sin 2C) 

7 R(4sin A.sin B.sin C) 


= 4(Rsin A.sin B.sinC) 


In a AABC, prove that 
1 1 Low Al 


In a AABC, prove that 


r 
cosa+cosb+cosc= f+) 


We have, cos a+ cos B+ cos C 


A+B A-B 
= 203( > Joos 5 ) 00sec 


+1-2sin*() 
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Ex-4. 


Soln. 


Ex-5. 


Soln. 


Ex-6. 


Soln. 


ea om 
sot Sol) 
(3 


In a AABC, prove that 


A 
Rr 
We have, sin A + sin B + sin C 


3 ‘ : S 
sin A+ sin B+sin C= R = 


| > mis i> le Slp 


In any AABC, prove that 
acotat+ bcotB+c cot C=2(r+ R) 
We have, acota+ bcotB+ccotC 


=|2Rsin Ax oe +2Rsin BX cose 
sin A sin B 
Rex 
sin C 
= 2R(cos A+ cos B + cosC) 
= 2R(1+5] 
R 
= 2(R+r) 


In any AABC, prove that 


cos” a + cos” Z + cos” © oe 
2 2, 2. 2R 


B C 
Pa + cos’ > 


= Z 2cos” (4) +2cos” (4) + 2cos” (<) 
2 2 2 2 


,4 
We have, cos > + cos 


| 


Ex-7. 


Soln. 


Ex-8. 


Soln. 


= (1+ c08(4) +14 c0s8 +14 c08C) 


= 5 (3-+c05(4) + cos B + cosC) 


[245] 


If the distances of the sides of a triangle ABC from 
a circum-center be x, y and z, respectively, 


a b c_ abe 
then prove that —+—+—= 
x 


y Z 
Let O is the circum-centre and OD = x, 
OE = y, OF = 2, respectively. 
Also, OA = R= OB =OC 
We have, x = OD=Rcos A 

a 


~ 2tan A 


= — .cos 
2sin A 


> ce eee 
2 


x 


Similarly, tan B = le. & tanC = e 
2y 2z 


As we know that, in a triangle ABC, 
tan A+ tan B+ tanC = tan A.tan B.tanC 


a b ec abe 


=> + = — —, 
2x 2y 2z 2x 2y 2z 


a be abc 
= +—+-= 


x yp z 4xyz' 


If in a triangle AABC, O is the circum-centre and R 
is the circum - radius and R,, R,, R; are the circum 
radii of the traingles AOBC,AOCA and 

AOAB, respectively, then prove that 


a bc abe 
+—+—= ’ 
Ro Ry RR 
We have, 
p = QBOCBC _RRa _ R*.a 
V4AOBC ~ 4A, 4A, 
a 4A, 
> a 
Rie LR" 


Ex-9. 


Soln. 


Ex-10 


ae A, c 4A, 
Similarly, = =y and Sey 
5 oR R; OR 
b 
Thus, see ae 
R, Ry R; 
4A, 4A, 4A, 
= + + 
Re Re Re 
4(A, +A, +A;) 
= zi 
eee! 
R2 
ane 
R2 


Ifp,, P>, P3 are respectively the perpendiculars from 
the vertices of a A to the opposite sides, 


(abc) 
8R° 
Let AD = p,, BE = p, and CF = p; 


then prove that p,-p):p3= 


1 1 1 
Then, A= =—bp,= 
en, 5) ap ) P2 


3 P3 
2A 2A 2A 
=> Pi »P2 = b” P3 = i 
2A 2A 2A 
We have, P)-P2-P3 =—-——.— 
abe 
_ 8° 
abc 
() 
=o NERY 
abc 


Find the bisectors of the angles of a AABC 
A 


Since JA is the internal angle bisctor of 
ZA, SO we can write 

AB BD 

AC DC 
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=> pe eee 
DE” AC -b 
DC b 
= Sat ee 
BD. 
BC _bte 
=> —s 
BD c 
ac 
=> BD= 
bt+e 
BD AD 
In, AABD, ——~=- 
in( $ sin B 
sin} — 
2 
sy pee ee 
fo 
sin} — 
(2) 
= acsinB a dA 
(+epsin( 3) (b+c)sin(A/2) 
2 
2A 
Similarly, BE =. 
+a)sin| — 
(c asin 5 
el ae 
(a+0)sin{ £) 
2 
EXERCISE 8 


. Ina AABC, ifa=4cm., b=6 cm. and c=8 cm., then 


find its in-radius. 


. If the sides of a triangle be 18, 24, 30 cms, then find 


its in-radius. 


. If the sides of a triangle are 3 : 7: 8, then 


find R:r. 


. Two sides of a triangle are 2 and J/3 and the 


included angle is 30°, then prove that its in-radius 


is +(v3-1). 


. In an equilateral triangle, prove that R = 4r. 
. Ifa, b, care sides of a triangle ABC, then 


1 1 1 
+—= : 
ca 2rR 


1 
rove that + 
P ab be 


. Ina triangle ABC, prove that 


asecA+bsecB+csecC _ 
2 tan A.tan B.tan C 


. Ina AABC, prove that 


(b +c) tan( 3) +(c+ ajran( +(a +b)tan{ 


356 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


= 4(r+R) 
9. Ina AABC, if C= 90°, prove that 


S(a+6)=R+r 


7.9 ESCRIBED CIRCLE OF A 
TRIANGLE AND THEIR RADII 


7.9.1 In circle which touches the side BC and two sides AB 
and AC produced of a triangle ABC is called the escribed 
opposite to the angle A. 

Its radius is denoted by r,. Similarly, r, and r; denote 
the radii of escribed circle opposite to the angle b and c, 
respectively. 

The centres of the escribed circle are called the ex- 
centres. The centre of the escribed circle opposite to the 
angle a is the point of intersection of the external bisectors 
of angles B and C. 

The internal bisector of angle a also passes through the 
same point. 

The centre is generally denoted by /,. 


7.9.2 Radii of Ex-circles 


Statement: 
In any AABC, prove that the ex-radii are given by 
. A A A 
Oy = 21 913 = 
s-a s—b S—C 


il) r; =s tan —3;7r,=s tan —;r,=s tan 
1 02 3°73 


BC 
acos— cos — 


nis 2 
(iii) r,= +5; 
cos — 
2; 
Heese cbs 
Rete LS 
2 B ey 
cos — 
2 
AB 
ccos—cos — 
and r; = 2 
7 Cc 
cos — 

2 
en ne eee) 
(iv) r; sin 5 COS 5 cos 5 

eens 
ry =A4R sin 5 COs 5 COs 5 
els Cc A B 
r;=A4R sin 5 cos 5 cos 5 


Let J, be the point of intrersection of external bisectors of 
angles B and C of AABC. Suppose the circle touches the 
side BC at D and sides AB and AC produced at F and E, 
respectively. 
Clearly ,D=LE=[F=1r,. 
(i) ar(AABC) 


= ar(AI,AC) + ar(AJ,AB)- ar(AI,BC) 
> A= Srb+Sne- sna 


2 2 


1 
ras (b+c-a) 


=> A= (a+b+e-2a) 


Similarly, it can be shown that 


I= and 7; = 


Ss s—-C 


(ii) We know that the lengths of the tangents to a circle 
from an external point are equal. 

= AE = AF, BD= BF and CD = CE 

Now, AE + AF= (AC + CE) + (AB + BF) 

= (AC + CD) + (AB + BD) 

=AC+AB+(BD+ CD) 

=AC+AB+ BC 

=b+cta 

=> 2AF = 2s 

=>AF=s 


A LF t t 
Now, AL,AF, tan ee eee 
ON Rn te 4) AF AF 5 


Similarly, it can be shown that 


=st a dr;=st s 
r-stan > andr; = stan | 


Hence, the result. 
(iii) In AJ; BD,, we have 


(=?) 1D. FH 
tan = = 


2 ) BD BD 
Fn Ls ce en 
SG) 28. | BD 
=> cot 4 
COL = a 
2 BD 


B 
= BD =r, tan a 


C 
Similarly, in A/,|CD , we have, CD = r, tan 5: 


Now, a= BC 
=BD+DC 


B 
=r, tan 5 +r, tan > 


B C 
=r; a 
in( 25°) 
sin 
2 


BiG 
cos— cos — 
2 2 


=r, 


A 
cos — 
2 


B C 
cos —.cos — 
2 2 


BC 
acos a cos z 
Te as 
cos — 
2 
A 
bcos “cos 
Similarly, r, = B 
cos — 
2 
cCCOS — COS 
and r; = 2 GC 2 
cos — 
2 
acos 5 cos , 
(iv) We have, r; = a 
cos— 
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a 
d = 
sis 2sin A 
: B 
2Rsin Acos 5 cos 
=>r = A 
cos — 
2 
C 
sin — cos — cos Se 
cos — 
) 
=A4R si a . 
sin 5 cos 5 cos 5 
Similar =A4R si zZ 2 & 
imilarly, r, sin 5 cos 5 cos 5 
dr,=4R si . a p 
and 7; =4R sin 5 cos 5 cos a" 


Hence, the result 
This completes the proof of the statement. 


7.9.3 Some Solved Examples 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


In a AABC, if a= 18 cm., b= 24 cm., 
and c = 30 cm., then find the value of r,, 7, and r3. 


Now 2s=a+b+c=18+24+30=72 
=> 2s=72 
> s=36 


We have, A= \s(s-a)(s—)(s—c) 


= 36(36 —18)(36 — 24)(36 — 30) 


= /36x18x12x6 
= §36x9x12x12 
=6x3x12 
=216 
216 216 
nee gag eee. 
A 216 216 
ry = = = =18 
s-b 36-24 12 
A 216 216 
and 73 = = = = 36 
s—c 36-30 6 
, _.s-c b-c 
In a triangle ABC if = 


b ? 


S-a a- 
then prove that a, b, c are in A.P. 


s=¢  b=€ 


Given = 
s-a a-b 
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Ex-3. 


Soln. 


Ex-4. 


2s—2c b-ec 
=> = 
2s—2a a-—b 
a+b-c b-c 
=> = 
b+c-a a-b 
a+b-c b+c-a 
=> 
b-c a-—b 
> 2 +l= i -1 
b-c a-—b 
> ae ey, 
a-b b-c 
as c(b-c)+a(a—b) | 
(a—b)(b-<) 
be-c? +a” —ab 
= > 


(a—b)(b=<) 


= bec? +a” — ab =2(ab-ac—b’ + be) 


=> 2b —be-c* +a’ —3ab+2ac=0 


If 4,%,% are in H.P,, then prove that 
a, b,c are in A,P 


Given 4, %,% are in H.P. 
12% 


2 
=> = 
R+R 
ae 2 ; 2 
=> A a S38 =. 
s—b A %, A 
S—-a S—-C 
1 2. ! ‘ : 
=> = i a 
s—b eS 
S—-a S—C 


> (2s—a-—c)=2(s—b) 
> at+c=2b 


> a,b,ce AP 


In a triangle ABC, if a, b, c are in A.P. as well 
as in G.P. then prove that the value of 


[2410] is 10. 
nh 


Soln. 


Ex-5. 


Soln. 


Ex-6. 


Since a, b, c are in A.P. as well as in G.P., so 


a=b=c 


A 
Now, 4 =——=% =4% 
S-—a 


=1-1+10=10 
If 4 <1% <¥ and the ex-radii of a right angled 


triangle and 7 =1, 7, =2, then prove that 


_34Vi7 


2 


r, 


=2 


A 
We have, 4 =——-=1, n= 
s-a s—b 


and , = 
S-C 


A 
=> s-a=A,s-b=— 
2 


A 
and s-—c=— 


baal r+) 
r, 


Since triangle is right angled, so 


a+b =c’ 
= w(2}-28 +2) ‘(a4 
4(7,) % 


arts) 


= 972 =(n +2) +4( 41) 
= 47) -12n-8=0 
=> nr -3r,-2=0 


_34Vi7 3417 
2, 25 
as r3 1S positive. 


> 4% 


Two sides of a triangle are the roots of e 
x? —5x+3=0. Ifthe angle between the sides is — . 


then prove that the value of 7.R is 2/3. 


Soln. 


Ex-7. 


Soln. 


Let a, b be the sides of a triangle. 
Then a+ b=5 and ab =3 


aie 2ab 
(=) 19-¢? 
> cos| — |= 
3 6 
1 19-¢? 
> -= 
2 6 
=> 19-c?=3 
— c=4 
A abe 
Th R=—x— 
se aca a7 
— abe | abc ce es TE 3 2 
4s 2(a+b+c) 2(5+4) 18 3 


In an isosceles triangle of which one angle is 120°, 
circle of radius V3 is inscribed, then prove that the 
area of the triangle is (12 + 73) sq. U. 


a b 
By si It = 
y Snes “sin(120°) _ sin(30°) 
i aeas 
a1? 162 
> a= bV3 
Also, from the above figure, 7 = V3 
> Ans: = tan(15°) 
a/2 
> 2N3 = (2 - 3 ) 
a 
=> a= 2v3 
(2-3) 
2v3 1 2 
Now, b= v3 


Bo Gash) 8 O2) 


Thus, the required area 


= > ab xsin(30°) 
ap eae 
2 (2-3) (2-v3) 2 
3 x(2+V3) 


Ex-9. 


Soln 


Ex-10. 


Soln. 


Ex-14. 


Soln. 
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3 x (7+4y3) 
= (12+7¥3] sq. U. 


If in a triangle r = r,; — ry — r3, then prove that the 
triangle is right angled. 


Given f=) -%-%; 


ed ol 
S-a Ss s-b s-e 

- ee ee rae 
S-a gs s—-b s-c 

x (s-a-s)_(s-c+s—6) 
(=a) (s=b)(e=e) 

> aR HeR3 

=> Ci eee ) =1 

: o( 

> tan( 2) =1 

esa) 

=> 4=o 


Thus, the triangle is right angled. 
In a AABC, prove that r.7,.r5.r3 = A 
We have, 7.41475 


RS RS «OR, UB 


Ss ‘(s—a) (s—b) (s—c) 


A4 
= s(s—a)(s—b)(s—c) 

A4 
AP 
= A? 

(j+m) (nt) _ (4t+4) 

Brow ties l+cosC 1+cosA 1+cosB’ 
We have, ilies) 


1+cosC 
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7 A(2s—a-b) 
(s~a)(s—b)x2%28—9 
A x abc 
s(s—a)(s—b)(s—c) 
_ Axabe _ abe 
A? A 


Similarly, we can easily proved that, 


(7) +4) abc (4 +7) _ abe 


l+cosA A 


l+cosB A 
hy +r b KR+r b 
eee 3) abe » (% i) _ abe 
l+cosA A l+cosB A 
1 i\l i1i)f1 i 
Ex-15 Prove that - - - 
r ahr nhrip, 


16R 


r (atb+c) 


Son. We have, [2-4]2-2) 4-4] 
The. oe ge al ea 
(: val eas ed) 


= <+(s-s+a)(s—s+b)(s-s +e) 


1 
Seer 
2 
eae 2 7 
4A A? (2s) 
16R 


r (atb+c)y 


Te it ah, ie Wed <2 64 R? 
Ex-16. Prove that + + + = 
Qe Type SBN A ( 


1 1 1 1 1 1 
Soln. We have, + + + 
AR HD BAB NH 


| 
fo N 
oy 
aml 
g 
oy 
a 
S 
NS” 
ft 
oy 
a 
> 
+ 
oy 
an 
io 
NS” 
fo a 
oy 
| | 
lay 
+ 
w 
>| | 
g 
NS” 


EXERCISE 9 


. 1 1 1 1 
1. Inatriangle AABC, prove that — + — +— =—, where 
Ho). 
ris inradius and 7,7, are exradii. 


2. Ina triangle AABC, prove that 
th +1 -r=4R 
3. Ina triangle AABC, prove that 
Hh +hh +h = s 
. Ina triangle AABC, prove that 
K+ —1y +r=4RcosC 


5. Ina triangle if t = at = 4) = 2. 
i) PB 


prove that the triangle is right angled. 

. Ina triangle AABC, prove that 

1 1,11 a+b +e? 
Shen Slay nr Tice 2 

ne hi, oh A 

7. Ina triangle AABC, prove that 

(7 7 r\(r, - r)(73 - r) =4r’?R 

. Ina triangle AABC, prove that 


r +r +r, +r, =16R? = (a? +B? +c] 


9. Ina triangle AABC, prove that 
b-c c-a a-b 
+ ~ = 
4 Dp) % 
In a triangle AABC, prove that 
(i +nH)(n+5)(5 +4) 


(Kr + nh, + r57;) 


0 
10. 


=4R 


7.10 REGULAR POLYGON 


If a polygon has all its sides equal in length and also all its 
angles equal then the polygon is called a regular polygon. 
The circle inscribed in the regular polygon and touching 
all the sides of the regular polygon is called inscribed circle. 
The circle which passes through all the vertices of the 
regular polygon is called its circumscribed circle. 
If the polygon has n-sides, then the sum of the interrior 


: _ (n-2)xa 
angles is (n — 2) x mand each angle is —————_. 


7.10.1 Statement 


Ina regular polygon of A,A,A3....4,, of n-sides of each length 
a is given by 


(i) R= Scosee{ *) 
2 n 
where R = circum-radius. 


a3 a a . : 
(ii) r= ae (<) , where r = in-radius. 
nN 


2 
(iii) A= eot( =) 
4 n 
where A = area of the regular polygon 


jane 
(iv) A= ne sin( 2) 
2 n 


(v) A= nr- tan) 
n 


Proof: 


(i) Let A,A,, 4,4; and AA, be three consecu 
tive sides of one regular polygon. 
AA, = A.A, = A3Ag = a. 
Let the bisectors OA, and OA, of the angles 
2A,A,A; and 2A,A3A, respectively meet at O. 
Clearly, O is the centre of both circumscribed 
circle and inscribed circle. 
Let R and r be the radii of circumcribed 
and inscribed circle, then clearly 
OA, = OA; = R and 
OM = r, where OM is perpendicular from O on A,A3. 


ii) 


(iii) 
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1 
ee A,M= 2 a = A,M. 


We know that, the whole angle subtended at the 
centre ‘O’ by the regular polygon is 27 
radian 


From AA,OM, we have, 
1 
(=) 4M 5° a 
sin 
n OA, R 


(=) 4M a 
again, tan = = 
n 


>r= <cor{ “) 
2 n 


Let the area of the regular polygon be denoted by A. 
Join O to the n-vertices A, A,....., 4, of the regular 
polygon. 

The regular polygon is divided into -isosceles triangle 
of equal area. 

Therefore, the area A of regular polygon is given by 
A = n-times the area of isosceles AA, OA, 


1 
=>A=nx 5 x A, A,X OM 


1 1 
A=nxX = xXax = OM 
> n 2 a > 


Omg creed a 
Be GER OU 


In AOA,M , we have, 
(=) OM 
cos | — | = —— 
n OA, 
1 
=> OM= R cos [) 
n 


_(m\ AM 5% 
Also, sin = = 
n OA, R 


1 
=>a=2R sin( =] 
n 
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(iv) 
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2 
= nr’ tan (=) 


Hence, the result. 
This completes the proof of the statement. 


7.10.2 Some Solved Examples 


Ex-1. If Ag, Aj, 


stses A, be the consecutive vertices of a 
regular hexagon inscribed in a unit circle, then find 
the product of length of Ap4,, Ap4, and AAy. 


Soln. 


Here, OAy = OA, =O A, = oe =0OA,=1. 
and 
20 
ZA OA, == ZA,OA, = Sseieeeeeee = ZA,OAs 
2 2 
Now, cos( =} = OAj + OA; — AA, 
3 20A,.OA, 


Be Od 


Ex-2. 


Soln. 


1_ 2-44 
9 2 
De) 
=> AA =1 
2 OA, + OA? — A, AS 
Also, cos( = Ag a a) 
3 2.0A).0A, 
i tS A a 
Say, + yee ge Oe. 
2 244 
i Ae 
dg tl oes, 
2 2 
=>  A44,=V3 
4 OA. + OA? — A, AZ 
Again, cos( = zai a — Ao 
3 2.0A4).OA, 
_ 141-44; 
Sa 
_2-AyAl 
2 
1_2-A4Aj 
2 > 2 
= AA,=v3 


Hence, the value of 
Ay A,.AyAy-Ay Ay = 1.3.3 =3. 


Ifthe Area of circle is A, and area of regular pentagon 
inscribed in the circle is A,. 

Find the ratio of area of two. 

Let R be the radius of the circle . 


Then, 4, =7 R* 


5.R? . (360° 
sin 
) 5 
or 5R? . 
as SCE) me eanl® ) 


and A, = 


2 
TR 2a Ey ei) 


ae, 
—R 18° 
5 cos(18°) 


Ex-3. 


Soln. 


Ex-4. 


Soln. 


Let A,, A>, A3, Ay and A; be the vertices of a 
regular pentagon inscribed in a unit circle taken in 


order. Show that 4,4, x 4,43 = V5. 


Here, OA, = OA, = OA; = OA, = OA, = 1 
and 
20 
LA OA, = = LAO, = oe = ZA,OAg 
(=) OA, + OA; — A, A; 
Now, cos a 
5 2.0A,.OA, 
1+1- 4,45 
=. -gin(iSejs = 
2.1.1 
Neat Poa we 
4 2 
= AAS == so] = BENS. 
2 2 
= A, Ay = 5-5 
2 
5+¥V5 
Similarly, 4,43 = a ; 


Thus, 4,4, x 4,4, 


5-J5)_ (5+V5)_ [25-5 [20 
2 2 4 4 

The sides of a regular do-decagon is 2 ft . 
Find the radius of the circumscribed circle. 


1 

R= ; cosec [) , As we know that, the circum- 
n 

radius of n sided regular polygon 


a 1 : 
= Scosee| = , where a = side and 1 = number of 
sides 


=6*X cosee( 
12 


= 6 x cosec (15°) 


6x22 
a1 


Ex-5. 


Soln. 


Ex-6. 


Soln. 
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= 6¥2(V3+1) 


A regular pentagon and a regular decagon have the 
same perimiter. Find the ratio of its area. 

Let the perimeter of the pentagon and the decagon 
be 10 x. 

Then each side of the pentagon is 2x and the decagon 
is x. 

Let A, = the area of the pentagon 


= 5x* cat( =] 
5 


and A, = the area of the decagon 


_ 2cot(36°) — 2cos(36°)sin(18°) 
cot(18°) : sin(36°) cos(18°) 

_ 2c0s(36°)sin(18°) 
2sin(18°) cos? (18°) 

_ _2c0s(36°) 

~ (1+ .c0s(36°)) 


(=) 
4 
ee 


4 


2( V5 +1) 


| (545) 
_ 2(V5+1) 
V5 (V5 +1) 


If 2a be the sides of a regular polygon of n-sides. R 
and r be the circum radius and inradius, then prove 


that r+R= acot{ = 
2n 


2 
We have, R= ~cosee{ | = acosee{ =| 
2 n n 
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Ex-7. 


Soln. 


Ex-8. 


pol )=asu(Z) 
and r= —cot} — |=acot| — 
2 n n 


Now, r+R 


4 4 
=a cot =) + acosee{ = | 
n n 
4 4 
cot (=) +eosee{ *)} 
n n 
+ cos{ = 
EY, 


ll 
is) 


ll 
gS 


4 
= a cot] — 


A regular pentagon and a regular decagon have the 
same area, then find the ratio of their perimeter. 
Let A, be the area of the regular pentagon A, be the 
area of the regular decagon. 
Therefore, A, = A, 
1 
t 
) 


> Sa” cat( =} - 6b” co 
4 5 4 


a: 5a" cat( =] = 6b? cat( = 
5 6 


= 5a’ cot(36°) = 6b" cot(30°) 
= 5a’ cot(36°) = 6V3b" 


2 2 
a b 
——=[S= Ss = Xr 
6V3  Scot(36°) 
Hence, the ratio of their perimeters 


23a 
6b 
6 {5A cot(36°) 6 


If the number of sides of two regular polygon having 
the same perimeter be 1 and 2n, respectively, prove 
that their areas are in the ratio 


2cos(z/n) :(1+cos(z/n)). 


Soln. 


Ex-9. 


Soln. 


Let the perimeter of the two polygons are 
nx and 2 n x, respectively . 

Then each side of the polygons are 2x and x. 
Let A, = the area of the polygon of 7 sides 


2 a 
= nx cot] — 
n 


and A, = the area of the decagon 


Let Ay, Ap, Az, -.. eee , A,, be the vertices of 
an n-sided regular polygon such that 
1 1 1 
= + 
AA, AA; A Ay 
Let O be the centre and 4,A).......4,, be the regular 
polygon of n-sides. 


, then find the value of n. 


Let OA 04s aw awasis =0OA,=r 
and 24,04, = ZA,OA, 


From the triangle OA,A), 


(=) OA? + OA} — AAS 
cos = 
2.04,.0A, 


n 


_ rte — AAs 


rr 


2, 
> AA; =2r? —2/° cos) 


n 


> AA; =2r* C - cos) 
n 


D 
+ 4A? =2r?.2sin (=) 


n 
= 4y? sin? af 
n 


2 
> A Ay = 2rsin( 2) : 


n 
_ (40 

Similarly, 4,4; = 2rsin( 
n 


nN 


i vi 
Given, =——+ 
OOS Aas Ade, A, 
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Ex-10. If A, A,, A>, A; are the areas of incircle and the ex- 
circles of a triangle, then prove that 
1 1 1 


1 
~ ~ = : 
V4 V4, V4 VA 
Soln. Let r be the radius of the in-circle and r,, 7, and r; 


are the ex-radii of the given triangle 
1 


1 1 
+ + 
JA fA [4 
1 1 


I 
+ + 
re ae ane 


1 1 1 
—+—4+— 
Mo fo) © B 


Then 


Hence, the result. 


EXERCISE 12 


1. If R is the radius of the circum-scribing circle of a 
regular polygon of n-sides with side length ‘a’, then 
Ris 


(a) Ssin( = (b) asin( =) 


a 1 a 1 
(c) “cose =| (d) “cose “| 


2 Ifais the area ands be the semi perimeter of a triangle, 


then 
<2 52 
A<—= As<— 
@) AST (b) 4s5 
2 2 


(c) Ase (d) a 
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3 If A,, A>, A; are the areas of an inscribed polygon of 
2n sides and n-sides and circum-scribed polygon of 
n-sides, then A,, A,, A; are in 
(a) A.P. (b) GP. 

(c) H.P. (d) A.G.P. 

4 Ifthe perimeter of the circle and the perimeter of the 
polygon of n-sides are same, then the ratio of the area 
of the circle and the area of the polygon of v-sides is 


(a) tan( =) — (b) cos(#] ie 
n n nN nN 


(c) sin“): (d) cat(=} 
n n 


5. The sum of the radii of the circle, which are respec- 
tively inscribed in and circum-scribed about a regular 


polygon of n-sides, is 
a n 
b) =cot} — 
(0) 2 [=| 


a 4 
(a) Scor{ 

a 1% a 14 
(c) San{ 2 (d) “tan{ =) 


7.11 ORTHOCENTRE AND PEDAL 
TRIANGLE OF ANY TRIANGLE 


ala 
ala 


Let ABC be any triangle and let AL, BM and CN be the 
perpendiculars from a, b and c upon the opposite sides of 
the triangle. They meet at a point P This point P is called 
the orthocentre of the triangle. 

The triangle LMN, which is formed by joining the feet 
of the perpendiculars, is called the pedal triangle. 


7.11.1 Distances of the Orthocentre from the angular points 
of the pedal triangle 


We have, PL = LB tan (PBL) 
=LB tan(90°-C) 


=AB cos BcotC 


xcos BcosC 


sin 
=2RcosB cosC. 
Similarly, PM =2R cos A cos C, 
PN=2R cos A cos B 
Again, AP = AM sec(LAC) = c cosA cosec C 


Cc 


xcosA =2R cos A. 
C 


sin 


Similarly, BP = 2R cos B and CP = 2Rcos C. 


7.11.2 The sides and the angles of the pedal triangle 


Since the angles PLC, PMC are right angles, so the points 
P,L, Cand Mlie on a circle. 

Thus, ZPLM= ZPCM= 90°— A 

Similarly, P, Z, B and M lie on a circle and therefore 
ZPLM= ZPBN = 90°— A 

Hence, ZNLM = 180°-2A 

= the supplement of 24. 

So, ZLMN = 180°-2B and 

ZMNL = 180°-2C 

Hence, its angles are the supplements of twice the angles 


of the triangle. 
Again, from the triangle AMN, we have, 


MN _ AM _ ABcosA 
sin A sin(ANM ) ~ cos (PNM ) 


ccosA _ ccosA 


cos(PAM ) 


sin C 


=> MN= sin A cos A =a cosdA 


sin 


So, NL = bcos B and LM=c cos C. Hence, the sides of the 
pedal triangles are 
a coSsA, b cosB and c cosC, respectively. 


7.11.3 Area of a pedal triangle LMN of a triangle ABC is 
2A cosA cosB cosC 


Here, PL = 2R cos B cos C, 
OM = 2R cosC . cos, 
ON = 2R cos A. cos B 


ar (ALMN) 
= 2 x (Rsin 2A) x (Rsin 2B) x (sin2C) 
= : x R* x (sin 2A.sin 2B.sin 2C) 


= 5xk x (8sin A.sin B.sinC) x(cos 4.cos B.cosC) 


abc 


2 Des 8 f 
2 2R 2R 2R 


x(cos A.cos B.cos C) 


1 ab 
= —x °° x (cos A.cos B.cosC) 
2 R 


= 2A x(cos A.cos B.cos C) 
7.11.4 The circum-radius of a pedal triangle LMN of a 
R 
triangle ABC is 2 


Circum-radius 
_ MN _ Rsin2A _Rsin2A_ R 
2sin (MLN) 2sin(180°—2A) 2sin2A 2 


7.11.5 The in-radius of a pedal triangle LN of a triangle 
ABC is 2Rcos AcosBcosC 


A 


KN, 


Properties of Triangles 367 


In-radius 
ar (ALMN) 
semi — perimeter (ALMN) 


5 sin 2A.sin 2B.sin 2C 


2R.sin A.sin B.sin C 
= 2R.cos A.cos B.cos C 


7.12 DISTANCE BETWEEN THE 
CIRCUMCENTRE AND 
ORTHOCENTRE 


If OF perpendicular to AB, we have, 
ZOAF = 90° — ZAOF = 90°-—C 
Also, ZPAL =90°-C 
Thus, ZOAP 
= A-ZOAF — ZPAL 
= A-2(90°- C) 
= A+2C-180° 
=A+2C-(A+B+C)=C-B 
Also, OA = R and PA =2R cosA 


Thus, OP” = OA’ + PA* —2.04.PA.cos(OAP) 
= R* +4R’ cos” A—4R’ cos Acos(C — B) 
= R* +4R? cos A| cos A-cos(C- B)| 
= R* -4R’ cos A[ cos(B + C)— cos(B-C) | 
= R? —8R’ cos AcosB cosC 


aR (1—8cos AcosB cosC) 


=> OP = R,| (1-8cos Acos Bcos C) 
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7.13 DISTANCE BETWEEN THE 
CIRCUMCENTRE AND THE 
INCENTRE 


Let O be the circumcentre and OF be perpendicular to AB. 
Let / be the incentre and JE perpendicular to AC. 


Then ZOAF =90°-C 
ZOAI = ZIAF — ZOAF 
A 


- 90°-C 

5 ( ) 
a rece! 

2 2 
_C-B 

2 
IE r 
Al = 

Also, A 


= I-8sin{ 5 sin ¢ 
2 


=> OI = a fl-8sin 


Also, OP 
= R*-2Rx 4Rsin 


= R?-—2Rr 


= Ol=\VR*-2Rr 


Hence, the result. 


7.14 DISTANCE BETWEEN THE 
CIRCUMCENTRE AND CENTROID 


ie. OG? = R? = (0° +b° +c"), 


Soln: 


As we know that, centroid divides the orthocentre and 
circumcentre in the ratio 2:1 


Thus, OG = 50H 


1 
= 5(8 ~8R’ cos A.cos B.cos Cc) 


R2 


OG 
oP 9 


x (1-4{cos(4 + B)+cos(4-B)}.cosC) 


= OG? =—x (1+4cos” C +4cos(4—B).cos(4+B)) 


R2 
= OG’ =F (I+ 40s? C +4cos” A—4sin* B) 


2 
= OG =* (144-4sin? C+4-—4sin? A—4sin? B) 


> OG = —(9-4(sin? A+sin’ B+ sin? c)) 


= 0G? = R =~ x 


{(2R sin Ay +(2Rsin Ay +(2Rsin 4y'} 
= OG’ =R* = 5 (a +b? +c") 


7.15 DISTANCE BETWEEN THE 
INCENTRE AND ORTHOCENTRE 


i.e., OH? = 2r? —4R’ cos Acos BcosC 


Let ABC be a triangle, H is the orthocentre and / is 
the incentre. 


Soln. 


> 


Join AH, Al and JH. 
In triangle A/H, 


IH? = AH? + Al” —2.AH.AI.cos(ZIAH ) 
A 
4IAH => —~ ZHAC 


A 99° cy atic 
5700 c)=5(C B) 


B 
Thus, 4R? os A+4sin? @ sin( £ 


B 


400s Asin( 5 sin FJoos( $ Joos{ €Jeos{ 
2 2, 2; 2 
— | -16R? cos Asin” B “sin? £ 

2 2 


cos’ 4+ 4sin” (=) sin? (<) (1 — cos A) 


—cos 4.cos B.sin C| 


cos’ 4+8sin? A sin? Zz sin? & 
2 2 2 


—cos 4.sin B.sin C] 


= 32R* sin” (4) si’ [2 sine() 
2, 2 2, 


+4R* cos A.(cos A—sin B.sin C) 


forse (Se ( 2) (5 


—4R* cos AJ cos(B + C) +sin B.sin C| 


= 4R? 


= 4R? 


= 2r* —4R* cos A.cos B.cosC. 


Hence, the result. 


2 


] 
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7.16 EXCENTRAL TRIANGLE 


The triangle formed by joining the three excentres Jy, Iz, Ic 
of a AABC is called an excentral of excentric triangle 
(i) AABC is the pedal triangle of A [4/gl¢ 


(ii) It (E “| (E 4 (4 S| 
11 S angies are <= ’ aa ’ = 
& 2 2 2/2 2 


A 
(iii) Its sides are [z/¢ =4Rcos (+), 


B 
Iylo= sReos( 5), 
2 
and J,l,=4R cos( 5) 
(iv) 11,=4R sin( 4) ; IT, =4R sin( 2) 
2 2 
Ic =4R sin( £) 


(v) Incentre J of AABC is the orthocentre of the excentric 
triangle A J ,Iplc. 


(vi) ar (Ll plc) 
(2) {arco 2) sin(r-2) 
= 82° o(4} coe(2 hoo £) 


LI; 
2sin(Z/,/\J;) 


(vii) Circum-radius = 


1k, 


2sin [50° - 4) 
2 
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A 
sneos{ +] 
—~~ =2R 


2eos{ +] 
2 


Soln: We know that, 


A B C 
IT, =asec} — |, Ip =asec| — |, 17> = asec} — 
ee a a eB — Ge 


Also, 


A B 
I 4Ip =c cosec (+), IpIc = ccosec (+). 


C 
Ic¢l 4 =e cosec (5) 

a) 
Thus, WZ, lI, Hc 


= abe xsee{ 4 see{ Z}see( £) Jeatite (i) 
2 2 2 


Also, a=2R sind, b=2R sin band c=2R sin C 
From (i), we get, ,.Ip I¢ 


= (2Rsin A)(2Rsin B)(2RsinC) 


on( (08 


. A A . B B .C C 
2sin — cos — || 2sin —cos— || 2sin —cos— 
_ gR3 2 2 2 2 2 2 


(vi) 


7.17 


5 ABC 
cos — cos — cos — 
2 2 2; 
= 64R° sin 4 sin B sin © 
2 2. 2 


= (GR Ahn a 
pe pe se 


= 16R*r 


Hence, the result. 
If J is the incentre and J, ,/,,/c¢ are the excentres 
of the triangle AABC, then prove that 


IL Hy He =16r R? 


The distance between the incentre and the angular 
poins of A AABC 


i.e., TA=4Rsin 2 sin 2 ; 
2 2 
IB=4R sin{ 4 sin( $) ; 
2 2 
and IC= arsin( 4 sin( 2) 
2 2 


Soln. 
A 
E 
F, 
B D C 
_ (A) IF 
We have, sin| — |= — 
2 IA 


A 
= JA. sin} — 
7s. a 
= 4R sin a sin z sin c = JA. sin a 
2 2, 2. 2 
= JA=4R sin 2 sin io : 
2 2 


_ (A). 
Similarly, JB =4R sin (4) sin (<) 


and JC=4R sin a sin Z 
2 2 


7.18 If be the incentre of a AABC, then 


TA.IB.IC = abc x tan{ + )an{ = }tan( © 
2 2 2 


Soln. 


A 


B D Cc 


From the above diagram, 
r r ee 3 


9 IB= x 
_ {A _(B 
sin} — sin} — 
2 2 


Thus, 
TA IBIC 


[A= 


3 
r 


-oo(Ze5=(3) 


r>x4R 


7.19. 


Soln. 


C A B 

= abc X tan tan tan 
2 2 2 
A B c 

abc x tan tan tan 
2 2 2 


Hence, the result. 


O is the circumcentre of a triangle AABC and 
R,, R, & R; are respectively the radii of the 
circumference of the A’s OBC, OCA and OAB, 


respectively, then cae B Ge 


+—=—. 
R, R, Rs R 


A 
B CG 
abc 
A k that, R =—— 
s we know that, AA 


Let AOBC =A,, AOCA=A,, AOAB =A, 


0B.0C.BC_ RRa_ Ra 


ni = > 
4A, 4A, 4A, 
o AAy 
RR? 
b 4A 4A 
Similarly, —=——2 & <= "3 


Re GR? Re RR? 


7.20 


Soln. 
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b 
Similarly, —+—-+— 
Ri RR; 


4 

Thus, pila tao +s) 
4 _ 4A _ abe 
ae ORE RS 


Hence, the result. 


The distance between the centre of the nine - point 
circle from the Angle a is 


R 
= 3 ViI+ 80s A.cos B.cos C) 


Let ABC be a triangle, H = orthocentre, 

O = circumcentre, D = nine-point centre 

As we know that, nine point centre is the mid-point 
of the orthocentre and circumcentre of a triangle. 
Thus, AOH be a triangle, where, AD is the median. 
In AAOH, 2(AD* + DO?) = AH* + AO? 


1 
=> 2AD* =AH*+AO? =50H" 


Now from the triangle ABC, we can write, 
AH = 2R cosA, OA = R, 


OH =R(1-8 cos A.cos B.cosC) . 


From (i), we get, 2AD” 


2 
= (4cos” A+1) = “(1-808 4.05 B.00s C) 


2 
= +8cos A.{cos (180° - B+ C)+cos B.cos c}] 


R2 
= AD? = 7%! + 8008 4 {-c0s B.cosC 
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+sin B.sin C + cos B.cos ch] 
2 


R 
=> AD’ = ra +8cos A.sin B.sin C) 


=> AD = =v +8cos A.sin B.sin C) 


Hence, the result. 


7.17 QUADRILATERAL 


7.17.1 Area ofa quadrilateral, which is inscribed in a circle. 


(aoe 


Let ABCD be a cyclic quadrilateral such that 
AB =a, BC=b, CD=c and AD = d. 


ar (ABCD) = ar (AABC) + ar (AADC) 


an ee pees sin D 

2 2 

1 F 1 : 
=—absin B+—cd sin(a-B) 

2 2 

1 : 1 : 
=—absin B+—cd sinB 

2 2 

1 : 
= 5 (ab + cd)sin B 


From A’s, BAC and BCD, we have, 
a’ +b’ —2 ab cos B=c’ +d” —-2 cd cos D 


=> a? +b*-2ab cos B=c’ +d*+2cd cos B 


a+b? -c? -d’ 
2(ab+cd) 


> cos a-( 


Now, sin’ B =1-cos” B 
(a +b? -¢? ral 
(2(ab+ed)) 


{2(ab + ca) -(a? +b? -c? - ay \ 


A(ab+ cd) 


=|- 


1 
= ——_____X 


4(ab+cd)” 
{2(ab +a) +? 1p =e ~<a) } 
x{2(ab + ed) + (a? +h? —¢? - “)}] 


1 
= ——__ x 


4(ab+cd) 


IG +b? +2ab)—(c? —2ed +a?) 
x{(c? +2cd +d?) -(a? +07 - 2ab)} 


_ {(a+by -d)'\x{(c+ay -(a-»)} 


A(ab + cd) 


= Taree lero re-alfars—cra)} 

x(c+d+b-a)(c+d+a-—b)| 

Letat+b+c+d=2s 

Thus, (a+b+c-d) 

= (a+b+c+d-2d)=2(s-d) 

Similarly, (a+b+d-c)= 2(s-c), 

(at+c+d-—b)=2(s-b), 

(b+c+d-a)=2(s—a). 

> sin? B 
2(s—d)x2(s—c)x2(s—b)x2(s—a) 

: 4(ab+cd) 


=> sin? B 
7 16x(s—a)x(s—b)x(s- 


A(ab+ cd) 


c)x(s—d) 


> (ab +cd)sin B 


= 2x,/(s—a)(s—b)(s—c)(s—d) 


Hence, the area of the quadrilateral 


= $(ab-+ed)sin B 


= [o=a)(6=B)(s=oe=a) 


7.17.2 The radius of the circle circumscribing the 


quadrilateral ABCD. 


a +b’ —c? -d* 
2(ab +cd) 


We have, cos B= 


and AC? =a? +b* —2 abcos B 
te 


= a’ +b? -2abx 
ab+cd 


(a +b*)cd +(e? +d°)ab 
7 (ab+cd) 


(ac + bd) (ad + bc) 
(ab +cd) 


2 (<a) 
(ab + cd) 
2 [era =1e=s6= 


(ab + cd) 


1. AC =} | Geectlec stale) 


2” sinB 4 (s—a)(s—b)(s—c)(s—d) 


= ar (ABCD) 


7.17.3 Area of a quadrilateral ABCD, when it is not 


inscribed. 
ar (ABCD) 
= ar (AABC) +ar (AACD) 


= E pchipe edeaD 
2 2 


=> 4A=2 ab sinB+2 cdsinD |... 


Also, 
a’ +b’ —2ab cosB=c* +d” —2cd cosD 


7.17.4. 
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2ab cosB —2cd cosD= a? +b? - c?-d? (ii) 
Squaring (1) and (ii) and adding, we get, 

2 
16A? +(a° +b -c -d’) 


= 4a7b? +.4c7d? 
-8 abcd (cosB cosD-sinB sinD) 


= 4(a°b? +c*d’)—-8 abcd cos(B+D) 
= 4(a°b? +c7d’)-8 abcd cos2a 
= 4(a’b? +c7d?)-8 abed (2cos” or -1) 


= 4(ab+cd) -16 abcd cos” a 


= 16A° 
= 4(ab+cd) 
~(a? +b? —c? -d?)’ -16 abed cos? o 
kee sees (iii) 
Thus, 16A? 


= 2(s-a).2(s—b).2(s—c).2(s—d) 
—l16abed cos” a 


A= (s—a)(s—b)(s—c)(s— d)—abcd cos’ a 


A= Ks- a).(s—b).(s—c).(s—d)—abcd cos” o 


Area of a quadilateral which can have a circle 
inscribed in it. 


D R Cc 


A P B 


We have, AP = AS, BP = BO, CO=CR 
and DR = RS 
AP + BP+CR+DR= AS + BO+CO+DS 


> AB+CD=BC+DA 
=> atc=b+d 


+b+ 
Hence, p= OR a te=b+d 


Thus, s—a=c,s—b=d,s—c=a,s—d=b 
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7.17.5. 


7.17.6 


As we know that, 
A’ =abcd — abcd cos’ a=abcd sin? a 


=> A=Vabcd sina 


The area of a quadrilateral, which can be both 
inscribed in a circle and circumscribed about 
another circle and the radius of the later circle is 


2Vabcd 


at+b+c+d 


In a quadrilateral ABCD, 
ZB + ZD=180° 


2a = 180° 
a =90° 


=> 
=> 


Hence, the area of the quadrilateral, which is 
inscribed in a circle and circumscribed anothe circle 
is Vabed., 


2A 2Vabcd 


2s atbt+ct+d 


A 
We have, r=—= 
s 


a, b, c and d are the sides of a quadrilateral 
taken in order, and @ is the angle between the 
diagonals opposite to b or d, then the area of the 


1 
quadrilateral is ria +0 —b*-ad’ )tan@ 


Area of a quadrilateral ABCD 
7 5x ACx BD xsind 


Now, a? = OA’ + OB? —2.04.0B.cos (180° — 6) 
b* = OC 7+ OB?-2.0C.0B.cos0@, 
ce” =OC *+ OD*— 2.0C.0D.cos(180° - 6) 


7.17.7. 


7.17.8. 


Soln. 


d* =O0A*+OD?—2.04.0D.cos@ . 
We have, Yah ead 

= 2cos0@(OA.OB + OB.OC + OC.OD + OA.OD) 
= 2.cos@.AC.BD 

From (i), we get, area of the quadrilateral ABCD 


= 5( >= b? +c? -d?) tan 0. 


a, b, c and d are the sides of a quadrilateral and 
p and q be its diagonals, then its area is 


bx |[4ota -(@ +e 9 a) 


4 


As we know that, 
a —b? +c? -d’ =2pqcos 0 
Area of a quadrilateral ABCD 


1 
= — pgqsing 
3P4 


1 
= os sin? 6 


a 


= rs (I —cos* 6) 


= *(4p°¢° —(2pq cos6)’ | 


4 


= 1 40% -(a -B? fie? -a°) | 


Hence, the result. 
If a quadrilateral can be inscribed in a circle, then 
the angle between its diagonals is 


Pe ee ee 


(ac + bd) 


Let ABCD be a quadrilateral, whose sides are 
a, b,c and d respectively and its diagonals are p and q. 
Let the angle between the diagonals be 0. 


7.17.9 


Then, pg =AC + bd. 


1 : 
Area of a quadrilateral ABCD = A xX pqsind 


2/(s —a)(s—b)(s—e)(s—a) 


(ac+ bd) 


[eo 


sin @ = 


6=sin- 
(ac +bd ) 

Hence, the result. 

If a quadrilateral can be inscribed in a circle as 


well as circumscribed about another circle, then 
the angle between its diagonal is 


-] (< = = 
cos i 
ac+bd 


Since the quadrilateral be circumscribed, then we 


1 ; 
can write, 5 pqsin 0 =~abcd 


2Vabcd 


Pq 


> vino =[ 


Therefore, cos@ = V1- sin? @ 


_fac—bd 
ac+bd 


Hence, the result. 


PROBLEMS FOR JEE ADVANCED EXAM 


Ex-l. 


Soln. 


The sides of a triangle are x +x412x41 


and x” —1 , prove that the greatest angle is 120°. 
Let a=x° +x+1,b=2x+landce=x?-1 


First we have to shown that, which one is greatest 
amongst the sides a, b and c. 


Clearly, a>0,5>0 and c>0 
=>x>l 

Now, a—b 

= (x? +x+1)—(2x +1) 


2 
x -X 


Ex-2. 


Soln. 
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= x(x-1) >Oasx>1 
and a—c 
(x? +x41)-(x? -1) 


=x+2>0,asx>l 


Therefore, a is the greast side 


=> A is the greatest angle 
N cos A PROSE 
ow, == 
2be 


(2x+1) +(x? -1) =(x? +x+l) 
2(2x+1)(x? -1) 


7 (2x + is + (2x? + x) (-x - 2) 
2(2x+1)(x? -1) 


_ (2x+1) +x(2x+1)(—x-2) 
2(2x+1)(x? -1) 


(2x+1)(2x+1-x? -2x) 
: 2(2x+1)(x? -1) 


(i-z’) 1 


a(x?-1) 2 


1 
= cosA=-— 
2 


= A=120° 


a 
In any triangle ABC, cos 0 = ——, cosg = > 
y & b+e v a+c 


cosy = Zs where @, @ and w lie between 0 and 
0 2(@ 2 (¥) 
that tan] — |+tan?| + |+tan?} = |=1 
7, prove tha (5) (2) 5 


Given cos@ = 


b+e 
a atb+t+e 
1+cos@=1+ = 
b+ce b+e 
0 atbt+e 
2cos”| — |= 
= nf 
‘ a 2(b+c) 
= «(FG 
2(b+ 
=> 1+ tan? ia Beas 
2) (at+b+tc) 


376 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


Similarly, we can easily proved that 


1+ tan? (2) = are 


2 at+b+c) 
1+ tan? (y= ee 
2) (a+b+c) 


Adding, we get, 


3+ tan? (5) + tan? (2) + tan? (4) 
2 2 2 


= 4(a+b+c) 
~ (at+b+c) 


=> 3+ tan? (Fen? (2) tan (f)=4 
2; 2; 2 
=> tan? (5) + tan? (2) + tan? (¥) =1 
2 2 2 


Hence, the result. 

Given the product p of sines of the angles ofa triangle 
and the product q of their cosines, find the cubic 
equation, whose co-efficients are functions of p and 
q and whose roots are the tangents of the angles of 
the triangle. 

Given sin A sinB sinC=p 


Ex-3. 


Soln. 


cos A cosB cosC=q 


tan A tanB tanc=2 
q 


Thus, 


Also, A+B+C=a2 
tan 4+tanB+tanC =tanA tanB tanC 


tan A+tanB+tanc=2 
q 


Also, tan Atan B+ tan BtanC + tanC tan A 
<= deg 
q 


Hence, the required equation is 


“Ble 


qx — px’ +(I+q)x-p=0. 
Ex-4. Ina triangle ABC, if 
sin’ @ =sin(A—@)sin(B-6)sin(C —6) 


prove that cot@ =cot A+ cot B+cotC 


Soln. 


Ex-5. 


We have 

sin’ 6 = sin(A—@)sin(B—@)sin(C -6) 
2sin’ 6 = sin(A—6){2sin(B-6)sin(C -)} 
= sin(A—@){cos(B-C)-cos(B+ C -20)} 
4sin? @ 

= 2sin(A—@){cos(B-C)-cos(B+C-260)} 
= 2sin(A—6)cos(B-C) 
—2sin(A-6@)cos(B+C — 26) 

= (sin(4+B-@-C)-sin(A+C-6-B)) 
—(sin(A+B+C-30)-sin(B+C-4-6)) 
= sin(z—(2C +6))+sin(6-(2B +6)) 

—sin 36 + sin(—(24+6)) 

sin30 + 4sin* @ 

= sin(24+6)+sin(2B+6)+sin(2C +6) 
3sin@ = (sin 2A+sin2B+sin 2C)cos@ 
+(cos 2A + cos 2B + cos 2C)sin@ 

(3-cos 2A —cos2B-cos2C)sin@ 

= (sin2A +sin2B +sin2C)cos@ 
{(1-cos2A) +(1—cos2B) + (1—cos2C)}sin@ 
= 4sin Asin Bsin Ccos0 

(2sin? 4+ 2sin? B + 2sin? C)sin@ 

= 4sin Asin Bsin Ccos0 

2| (sin? A+sin* B-sin? Cc) 

+ (sin? B+sin? C sin? A) 

+(sin? C+sin? A-sin? 8)| sin 0 

= 4sin Asin Bsin Ccos@ 

4[sin Asin BcosC +sin BsinC cos A 

+sin Csin Acos B]sin 0 

= 4sin Asin Bsin Ccos 0 

cot@=cot A+cotB+cotC, 


The base of a triangle is divided into three parts. 
If t,,t),4, be the tangents of the angles subtended 
by these parts at the opposite vertex, prove that 


A 
a] gB\Y 
a) 
B xX P x Q x 6; 


Let BP = PO = QC =x and also 
let ZBAP=a,ZPAO=B,ZOAC=Y 
It is given that tana =¢,, tan B= t, 
and tan y =f, 
Applying m : n rule in triangle ABC, we get, 
(2x+ x)cot@ = 2xcot(a+B)—xcoty .....(i) 
From AAPC, we get, 
(x +x)cotO=xcotB—xcoty ....... (ii) 
Dividing (1) by (ii), we get, 
2cot(a+B)—coty 3 

cot B—coty 2 


4cot(a@+ B)-—2cot y =3(cot B-coty) 
Acot(a+ B)=3cot B-coty 


1 1 
4cot(a+B) 3cotB-coty 
tan(a+ B) t 1 

i. (ee 
tanB tany 
tanat+tanB — tanBtany 
4(1—tanatanB) 3tany-tanB 
itt, — bh 
4(1-tt)) 3t, —t, 


A(t - 45) = 3tt, — tt, + 3tyt, 6 
% + tty + tt; + 3) = Att, + Atyt5t, 


a(t +t) +t, ( (t, +1) = 445 (1+23)] 


Soln. 


Ex-7. 


Soln. 
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1 
ty 
htt \|Path = 14 
ht tyty i 
1 1 1 1 1 
ae |e es 
fh bh & ty 


. Ina AABC, prove that 


cos A +cos B+ cos C= [+=] 


We have, cos 4 + cos B+ cos C 


A-B 
cos( 5 ) reosc 


= 1+2sin 


= 1+2sin 


= 1+2sin 


= 1+4sin 


(3 


In a AABC, prove that 


: to 

Nn 

w 

Nl o& 3 

om aN 
NTR NS) 

ef 

N 

a 

5 
Yor am ONS 

NO 
Ne 
Ec 


A 
Rr 
We have, sin 4 + sin B+ sin C 
a b Cc 
~ 2R' IR IR 
a+b+c 
QR 
_ 2s 
“OR 


; : . KY 
sin 4+ sin B+ sin C= R = 
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Ex-8. 


Soln. 


Ex-9. 


Soln. 


Ex-10. 


Soln. 


m | > bls | > 


In any AABC, prove that 
acotA+bcot B+ccot C=2(r+R) 
We have, acotA+bcotB+ccotC 


= [2Rsin x core +2Rsin BX pose 
sin sin B 
+2RsinC x ae] 
sinC 

= 2R(cos A+ cos B + cosC) 
= 2R(1+ =] 

R 
= 2(R+r). 


In any AABC, prove that 


cos” a + cos” Z + cos” c Lge 
2 2 2 2R 


B C 
MD Nee 
y Tess 


i 2cos” (4) +2cos” [) + 2cos” (<) 
2 2 2 2 


= $(I+c0s(4) +1+cosB +1+.c0sC) 


,4 
We have, cos 5 + cos 


= 5 (3+008(4) +c0s 8 + c0s€) 


I 

| 
foe 
Ww 
+ 
een a 
+ 

by | 
(a 
3 


Geo 


If p,, pz and p; are the altitudes of a triangle ABC 
from the vertices A, B and C, respectively, then 


cosA cosB cosC 1 
+ + = 


prove that 
Py P2 P3 R 
We have 
cosA cosB cosC 
+ + 
Pi P2 P3 


Ex-11. 


Soln. 


Ex-12. 


1 
—(acos 4+ bcos B+ccosC) 
2A 


1 
= —[2R sin Acos4+2Rsin BcosB 
2A 
+2RsinC cos C] 
R,. . : 
= —(sin2A+sin2B+sin2C) 
2A 


=~ (4sin Asin BsinC) 


= = (sin Asin Bsin C) 


= = (2) (2) x(oinc) 


If the distances of the sides of a triangle ABC from 
a circum-center be x, y and z, respectively, 
c abe 


a b 
then prove that —+—+—= 
x y Z 


Axyz 

Let O is the circum-centre and OD = x, 
OE = y, OF = z, respectively. 

Also, OA = R= OB =OC 


We have, x = OD=R cos A 
a 


= 2tan A 


= —.cos 
2sin A 


> tan A= 
2 


x 
a b Cc 
Similarly, tan B = — & tanC = — 
2y 22 
As we know that, in a triangle ABC, 
tan 4+ tan B+ tanC = tan A.tan B.tanC 
a b ce abe 


=> +—+—=—.—. 
2x 2y 2z 2x 2y 2z 


a be abc 
= +—+—= 


x yp z 4xuyz' 


If in a triangle AABC, O is the circum-center and 
R is the circum-radius and R,, R,, R; are the circum 
radii of the traingles AOBC, AOCA and 


AOAB, respectively, then prove that 
a bec abe 
+—+—= . 
Re Re Re 
Soln. We have, 
_ OB.OC.BC_RRa _ Ra 
' 4A0BC 4A, 4A, 


a 4A, 
—> ——. —— 
Ri R? 
A 4A 
Similarly, = > and —_ 7 
2 RK R; R 
b 
Thus, eae ee 
R R, R,; 
_ 4A, 4A, , 4A; 
RO oR RR? 
4(A, +A, +A;) 
7 a 
_ 4A 
R2 
_ 4A 
R2 
_ abc 
ARS 


Hence, the result. 
Ex-13. In any AABC, prove that 


EE, ie, Oe i l l 
be ca abr 2R 


Soln. We have A 
be 


seo oS 


(2Rsin B)(2Rsin C) 


“eal CG 


Ex-14. 


Soln. 
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sin? (3) 
5 
r 


ieske 1) 
Similarly, = 
ca 


= ss sin? A +sin? a +sin? a 
r 2 2 2 

= de 2sin? (4) asin’ [3] -2sin’ (<) 
2r 2 2 2 


= —(1I-cos(A)+1-cos(B)+1-cos(C)) 


be ca ab 
In any AABC prove that — + — + — 
y Vy r 
(¢ 2) (° <) (< ‘) 
=2R +—|+}/—+—]+|-—+-—]|-3 
boa c b ac 
be ca ab 
We have, — + — + — 
4 'y r 
esa 1 1 1 
an brn cr 
s-a sS—-b s-c 
= abc + + 
[ aA bA cA ) 


abc{s-a s—-b_ s-c 
+ + 
A a b c 


abe(2s—2a 2s—2b 2s—2c 
+ + 
2A a b Cc 


abc DrC. - is 
2A\ a b c 
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Ex-15. 


Soln. 


Ex-16. 


Soln. 


=2R (f42)+(2+2)+(2+5)-3 
b a c b c a 
B-C 
In a AABC, prove that (r+ r,) tan (455) 


C-A A 
+(r+r,) tan (<<) + (r +r) tan (7) =0. 
2 2 
B-C 
We have, (7 + r,) tan (255) 
retest 
=|—+ x cot] — 
Ss s-a b+c 2 


: af Se2e),(2). a 


9 1 

= ax(b+e)x[ P=") s(s—a)(s—b)(s—c) 
= Ax(b-c)x— 

=h-c 


is C-A 
Similarly, (7 + r) tan aa =c-a 
A-B 
and (r + r3) tan (=) =a-—b 
B-C C-A 
Now, (7 + r,) tan —s +(r+ry,) tan =a 
A-B 
+(r+7r;) tan (7) 
2 
=b-ct+c-ata-b 


=0 


If a triangle of maximum area is inscribed within a 
circle of radius R, then prove that 


i.-{h } tb Saad 
+—+—= 
A mh RR 


Let ABC be a right angled triangle in a 
circle of radius R 
Therefore, BC = 2R = diameter. 


Now, A= : x AB x AC xsin(90°) 


= 5x ABX AC 


Ex-17 


Soln. 


It will maximum, when AB = AC 
Thus, AB? + AC’ = BC? =4 R* 

= 2 AB’ =4R 

= AB’ =2R 

Now, 2s = AB + BC + CA =24B + BC 


= 2R(1+ V2) 


A R? R 
and r=— = = 


s  R(V2+1) (v2 +1) 
1 1 (v2+1) 


1 1 
Therefore, —+—+—=—= 
hh Rh YT R 


Let A), A>, A3, 2. , A, be the vertices ofan n-sided 
regular polygon such that 
1 1 1 
= + 3 
AA, AA; A Ay 
then find the value of 7. 


Let O be the centre and 4,A),.......4,, be the regular 
polygon of n-sides. 


Let OA, = OA, = vee =OA,=r 
SS aeetienes = ZA,OA = 2e 
n 
From the triangle OA,A), 
2n\ OA? +04; -A AZ 
cos = 
n 2.0A,.OA, 
z Petr? — AA; 
2nr 
2 
= AA} =2r?-2r? cos( 7) 
n 
= AA; =2r’ C = cos) 
n 
2 
~ 4A? =2r?.2sin (=) 
n 


= 4r? sin? (=) 
n 


> A Ay = arsin{ 2) . 


nN 
(4 
Similarly, 4,4; = 2rsin[ £ 


n 


n 
1 1 1 
Given, = + 
AA, AA; A Ay 
1 1 1 
> m + 
2rsin( 7) 2rsin( 2 sin( 
n n n 
1 7 1 és 1 
© n(2) on(22) oo) 
sin} — sin} —| sin] — 
n n n 


V 
PS 
iN 
a 
II 


Vy 
aan 
= ls. =| 


=> n=7 


Ex-18. If A, A,, A>, A; are the areas of incircle and the ex- 
circles of a triangle, then prove that 


Soln. 


Ex-19. 


Soln. 
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1 1 1 1 
+ ~ = ; 
adi Alaa Ag APA 
Let r be the radius of the in-circle and r,, r, and r, 
are the ex-radii of the given triangle 


1 1 


1 
+ + 
Ae es 


1 1 1 
Jen dee ane 


Then 


Hence, the result. 


The sides of a triangle are in A.P. and the greatest 
and the least angles are @ and @, then prove that 


4(1+cos@)(1—cos ~) = cos 0 + cos 


Let a, b, c be the sides of a triangle such that a and 
c are the least and the greatest side of AABC 
It is given that a, b, c are in A.P. 


=> 2Wb=atc 


a’ +b? -¢? 


N cosO= 
aie 2ab 


_ 4a—4ce+ate 
—— 
1 D6 = 36 
4a 
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Bb +c -a 


2be 


2 D2 09 
b c-a 


2be —-2be 
_ b _ (c-a)(c+a) 
2c (ct+a)c 
b c-a 
aares 
b+2c-2a 
2c 
2b+4c—-4a 
4c 
_ atct+4ce—4a 
4c 
Se =3a 
Ae 


and cosg= 


Now, 4(1—cos@)(1—cos@) 


= aly _3a- —* (i 5c- ) 


4a- ratte xt) 


=4 

23 =a) Mae) 

SNCS 

7 [Saaeens) 
4 ac 


_ 9ac —3c* +ac—3a” 


4ac 


_ 10ac — 3c? — 3a? 
4ac 


_ 3ae= 3c? + 5ac — 3a 
4ac 
c(5a—3c)+a(Sc —3a) 
4ac 


7 [ene , Gee) 


4a 4c 


= cos0+cos@ 


Hence, the result. 


Ex-20. If a, 8, yare the lengths of the altitudes ofa triangle 


Soln. 


Ex.-21. 


Soln. 


ABC, then prove that 


1 1 1 1 

ehh = (cot A + cot B + cotC) 
a Bp y A 
Let AD= a, BE= Band CF=y 
Then, 


he GRAD = BER Vee 
2 2: 2 


> f= ape”, Cpa 
a b 6 
2A 2A 2A 
=> a= . B= > Y= 
a b c 
1 1 1 
Now, 27 RP y 
& b 2 


= ~x(cot A + cot B + cotC) 


7 (cot 4 + cot B + cotC) 

A 
Hence, the result. 
If p, Pz, P3 are the altitudes of a triangle from the 
vertices a, b,c and A be the area of the triangle ABC, 
prove that 


[+ Shy oT 2ab *(S) 
+—-—= x cos” | — |. 
Pi Po P3 (a+b+c)xA 2 
Let AD = p,, BE = p, and CF = p; 


Th A a x ee Le x 
n = a —— = Cc 
en, 5 Pi 5) P2 5) P3 


2A 2A 2A 
=> Py ’ P2 ’ P3 
a b 
1 1 1 
Now, —+—-— 
PP, P22 P33 
a b c 
_ + = 
2A 2A 2A 
7 (a+b-c) 
OK 


7 (a+b+c—2c) 
2A 
= (2s — 2c) 
= DK 
_ (s-c) 
A 
7 2abxs(s—c) 1 
AxXs 2ab 
_ 2ab  5bs= 2) 
Axs 2ab 
2 ab (5) 
= ———— x cos*] — 
(atb+c)A 2 


Ex-22. Three circles whose radii are a, b, c touch one another 
externally and the tangents at their points of contact 
meet in a point, prove that the distance of this point 
from either of their points of contact is 


( abe ig 
at+bt+c 


Soln. 


iva 


Let a, b, c be the centres of three circles whose radii 
are a, b and c, respectively. 

Clearly, OD = OF = OE 

So, O will be its in-centre. 

Let OD = OF = OE =r 

Let s be the semi-parameter of AABC 


a+b+b+c+ct+a 
Thus, s= 5 =a+bt+c 


Area of a triangle ABC 
= Js(s-a—6)(s-b-c)(s—c-a) 


= (a +b+c)abc 


A 
Now, OD=r=— 
s 


Ex-23. 


Soln. 
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(a+b+c)abe 


(at+b+c) 


abc 
(a+b+c) 


Hence, the result. 
Two circles of radii a and b cut each other at an angle 
6, then prove that the length of the common chord 


2absin@ 
le +b? +2abcos 6) 


is 


ris 


Let ZC\PC, =60 


2ab 


Thus, cos (180° — 6) = 


= (CC,) =a? +b? +2abcosé 


= (CC))= a? +0? +2abcosé 


ree 
Area of AC, PC, = a sind 
1 
So, area of A C\PC, _ Oar ee 


1 oc.PM = ar sin@ 
2 2 


=> 
ay. BPE absin@ 
CC, 
- PM absin@ 


Va? +b* + 2abcos0 
Hence, the length of the common chord 
= PO=2PM 
7 2absin 0 

Va? +b? + 2abcos@ 


384 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


Ex-24. Ifthe sides of a triangle are in A.P. and if the greatest 
angle exceeds the least angle a, then show that 


the sides are in the ratio (1—- x): x:(1+ x) 
l1—cosa 

where x= |———— 
7—cosa 


Soln. Let the sides be a-—d,a,a+d 


Consider d> 0. 

Thus, the greatest side is a + d and the smallest 
side is a—d. 

Let ZA=0,ZC=0+a and 


ZB =180°—(20+a) 


Applying sine rule, we get, 
Cau: a _ atd 
sin@ sin(180°-(20+0)) sin(@+@) 


a-d a a+d 
sind sin(20 + @) ‘ sin(6 + a) 
> 2a 
sin @ +sin(@ +c) 
Now. a-~d__atd 
* sin@  sin(@ +a) 
a-d_ sin@ 


at+d_ sin(@+a) 


2a_sin@+sin(@+a 
2d ~ sind —sin(0+a 


__2ale-Sho(2) 
| 


2eos{ 0+ Jsin( 2) © sin 


tan C + 4 
wes 2y 


oe 
lS) 
tan| — 
2 


: Se 
SY 


2 
Also if 


 sin(20+0)  sin@ +sin(@+a) 


sin6+sin(0+0) _ 
sin(20+a) 


2sin( 0 + 4 cos{ ©] 
2 2 
=> =2 
2sin C + = Joos( 9 + =) 
2 2 


“() “(3 


old 


ee 

l—cosa 
— 
Jase 
2 


l-cosa _ 
V7-cosa 


Hence, the required ratio is 
=a-d:a:at+d 


= ig! 
a a 
=1-yx:l:l+x, 


Hence, the result. 


Ex-25. 


Soln. 


Ex-26. 


Soln. 


The sides a, b, c of a triangle ABC are the roots 
of x°- px +qx—r=0, then prove that its area 


is = [p(4pq-p° -8) 

Given equation is x= px +qx-r=0 
Thus, a+b+c= p,ab+bce+ca=q,abc=r 
Now, A? 


= s(s—a)(s—b)(s-c) 


“Arlee 


+(ab+be+ aa\( 2) - abe 


(TO 
4 cee 2 


+ 


= a (4P4 — p°—8r) 


_! 3 
A= 7 \P(4pq- p= sr) 
Thus, area of a triangle = A 


ait 3 
a p(4pq- p —8r) 
Hence, the result. 


Let O be a point inside a triangle ABC such that 
ZOAB = ZOBC = ZOCA = then prove that 


(i) cotw@ =cot A+ cot B+cotC 

(1i) cosec*@ = cosec” A + cosec*B +cosec?C 
Let ZOCB=C-—@ 

and Z BOC =180°- @-(C-—@)=180°-C 
Similarly, Z AOB =180°-B 

Now from AOAB, we have 


OB _ AB 
sin@ sin (1 80° — B) 
OB _c¢ 


sin@ sinB 


(ii) 
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A 
O 
(Q) 
B Cc 
Ss. pee ka (i) 
sin B 
Now, from AOBC, we get, 
OB = BC 
sin(C - ) sin(1 80° — C) 
OB _ a 
sin(C—@) sinC 
asin(C -@) 7 
=> OB=———  ...... (ii) 


From (i) and (ii), we get, 
csin@ - asin(C — ) 
sin B 


sin C 


ksinCsin@ _ ksin Asin(C-@) 


sin B sin C 
sinCsin@ _ sin Asin(C-@) 
sin(A + B) 

sin(C — @) 
sinAsinB sin AcosB+cos AsinB 


sin B 


sin C sin@ 


sinCsin@  sinCcos@—cosCsin@ 


sinAsinB sin AcosB+cosAsinB 


=>  sinCsin AcosBsin@w@+sinC cos Asin Bsin@ 


= sin Asin BsinC cos@ — sin Asin BcosC sin@ 


Dividing both the sides by sin Asin Bsin Csin@ 
we get 
cot B+cot A=cotw—cotC 


=> cotA+cotB+cotC=cot@ 


We have 
cot A+ cot B+ cot C=cot@ 


2 
= (cot A+cotB++cotC) =cot” 
> (cot? A+cot* B+ cot? C)+2=cot? 0) 


= cosec”A—1+cosec?B-1 
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Ex-27. ABCD is a trapezium such that AB is parallel to CD 


Soln. 


Ex-28. 


Soln. 


+cosec’C —1+2 =cosec*@—1 
2 2 Dt 2 
=  cosec’A+cosec* B + cosec*C = cosec“@ 


2 2 2 2 
=  cosec’@=cosec’ A + cosec’ B + cosec”C 


Hence, the result. 


and CB is perpendicular to them. 
If ZADB=0, BC=p and CD=4q, then 


(p? +q° ) sin 0 
prove that AB = ———_—_—__ 


pcos@+qsind 
D q C 
6 
p 
m-(0+ a) a 
A B 


From ABCD, we get, BD = VP" +q° 


Let Z ABD= ZBDC=a 


then Z DAB=2-(0+@). 
Now, from AABD, we have 


AB | BD 
sin@ sin (x -(0+ a)) 
_, AB___BD 
sin@ sin(@+a) 
wee pe eps 
sin(6 + a) 
BD’ sin@ 
> B= 
BDsin(0 + a) 
: BD” sin@ 
BDsin@cosa+ BD cosOsina 
(p +q° sind 
=> AR= 72 W~— 


qsin@+ pcos@ 


Hence, the result. 
In an triangle ABC, if 0 any angle, then prove 


that bcos@=ccos(A-@)+acos(C +6) 
We have 

ccos(A-@)+acos(C +6) 

= ksinC cos(A—@)+ksin Acos(C + @) 
= k[ sin Ccos(A-@)+sin Acos(C +6) | 


= k[sinC cos Acos6+sinC sin Asin@ 
+ sin AcosC cos@-sin AsinC sin @| 

= k[ cos @(sin AcosC +cos Asin C) | 

= kcos@sin(A+C) 

= kcos@sin(z — B) 

= kcosOsinB 

= (ksin B)cos@ 

= bcosé 


Ex-29. If the median of a AABC through a is perpen 


Soln. 


dicular to AB, prove that tan d4+2tanB=0., 
Since AD is the median, so BD: DC=1: 1 


90°+ B 


B D Cc 


Clearly, ZADC =90° +B. 
Now, applying m : n rule, we get, 


(1+ 1) cot(90° + B) = 1.cot(90°) — 1.cot(A — 90°) 


=> —2 tan B = 0 —(-tan A) 
=> -—2tanB=tanA 
=> tandA+2tanB=0 


Hence, the result. 


1 


(A). (B).(C 
Ex-30. In a AABC, prove that sin 5 sin 5 sin 5 


Soln. 


orale ols 
- m(om(Sial (9 


*-a(So(9 
- (Sal 


< 


2) sin( £) 21 =0 


he 
since sin( $ is real, so D20 


= cos* (+ )- 8u > 0 


> us 


Hi gia al lat es 
es 2 2 2)°8 


Ex-31. In a AABC, prove that 


tan? 2 + tan? Z + tan? cyt 
2 2 2 
Let tan a tan : tan ec 
» 4 —-|yVv= = |,25 — 
: ae 2 2 


To prove, a +y ae 


Soln. 


Now, Pty 42? -xy-yz—mx 
1 


= s[(e-9) +(v-2) +(2-x) ]20 


Thus, x + y +27°> XVt+ VZ+ 2X wi. (i) 


Since in AABC, 
A+B+C=a2 

5 APC 
Qe Sore .2F 32; 


5} J+ 3 
=> tan| — |tan| — |+tan| — |tan 
2 2 2 


=> xt+yz+zx=1 
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Therefore, from (i), we get, 


x+y +2721 


=> tan? a + tan? B + tan? £ >1 
2 2, 2 


Ex-32. If the distances of the vertices of a triangle from the 
points of contact of the incircle with the sides be a, 
B, 7, then prove that 


2_ apy 
r ae 


- where r is in-radius. 
at+B+y 


Soln. Let the in-circle touches the side AB at p 


where AP = @& 
A 
LI 
és 
Cc 


Let J be its in-centre and AJ bisects ZBAC 
Now, from A/PA, 


=> a=rcot a 
2 


B C 
Similarly, B = roo( 2), Y= reo{ £) 


In a triangle ABC, we have 


o(Shof)rols (Shoals 


a BLyY_a@ByY 


B 


r r r Pog Toe 
at+Bt+y apy 
r Pr 
2 arBy 


aa B+Y 


Hence, the result. 


Ex-33. If t,t, and¢, are the lengths of the tangents drawn 
from the centre of the ex-circle to the circum-circle 
of AABC, prove that 


1 1 1 abe 
ff tf atb+e 
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Soln. 


Let O and J, be respectively the centres of the circum- 
circle and the ex-circle touching the line BC 


Clearly, Ol, = JR? + 2Rr, 


=> JR? +12 = JR? +2Rr, 


=  (R?+1?)=(R? +2Rx) 


=> i =2Rn 


1 
i 2RF 


Similar! 1 1 ae 
imilarly, 2 2Rr, 2 Rr, 
1 1 1 
Now, Patsy Wane 
1 4 6 

1 1 1 

+ + 

2Rr 2Rr 2Rr, 


2A 


Hence, the result. 


Ex-34. In AABC, find the min value of 


¥ cot? (Joo (7) 


[[cot? @ 


¥ cot? (+ Joo (2) 


[[cot? (4) 


[ow [4 ot? (7) + cot?( Foor (S) 


Soln. We have 


lI 
S 
5 
N 
| 
NS” 
+ 
S 
5 
N 
Nile 
SS 
+ 
S 
5 
N 
| 
Sa 


Hence, the minimum value is 1. 


Ex-35. A triangle has base 10 cm long and the base angles 


are 50° and 70° . If the perimeter of the triangle 
is x + ycos(z°) where z € (0,90°), then 
find the value of (x+y +2). 


Soln. Let BC=a=10 


From sine rule, we have 
a b c 


snA sinB_ sinC 


a = b = c 
sin(60°) sin(50°) — sin(70°) 
atb+ec 


sin(60°) + sin (50°) + sin (70°) 


a+b+c 


V3 


* + 2sin (60°) cos(10°) 


l 
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Soln. 


a+b+c 


B 


—+v3 10° 
5 cos(10°) 


a atbt+ec 


sin(60°) 3 3 cos(10°) 
2 


10 | at+tbt+c 
x3 3, 3 cos(10°) 
2 2 

10. atbte 


1 142cos(10°) 
a+b+c=10+20cos(10°) 
at+b+c=x+ycos(z°) 
x=10,y =20,z =10 
Hence, the value of (x+y +z) 
= 10+20+10=40. 


In a AABC, find the value of 
acosA+bcosB+ccosC 
at+b+e 


acosA+bcosB+ccosC 
atb+c , 


1{ 2sin Acos A+ 2sin Bcos B+ 2sin C cosC 
2 sin A+sinB+sinC 


We have 


1/sm2A+sin2B+sin2C 
2\ snAt+sinBt+sinC 


_ If 4sin Asin BsinC 
2\sinAt+sinB+sinC 


2sin Asin BsinC 
sinA+sinB+sinC 


2sin Asin B sin C 


wo(J4E 
n(n) 


Jo ES 
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_f{A).(B). fC 
= 4sin .sin .sin 
5) a (5) 
a by arsin( 4} sin( 2) sin( ¢) 
R 2 2; 2 


se 
R 
Ex-37. In a right angled triangle ABC, the hypotenuse BC 
of length ‘a’ is divided into n equal parts (” an odd 
positive integers). Let wbe the acute angle subtending 
from a by that segment which contains the mid-point 
of the hypotenuse of the triangle, prove that 
4nh 
tana =7>—\— [Roorkee — 1983] 
(n - 1) a 
Soln. 
A 
(4 
6 
h 
t t + + 
Badin dn D ECE M F an aln 
Sg 


a 
Each part of the base BC be — 
n 


Let AD = his the altitude. 

The nth part EF which contains the middle point 
M subtends an angle a at A. 

Let ZDAE=6 and ZEAF =a 


“. ZDAF =0+a 
Also, let DM= x 


Then DE=x-~ and DF =x+~ 


n n 
In AADF, 
aot 
ren meas 2n _2nx—-a 
AD h 2nh 


2nh tan O =(2nx—a) ......... (i) 
Also, in AADF 


a 
x+— 
2n _ 2nx+a 


h 2nh 


tan(a + 6) = 
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Elimination @ from (i) and (ii), we get, 
2nhtana+2nx-—a 


2nx —a)t 
anv a 2nv-ra\( Phen) 
2nx 


(4n° x >_’) 


n 


=> 2nhtana=2a- tana 


=> tana = 2a 
2nh 

= pase 4anh 

An*h* + (4n?x? - a’) 
ns eee 4anh 

4n? (a? + x°)- a 

Aanh 

> tana = 


> tana = gene 
(n? - 1)a? 
Anh 
> tan @ 


Note. No questions asked in 1984, 1985. 
Ex-38. If a, b, c are the sides of a triangle ABC and 


B C 
3a=b+c, then prove that cat © Jet (=) =2; 


[Roorkee — 1986] 


Soin: Welhave = pele) 

= Vere en 

_ b)s(s—c) 
\(s=a)(s=0)(s=a)(s=5) 


Ex-39. 


Soln. 


(a+b+c) 


a’ —b’ _ sin(A—B) 

e+e sin(A +B)” 

Prove that it is either a right angled triangle or an 
isosceles triangle. [Roorkee — 1987] 


If in a triangle, 


a—b* 7 sin(A—- B) 


We have 2ae = nae) . 


sin? A—sin* B_ sin(A-B 
sin? A+sin? B sin(A+B 


sin(A+B)sin(A-B 


sin’ A+sin? B 


=  sin(A-B)=0, 


and [ sin(A+B) 1 }: 


sin? A+sin? B sin(A+ B) 


Now, sin(A-B)=0 


=> A=B 
= Ais isosceles 
sin (A + B) 1 
and | —; oe =0 
sin? A+sin? B sin(A+ B) 


= sin? A+sin? B=sin? (A+ B) 
— sin? A+sin? B=sin* Acos” B 
+cos” Asin? B+2sin Asin Bcos AcosB 
—  —2sin* Asin? B 
+2sin Asin Bcos AcosB =0 
=  sinAsinB=cos AcosB 


=> tanAtanB=1 


= tanA=cotB 


= tana =tan{ —8 


TU 
=> A=—-B 
2 
4 
=> A+B=— 
2 
4 WU 
=> C=n-(A+B)=n7--=— 


Thus, the triangle AABC is right angled. 
Ex-40. In any triangle ABC, show that 


(5) Soo (5) o-(3) 
cy) 


We have 


[Roorkee — 1988] 


Soln. 


= evs X(s—c 
a ( ) 


=¢ aes = coot{ £). 


Note. No questions asked in 1989. 
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Ex-41. Ifx, y, z are the perpendicular distances of the vertices 
of a triangle ABC from the opposite sides and A be 
the area of the triangle, then prove that 

1 Z 1 ‘ ieee 
ry yp 2 A 


(cot A+cotB+cotC). 


[Roorkee Main — 1990] 


Soln. From AABC, 


Revel E pte 
2; 2 2 
l1 atl 61 «¢ 
x 2A’y 2A’z 2A 
Now, L.H.S 


= ~(cot A+ cot B-+c0tC) 


a’ +c? —b’ 
2bac 


Ak 2abc 


1 (b +c -a’ 
2abe 


ran 


& A= ny sinC = 5 abet) 
2 2 


: a+b? +c? 
4A? 
Hence, the result. 


Ex-42. The two adjacent sides of a cyclic quadrilateral are 
2 and 5 and the angle between them is 60°. If the 


area of the quadrilateral is 4/3 , find the remaining 
two sides. [Roorkee Main — 1991] 
Suppose AC = 2, AB=5, BC=x, CD=y 


and Z BAD = 60° 


Soln. 


1 
Area of A ABC = Fe) 


5v3 
2 
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Also, from AABC, 


cos(60°) = 25+4—- BD? 
252 
_ 29- BD* 
20 
29-BD* 1 
20 2 
= BD’ =19 
= BD= 19 


Since A, B, C, D are concyclic, so 
Z BCD =180° — 60° = 120° 


Then from ABCD, 
2 
¥ $y? = (vi9) 
cos(120°) = ————————— 
2xy 
2 
< + We = (vi9) 1 
a 2xy 7 2 
2 
x by = (vi9) 
> =-l 
xy 


=> x+y +xyH=l9...... (i) 
Again, area of ABCD 


1 NB _ 3p 


=—x.y 


2 2 4 
Thus, area of quad. ABCD = 4/3 


5V3 By 4g 


=> 
2 4 
5 xy 
—+—=4 
Pw ea 
xy 5 3 
PW = Be er 
= “oi 22 
=> x=6 


From (i), we get, 
x + ye =13 
=> x*=3,y=2 
Note. No questions asked in 1992. 
Ex-43. In a triangle ABC, R is the circum-radius and 


8R* =a +b* +c’. The the triangle ABC is 
(a) Acute angled 
(b) Right angled 
(c) Obtuse angled 
(d) None of these. 
Soln. As we know that 


a bc | 
sind sinB sinC 
Now we have, 


SR=a +h +c 


= 8R?=4R? (sin? A+sin? B+sin? c) 
> (sin? A+sin? B+sin? Cc) =2 

=> (cos? A-sin? C)+ cos" B=0 

= cos(A+C)cos(A—C)+cos” B=0 
=  cos(m-B)cos(A—C)+cos* B=0 
—cos Bcos(A—C)+cos* B=0 

cos B(cos(4-C)-cosB)=0 

cos B.2cos AcosC =0 

cos A =0,cos B= 0,cosC =0 


TU 
A=—=B=C 
—> ) 


Thus, the triangle is right angled. 
Ex-44. If the sides a, b, c of a triangle are in A.P., then 


A C 
find the value of tan @ + tal) 


B 
in terms of cot{ ; [ Roorkee Main — 1993] 


A C 
Soln. We have tan 5 + tan 5 


(s—b)(s—c) a 
\Y  s(s—a) s(s—c) 


| 
ee 
—ms 
wH 
nl | 
S 
— 
fi N 
a 
——~| ma 
nH 
I} 
Ro 
— |— 
+ 
a 
—\~| ~~ 
Hla 
I} 
oa }]8 
~—" |_’] 
Ne 


Note. 


Ex-45. 


Soln. 


= ee) x(at+b+c-c-a 
\s(s—a)(s—c) gee ) 
=f (s—b) 
PPA ae) 
_ 2s (s—b) 
3 s(s—a)(s—c) 
<2 s(s—b) 
3. \(s—a)(s—c) 
pe 
- Fxcot{ 2) 


Hence, the result. 


No questions asked in 1994. 


3v3 
Acyclic quadrilateral ABCD of area oo is 


inscribed in a unit circle. If one of its sides 
AB = | and the diagonal BD = 3 . Find the length 


of the other sides. [Roorkee Main — 1995] 


In AAOB, 

OA = OB=1 

and AB = | (given) 

Thus, ZOAB = ZOBA = ZAOB = 60° 


In ABOD, OA = 1, OB = 1, OB= 1 
and BD=~3 
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=> 6@=120° 


Therefore, ZAOD = ZAOB + ZBOD 
= 60° + 120° =180° 

= AOD isastraight line 

= AD=diameter = 2 


If ZBOC =, then £C0D==-9 


Area of the cyclic parallelogram ABCD 
= ar of (AAOB + ABOC + ABOD) 


1 
=> oe een) 


1 1 20 
+—.1.l.sing+—.1.1.sin)] —-—- 
2 . 2 (2 ©) 


> “ NB ig +sin( 2 _ 33 
71 alates ae 

> as sin +sin( 2 _3V3_3 
2 ? 3 ? 4 4 
2 sin +sin( 2 ae 

Ager 3. 7 9 


1S) 


Ca ea) 
> sing +sin rue = 


=> 2x2 xcos{ 9-2 ]= 3 
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Ex-46. 


Soln. 


> cos -=)=1 
- 3 
1 
—~“|=0 
- [e ] 


4 
=> ay 


Thus 2 BOC = 60° 
and Z COD =120°- 
. BC OB 
sin60° sin 60° 
BC=OB=1 
=> ZC=60°and Z A=75° 


60° = 60° 


Similarly, we can prove that CD = 1 
Hence, AB = 1, BC= 1, CD=1 and AD = 2. 


In atriangle ABC, ZC = 60° and 7A =75°. If Disa 
point on AC such that the area of the triangle BAD 


is V3 times the area of the triangle BCD, find the 
angle ZABD. [Roorkee Main — 1996] 


Here, ZB =180°- 


(60° + 75°) = 45° 


Let Z ABD=0 
ar (ABAD) 
It is gi that, —-———— = v3 
is given that, ar (ABCD) V3 
1 ; 
—cxsin@ 
2 a 2 = v3 
—axsin(45° — 0) 
2 
csin@ B 
go ge EB 
re asin (45° - 6) 
as sinC sin@ = 
sin Asin (45° - 6) 
in60°sin@ 
= sin 60° sin _f 


sin 75° sin (45° — @) 


Ex-47 


Soln. 


3. 
pone i 
=¥3 
v341 sin(45° — 6) 
ob) 
=  2sin@ =(J3 +1)sin(45°- 6) 
> 2sin0 = (V3 +1) (cos ~ sin) 
=> 2sind= (V3 +1)( (cos — sin 8) 
=> (3+ V3)sino = ( V3 +1)cos@ 
_, sind (341) | I 
cos@ (34 ae Res 
=> gga 
3 
1 
Q=— 
e 6 


1 
Hence, 2 ABD = 6 


4 
If ina triangle ABC, a=6, b=3 and cos(A-B)= ae 


then find its area. [Roorkee Main 1997] 


Given cos(A-B) = : 
= 2cos (47 )-1-3 
2 5 
=> 2cos’ AoP)ai+4 
2 5 
= cos? 452 )-9 
2 10 
A-B\ 3 
> cos 5 -+ 
> tn 457) -3 
2 3 
a [<= eor( S)=3 
at+b 2}, 23 
= (P= Jeo S) =5 
64+3 2) 3 
4 seot{ S]=5 
3 24 3 


Ex-48. 


Soln. 


=> = 
Thus, ar(AABC) 
= e absinC 

2 


1 
5 x6x3xsin(90°) 
= 9 sq units. 


Two sides of a triangle are of lengths V6 and 4 and 

the angle opposite to smaller side is 30°. How many 

such triangles are possible? 

Find the length of their third side and area. 
[Roorkee Main — 1998] 


A 
c b 
30° 
B a Cc 
We have 
db ...€ 
snB sinC 
= v6 ee 
sin(30°) sinC 
4 1 2 
=> sinC=—=x—=—<1l 
v6 2 V6 


C may be acute or obtuse 
Also, we observe that b <c 
=B<C 

ie., if Cis obtuse, then B should be acute 
= It is possible. 

Thus, two triangles are possible in this case. 


Now, applying cosine rule, 


2 2 2 
cogpac te 
2ac 
16+a*-6 
30°) = ————— 
=e LOSE) 2.4.4 


Ex-49. 


Soln. 
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20 24a 
a +10 V3 
8a 2 


a’ —43a+10=0 
(a-2V3) =12-10=2 
(a—2V3)=4V2 
a=2V3+J2 


V3 16+a°-6 


Y ud yoy 


Ye 
B 23-2 


C, D Co 


2,/3 +4/2 —> 


Now, ar(A ABC, ) 


2 54x (25 - V2) xsin(30" 


= (2v3 - v2) sq units 
and ar(A ABC;) 


7 54x (2V3 + V2) xsin(30" 
= (2/3 + v2} sq. units. 


The radii r,, 72, 7; of escribed circles of a triangle 
ABC are in the harmonic progression. If its area is 
24sq. cm. and its perimeter is 24 cm, then find the 
lengths of its sides. [Roorkee Main — 1999] 
Given 2 5s = 24 


=> s=12 


Also, 4.19543 € H.P 


=> s , A : A € HP 
s-a s—-b s-c 

=> = ‘ . ; : € H.P 
s-a s—-b s-c 

=> : : : ; : € H.P 
s-a s-b s-c 

= (s-a),(s—b),(s—c)e AP 


a,b,ce AP 
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Note. 
Ex-50. 


Soln. 


=> 2Wb=atec 
=> 3b=at+b+c=24 
=> b=8 


Again, 4.4. € H.P 


=> —,—,—€ AP 
hm? 
2 1 #1 
> —=—-+— 
es OL) 
2nr. 
13 
> =— 
R+Kr 


> ily tyr = 2H% 
= THR tH = 24 +H = 3H 
=> 34n=s?=144 


> hKrh=——=48 


= 48 


l 


(12-4) - (12-<) 
(12—a)(12—c)=12 

144 -12(a+ce)+ac=12 
144 -12.16+c(16—c)=12 
l6c—c? —64=0 

c’ -16c + 64=0 
(c-8) =0 

c=8 


So, the lengths of the sides are 8 cm, 8 cm, 8 cm. 


No questions asked in 2000, 2001. 
In a triangle ABC, let the sides a, b, c are the roots 
of x? —11x* +38x—40=0. If the value of 


cosA cosB cosC m 
+ + =— , where m and 
n 


ee ae | a | 


a b c 
n are least +ve integers, then find (m+ n), 


Given equation is x? —11x* +38x-40=0 
It is also given that a, b and c are its roots 


Thus, a+b+c=11, 


ab+bc+ca=38 


and abc=40 
x m __ cosa cosB cosC 
om n a b c 
_ aca pore ae jones 
2abe 2abc 2abe 
a erie 
2abe 
_ (a+b+c) —2(ab+be +ca) 
2abc 
_ (Ly -2.38 
2.40 
_ 121-76 
80 
eee 
80 16 


Thus, m = 9 andn = 16 
Hence, the value of m+n 
=9+ 16=25. 


LEVEL I 
(QUESTIONS BASED ON FUNDAMENTALS) 


1. In any triangle ABC, prove that 


. Ifina AABC 


(0? —c cot A+(c7 —a’ cot B +(a —b*)cotC =0 


. Ina tringle AABC, prove that 


asin(B —C)+bsin(C— A) +csin(A—B)=0 


. Ina tringle AABC, prove that 


a sin(B-C) < b? sin(C — A) Ge sin(C — A) 


sin A sin B sin C 


=0 


. Ina triangle ABC, prove that for any angle 6, 


b cos(A-0)+c cos(B+@) =ccos@ 


F C 
_ If cos A+cos B=4sin’ (S) , prove that the sides, a, 


c, b of the triangle ABC are in A.P. 
sind sin(A—B) 
sinC  sin(B-C) 


, then prove that, 


Dae aaa ; 
a’, b’,c’ areinA.P. 


. Ina triangle ABC, prove that, 


2(bce cos A+ cacos B +abcosC) = a+b? +c? 


. Ina tringle AABC, prove that 


. Inatringle AABC, prove that 


(a—by cos? S) +(a+8) sin? $] =e 


. With usual notation, if ina triangle ABC, 


b+ce _cta_atb 


in 15 B , then prove that, 


cosA_ cosB_ cosC 
¢ 19 25 


. Leta, b and c be the sides of a AABC. If a’, P&C? 


are the roots of the equation x - Px? +Ox-R=0 . 
where p, g and R are constants, then find the value of 


cosC 


cosA cosB 
+ + 


, in terms of P, O and R. 
a b 


. Ina triangle ABC, prove that, 


b? sin2C +c? sin2B=2bcsin A 


sinB_c—acosB 
sinC b—acosC 


. Ina AABC, prove that, 


2| asin? w +cesin* cas =c+t+a-b 
2 2 


. Ina tringle AABC, prove that 


cos” @ cos” (2) cos” @ 2 
oy, 2 2) s 


+ 
a b c abc 


. Ina AABC, prove that 


be cos” re + cacos” a + abcos” S 
2 2 2 


= T(a+b+e) 


. Ina AABC, prove that, 


(o- cjeor( 4] +(e- deot($] 


+(a -byeot( S| =0 


. If the sides a, b, c of a triangle are in A.P., then find 


A (one B 
the value of tan o + tan a in terms of cot 2 


. If Dis mid-point of CA in triangle ABC and A is the 


area of triangle, then prove that 
4A 
2_ 2 


tan(Z ADB) = 


19. 


20. 


21. 


22. 


23. 


24. 


29, 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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In any triangle ABC, prove that, 
4A(cot A+cot B+cotC)=a* +b? +c" 
In any triangle ABC, prove that, 
2abc A B GC. 
.COS cos cos =A 
at+b+e 2 2 2 


If in a triangle ABC, a= 6, b =3 and 


4 
cos(A— B)= 3° then find its area. 


If in a triangle ABC, ZA =30° and the area of the 
2 


triangle is , then prove that either 


B=4CorC=4B 
In any triangle AABC, prove that, 


Rr(sinA+sinB+sinC)=A. 


In any triangle AABC, prove that, 
acosBcosC +bcosC cos A 


A 
+ccos Acos B= — 
R 


In any triangle AABC, prove that, 
1 1 1 1 
+—+—= 
be ca ab 2Rr 
In any triangle AABC, prove that, 


cos” a + cos” B + cos? Ss a ee 
2 2 2 2R 


In any triangle AABC, prove that, 
acot A+bcot B+ccotC =2(R+r) 


In any triangle AABC, prove that, 
+h — +r=4RcosC 
In any triangle AABC, prove that, 


” 1 ath? +e 
2 2 ee AZ 


In any triangle AABC, prove that, prove that, 


ae: Us ee a cae’ ss 
$e = pop 
r t i) rn r t '% rn 


In any triangle AABC, prove that, 


be — Myr; _ Cah, ab — Try 


4 Vy ry 
Prove that the radii of the three escribed circles of a 
triangle are the roots of 
x ~(r+4R)x? +s°x—-rs* =0 


398 


33. 


34. 


35. 


36. 


37. 


38 


39. 


40. 


41. 


42. 


43. 
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If a,B&y are the respective altitudes of a triangle 
ABC, prove that 


1 1 1 _cotA+cotB+cotC 


a B? Vv - A 

If a, B&y are the respective altitudes of a triangle 
ABC, prove that 

2ab 


<0 if i) 
+—-—= x cos“ | — 
a Bp y een 2 


If ina triangle AABC, a’ +b? +c? =8R’, then prove 
that the triangle ABC is right angled triangle. 


The sides of a triangle are x +x+1, 2x +1 and 
Paane prove that the greatest angle is 120°. 
The sides of a triangle are three consecutive natural 
numbers and its largest angle is twice the smallest one. 
Determine the side of the triangle. 
ABC is a triangle. Its area is 12 sq. cm and base is 6 
cm. The difference of the angles is 60°. Prove that the 
angle A opposite to the base is given by 8 sin A — 6 
cosd = 3. 

a 


In any triangle ABC, if cos@ = , 
b+c 
b c 
cos g@ = ——.,, cosy = ——., where 
atc at+b 


6,9 &y lie between 0 and a, prove that, 


tan? (5) + tan? (2) + tan? (¥) =1 


The sides of a triangle are ABC are in A.P. If the an- 
gles a and c are the greatest and the smallest angles 
respectively, then prove that, 


4(1—cos A)(1—cos C) = cos A + cosC 
In triangle ABC, if a, b, c are in H.P., prove that 


.2{ A .2( B 2 af C . 
sin~| — |, sin” | — }, sin”| — } are also in H.P. 
2, 2 2 


Ina triangle ABC, if the sides a, b, cbe in A.P., prove that 


cos A. cot a , cos B. cot 2 , cosC. cot . 
2 2 2 


are also in A.P. 

The sides of a triangle are in A.P. and its area is 3/5 th 
of an equilateral triangle of the same perimeter. Prove 
that the sides are in the ratio 3:5: 7. 

The ex-radii 4,%,% ofa triangle ABC are in H-P., 
prove that the sides a, b, c are in A.P. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 
35% 


In usual notation, if 4 = +7; +7, then prove that the 
triangle is right angled. 
If A, B, C are the angles of a triangle, then prove that 


r * 
cos A+cosB+cosC =1+ R? where r= in-radius and 


R= circum - radius. 
In triangle ABC, if 8R? = a? +b” +c*, prove that the 
triangle is right angled. 

Let A,, A,, Ag,........ ,A, be the vertices of an n-sided 
1 


1 
= +—— , then 
AA; 


A Ay 


1 
regular polygon such that AA, 


prove that the value of n is 7. 
If A,A,,A, & A; are the area of the inscribed and 


escribed circles of a triangle, then prove that 
1 1 1 1 


da J4 Td, Jas. 


The sides of a quadrilateral are 3, 4, 5 and 6 cms. The 
sum of a pair of opposite angles is 120°. prove that 
the area of the quadrilateral is 330 sq. cm. 

In triangle ABC, prove that, 


r +7? rf +72 =16R? —a’ —b’ - 


In triangle ABC, prove that, 


TAIBIC = abctan( 4) tan{ 3) tan{ S) 

2 2 2 
‘)a2, 
ry 


prove that the triangle is right angled. 


: : h 
In a triangle ABC, if | 1—— |} 1- 


'y 


Intriangle ABC, prove that, cot? 4+ cot” B+cot? C21 


If cosA=tan B, cosB = tan C and cosC = tan A, then 
prove that, sin A = sin B= sin C=2 sin 18. 


LEVELII 
MIXED PROBLEMS 


1. 


; atb+c 
In AABC, a > b> c, if —-——, ap Oe 
sin? 4+sin° B+sin° C 


then the maximum value of a is 
1 
a b) 2 
(a) 5 (b) 


(c) 8 (d) 64 


. Sides of a triangle ABC are in A.P. If a< min {b, c}, 


then cos A may be equal to 


3c—4b 
OS (b) 


3c —4b 
2c 


. If 


4c —3b 
2b 


4c—3b 
2c 


(c) (d) 


. Ifa AABC, at + 64 4+ ct = 20°b? + Bc? + 27°, 


then sin A is 


1 1 
(a) a (b) 3 
V3 V3 +1 
(c) as (d) mw) 


. Inatriangle ABC, 2a” + 4b* + c? = 4ab + 2ac, then the 


numerical value of cos B is 


(a) 0 (b) 


cool colw 


5 
(ys (d) 


. If a, b, c be the sides of AABC and if roots of the 


equation a(b — c) x + b(c —a) x +c (a— b) = 0 are 


A B C 
equal then sin? (4) _ sin? (2) _ sin? (S] are in 


(a) A.P. (b) GP. 
(c) H.P. (d) A.G.P. 
. Inatriangle ABC, (a+ b+c)(b+c-—a)=kbecif 
(a) k<0 (b) k>6 
(c) 0<k<4 (d) k>4 


. a@ COS (B-—C)+ b° cos (C—A)+ c} cos (A —B) is equal 


(a) 3 abc (b) (a+ b+t+c) 
(c) abc (a+ b+c) (d) 0 
A B 
me id et SOS and a = 2, then the area 
a b Cc 
of the triangle is 
(a) 1 (b) 2 
3 
(©) as (d) v3 
. Ifina AABC, cos A+ 2 cos B+ cos C= 2, then a, b, 
c are in 
(a) A.P. (b) GP. 
(c) H.P. (d) None 


. Ifina AABC, sin?4 + sin*B + sin°C= 3 sind sinB sinC, 


then the value of 
abe 
bea 
c a b 
(a) 0 
(b) (at b+cy 
(c) (a+ b+c) (ab + bc + ca) 
(d) None 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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B C 
If b+ c = 3a, then the value of cot (3) cot (<} is 


(a) 1 (b) 2 
(c) V3 (d) v2 


Let A)4 ,4,434,A, be a regular hexagon inscribed ina 
circle of unit radius. The product of length of the line 


segment A)A1, Ay4>, ApAy is 
3 
(a) 5 (b) 3v3 
33 
() 3 a 
acosA+bcosB+ccosC . 
In a AABC, the value of ————————————— is 
a+b+c 
R R 
(ay (by: 
r 2r 
( 2 @ = 
POR R 
In a AABC, the sides a, b, c are the roots of the equa- 
A B 
tion x° — 11x? + 38x—40=0. Then ——— + 
cosC , 
is 
c 
1 (b) : 
(a) ; 
(c) 2 (d) None 
rag 


The ex-radii of a Ary, r2, 73 are in A.P., then the sides 
a, b, c are in 
(a) A.P. 
(c) H.P. 


(b) GP. 
(d) AGP. 


sin? A+sin A+] 


In any AABC, is always greater 


sin A 
than 
(a) 9 (b) 3 
(c) 27 (d) 36 


‘ 4 4 , 
In a triangle | 1-— | | 1-— | = 2, then the triangle 
io) B 


is 


(a) right angled (b) isosceles 


(c) equilateral (d) None 

In a AABC, a= 2b and |a — b| = F then £Cis 
1 t 
mee b fa 

(a) | ) 5 
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21: 


22; 


23. 


24. 


25; 


26. 
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(c) - (d) None 


. If the median of AABC, through A is perpendicular to 


AB, then 

(a) tan4 + tanB=0 
(b) 2 tand + tanB =0 
(c) tand + 2 tanB = 0 
(d) None 


3 
In a AABC, cos A + cos B+ cos C= 3? then the A 


(a) Isosceles 
(c) equilateral 


(b) right angled 
(d) None 


If Ay........ A,, be a regular polygon of n-sides and 
1 1 


= , then 
(a) n=5 (b) n=6 
(c) n=7 (c) None 


A 5 Cc 2 

In a AABC, tan | — | = > and tan | — | =s—, then 
i) 6 2, 5 

(a) a,c, be ALP. (b) a,b,c € ALP. 

(c) b,a,ce ALP. (d) a,b,ce GP. 


If the angles of a triangle are in the ratio 1 : 2 : 3, then 
the corresponding sides are in the ratio 


(a) 2:3:1 (b) V3 :2:1 
(c) 2: V3 :1 (d) 1: V3 :2 
Ina AABC, acot A+ b cot B+c cot Cis 
(a) r+R (b) r—R 

(c) 2(r+R) (d) 2(r—R) 


If A, A,, A>, A; are the areas of in circle and the ex 
circles of a triangle, then 


1 1 1 
TA oF tee o J4& 1S 
2 1 
OM. © Ta 
1 3 
Ga A 


sin? A+sin A+] . 
In any AABC, 1] ——_——— | is 


sin A 


always greater than 


(a) 9 (b) 3 

(c) 27 (d) 36 

In an equilateral triangle, R:r: 7, 1s 
(a) 1:1:1 (b) 1:2:3 
(c) 2:1:3 (d) 3:2:4 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


In a AABC, tan A tan B tan C = 9. For such triangles, 
if tan?4 + tan’B + tan°C = A, 7 then 


(a) 9. 73 <A<27 (b) A£27 
(c) A<9. 88 (d) A>27 


In a AABC, ad cos’-A =? + c, then 


1 1 1 
A<— —<A<— 
(a) A< 7 ) 7 <4<5 
1 1 
A> A=—= 
(0) A>F (@ A= 
Ina AABC,A:B:C=3:5:4,thenat+th+c V2 is 
(a) 2b (b) 2c 
(c) 3b (d) 3a 


If A, B, C are angles of a triangle such that the angle 
A is obtuse, then tan B tan C < 

(a) 0 (b) 1 

(c) 2 (d) 3 

In a triangle, ifr, >r, > 73, then 

(a) a>b>c (b) a<xb<c 

(c) a>bandb<c (d) a<xbandb>c 


4 A B Cex 

rR cos > cos 5 cos = 1S 

(a) s (b) s° 

(c) A’ (d) A 

If (a— b) (s—c) =(b-c) (s—a), 
then r,, 7, 73 are in 

(a) H.P. (b) GP. 
(c) A.P. (d) A.G.P. 


IfC =a +b’, 2s=atbtc, then 
4s (s — a) (s —b) (s—c) is 


(a) s* (b) b°c* 
(c) ca’ (d) a’b? 
1 [<4 1 
5) ae 5) + 5) + 1S 
ie ig ee 
(a) ath +c (b) Ya 
Be eee: ome 
s? MA 
(c) 4R (d) 4r 
(7, -1r) (2-1) 73-1) is 
R 2 
(a) — (b) 4Rr 
r 
(c) 4Rr° (d) 4R 
If the sides be 13, 14, 15, then 
b-c cra a-b. 
+ + 1S 
Hi "y r3 


39), == 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


(a) 5 (b) 4 
(c) 0 (d) 1 
af wey - ae is 
be ca ab 
1 
@ ss => oO, 
(c) r—2R (d) ae op 
ry +r 


(b) ccot (<) 


vo fiG C 
(c) csin > (d) ccos 5 


16R* rr, rz 13 is 


(a) abc (b) &bec? 
(c) &bc? (d) a’bec* 
r 1y 
If — = —, then 
y ry 
(a) 4=90° (b) B=90° 
(c) C=90° (d) None 
In a AABC, the value of r r;ryr3 is 
(a) A (b) A? 
(c) & (d) A* 


Ifr, =r, +7r3 +7, then the A is 

(a) Equilateral (b) Isosceles 
(c) Right angled (d) None 

(ry) +12) (%2 +13) (73 + 7) is 
(a) Rs” (b) 2Rs” 
(c) 3Rs* (d) 4Rs? 


The diameter of the circum-circle of a triangle with 
sides 5 cm, 6 cm., 7 cm is 


(a) —t cm. (b) 2V6 cm 
35 35 
(c) ao (d) ae 


Ina AABC, the sides are in the ratio 4: 5 : 6. The ratio 
of the circum-radius and the in-radius is 

(a) 8:7 (b) 3:2 

(c) 7:3 (d) 16:7 


If in a triangle, R and r are the circum radius and in 
radius, respectively, then the H.M. of the ex-radii of 
the triangle is 

(a) 3r (b) 2R 

(c) R+r (d) None 

If a, b and c are the sides of a triangle ABC and 3a = 
b +c, the value of Cot (B/2) cot (C/2) is 
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(a) 3 (b) 2 
(c) 4 (d) 1. 

50. Ina triangle of ABC, if cos A + cos B = 4 sin2 (C/2), 
then a, b and c are in 


(a) A.P. (b) GLP. 
(c) H.P. (d) None. 
LEVEL Il 


(FOR JEE ADVANCED EXAM ONLY) 


cosA+2cosC _ sinB 
cosA+2ccosB sinC 


1 Ifina triangle ABC, , prove 


that the triangle ABC is either isoceles or right angled. 
2. Ina triangle ABC, if 
423) 
> / 


prove that the triangle is isosceles. 


atanA+btanB =(a-b)tan{ 


3. In any triangle ABC, prove that, 
(7, +7)(15 +r,)sinC =243VHRthR+thh 


4. In any triangle ABC, prove that, 
r +r +rf +r =16R? -(@ +b° +c") 


=)} 


5. In any triangle ABC, prove that, 


[(-+n)um{ ©) +{(r+ran{ S 
+{(r+n)an(S4)) <0 


6. In any triangle ABC, prove that, 


mf) mle 


(a—b)(a-c)  (b—a)(b-c)  (e—a)(c—b) A 
7. If fi-]1- ‘| =2, prove that the 


triangle is right angled triangle. 
8. In triangle ABC, prove that, 


area of the in-circle 
area of triangle ABC 


==G)() 


A 
9. Ifa, b, c are inA.P., prove that, cos Acot( 4), 


cos B.cot (3) , cosC.cot (<) are in A.P. 
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20. 


21. 


22: 


23, 
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If the circumference of the AABC lies on its incircle, 
then prove that, cos A+ cos B+cosC = 4/2 


. ABCD is a trapezium such that AB, DC are parallel 


and BC is perpendicular to them. If angle ZADB =6 , 
( Dp + gq ) sin@ 


BC=pand CD =q, prove that, AB = ———_____ 
pcos@+qsind 


. Let O be the circumcenter and H be the orthocenter of 


AABC. If Q is the mid-point of OH, then show that 
R 
AQ= alr 8cos Acos BcosC . 


. If 4, 1, & I, are the centres of escribed circles of 


b 
AABC, prove that the area of AJ, /, 1; = ae 
r 


. In AABC, prove that, 


a’ (s—a)+b*(s—b)+c*(s—c) 


-m(-am(!)(2)(2) 


. Let O be a point inside a triangle ABC such that 


ZOAB = ZOBC = ZOCA =@, then prove that 


(i) cotA+cotB+cotC =cota@ 


és 2 2 2 2 
(ii) cosec” A + cosec’ B + cosec”C = cosec”@ 


. Find the distance between the circum-center and the 


mid-points of the sides of a triangle. 


. Find the distance between the in-center and the angular 


points of a triangle. 


. Prove that the distance between the circum-centre (O) 


and the in-center (/) is 


rt -sa( Jal) 


. Prove that the ratio of circum-radius and in-radius of 


an equilateral triangle is 1/2. 


Prove that the ratio of the area of the in-circle to the 


fatriangle is 7: tan zs tan 2 tan eS 
area of a triangle is 7: 5 5 > | 


Prove that the distance of the orthocenter from the 
sides and angular points of a triangle is 
2Rcos A,2 Rcos Band 2 R cos C. 


Prove that the distance between the circum-center and 
the orthocenter of a triangle is OH = 


RV1—8cos A.cos B.cosC . 


Prove that the area of an ex-central triangle 


is 8R? cos( 4 Joos{ $ Jeos{ £). 
2 2 2 


24. 


25. 


26. 


27. 


28. 


28. 


29. 


30. 


31. 


32. 


33; 


34. 


Prove that the circum-radius of an ex-central triangle 
Il 
is ——3— =2R. 
2sin(, 1,1, ) 


Prove that the distance between the in-center and the 
ex-centers are 


A B 
II, = srsin( 4) , ,= srsin( 5) : 


II, =4R sin( S : 


If a’, b°, c? are in AP, then prove that 


cot a.cot b, cotc are in A.P. 
In any triangle ABC, prove that, 


a> cos (B-C) +b* cos(C — A) 
+c? cos(A- B) =3abe 


The sides of a triangle are in A.P. and the greatest and 
least angles are @ and @, respectively, then prove that 
4(1—cos@)(1—cos@) =cos@ + cos@. 


If ina triangle, the bisector of the side c be perpendic- 
ular to the side d, prove that 2 tand + tan c = 0. 


In any triangle, if @ be any angle, then prove that, 
bcos@ =ccos(A-@)+acos(C +8). 


If AD, BE and CF are the internal bisectors of the 
angles of a triangle ABC, prove that 


1 A 1 B 1 Cc 
cos +—cos +—cos 
AD 2) BE 2) CF 2 


abe 


Prove that the triangle having sides 3x + 4y, 4x + 3y 
and 5x + 5y units, respectively, where x, y > 0, is obtuse 
angled. 


If A be the area and ‘s’ be the semi perimeter of a 
2 


3V3 


Let ABC be a triangle having altitudes 1, ky & h, 
from the vertices A, B, C, respectively, and r be the 
hAt+r h+ + 

BPE UAT MBE ice. 
h,-r h-r 

Two circles of radii a and 6 cut each other at an angle 


0. Prove that the length of the common chord is 
2absin@ 


Ja +b? +2ab cos 


triangle, then prove that, A < 


in-radius, prove that, 
I—r 


35. 


36. 


37. 


38. 


39. 


40. 


4l. 


42. 


43. 


44. 


If a, B, yare the distances of the vertices of a triangle 

from the corresponding points of contact with the 
aBy 

a+B+y 


ae 2 
in-circle, prove that r~ = 


Tangents are drawn to the in-circle of a triangle ABC 

which are parallel to its sides . If x, y, z be the lengths 

of the tangents and a, b, c be the sides of a triangle, 
y 


x Zz 
then prove that, —+—+—=l. 
a be 


If t,, t) & t; be the lengths of the tangents from the 
e-centers of escribed circles to the circum-circles, 


Fa eae Nene 
prove tha = ; 
ty ty Oe abc 


if x, y, z be the lengths of the perpendiculars from the 
circumcentre on the sides BC, CA, AB of a triangle 
ABC, prove that, 


a bc. abe 
++ 


x y z Axyz 


If P|, Pr, P3 are the altitudes of the triangle ABC from 
the vertices a, b and c, respectively, prove that 


cosA cosB cosC 1 
+ + = 
Py P2 P3 R 


The product of the sines of the angles of a triangle is 
p and the product of their cosines is g. Prove that the 
tangents of the angles are the roots of 


qx px’ +(l+q)x-p=0. 


In a triangle ABC, if cos A. cos B+ sin A sin B sin C 
=1, prove that the sides are in the ratio 1:1: oe 


The base of a triangle is divided into three equal parts. 
If t,t, &t, be the tangents of the angles subtended by 
these parts at the opposite vertices, prove that, 


ae fae =4 ig . 
h bith & ty 


The three medians of a triangle ABC make angle 
a, B,Y witheachother, prove that, cot @ + cot B + cot y 


+cot A4+cotB+cotC =0 


Perpendiculars are drawn from the angles 4, B, C of 
an acute angled triangle on the opposite sides and 
produced to meet the circumscribing circle. If these 
parts be a, f, y, respectively, then prove that 


4 PS a (tan A+ tan B+ tanC) 
6 


a B 


45. 


46. 


47. 


48. 


49. 


50. 
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Ina triangle ABC, the vertices A, B, C are at distances 
of p, g, r from the orthocentre, respectively. Prove that 


a b =| abc 
+—+-]= 
pqr 


The internal bisectors of the angles of a triangle ABC 
meet the sides in D, E and F. Prove that the area of the 


2Aabce 
(a+b)(b+c)(c+a)° 


triangle DEF is 


In a triangle ABC, the measures of the angles A, B, C 
are 3a, 3B and 3y , respectively. P, O, and R are the 
points within the triangle such that 


ZBAR= ZRAQ = ZOAC=0,, 

ZCBP= ZPBR = ZRBA=B8B and 

ZACQ= ZOCP = ZPCB=y/, then prove that 
AR =8Rsin B siny cos(30°-y) 


If in a triangle ABC, the median AD and the perpen- 
dicular AE from the vertex A to the side BC divides 
the angle A into three equal parts, show that 


A\ .5fA) 3a’ 
cos .S1N = : 
3 3) 32be 


If the sides of a triangle are in A.P. and if its greatest 
angle exceeds the least angle by a, show that the sides 


l—cosa@ 
areintheratio (1 — x) :1:(1+ x) ,where x = eee, 
7—cosa 


1 
Let A, B, C be three angles such that 4 = i and tan 


B tanC = p. Find all possible values of p such that A, 
B, Care the angles of a triangle. 


Ans. p <0 & pp >3+2V2, 


INTEGER TYPE QUESTIONS 


1. 


. In any triangle ABC, = 
a 


In any right angled triangle, find the value 
a+b +c° 
R 
cosA_ cosB_ cosC 
b c 


q + 1) + r 
find the value of | ————— |]. 
r 


. In any triangle ABC, find the minimum 


q +I +h 
value of | ————— |]. 
r 
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. Inany triangle ABC, find the minimum 


sin? A+sin A+] 
value of | —————_—_— |]. 


sin A 


. Ina triangle ABC, find the value of 


1 Dy 2D nt pt OD) Der Gdn 29 
ale +1 +15 +h +(a +b° +e )). 


where r = in-radius, R = circum - radius and 


11,13 are ex-radii. 
1 


. Ina triangle ABC, the median 4D = —————= 


(l1=—643. 


and it divides the Angle a into angles 30° and 45° 
Find the length of the side BC. 


. Ina triangle ABC, find the value of 


(K+H\(m+n4)(4 +7) 
Rs? 


, where 


R=circum - radius, %,%,73 are ex-radii. 


and s is the semi perimeter. 
If in a triangle ABC, a= 6, b=3 and 


4 
cos(A— B)= 5 then find its area. 


A triangle has base 10 cm long and the base angles 
are 50° and 70° . If the perimeter of the triangle 
is x + ycos(z°) where z € (0,90°), then 


X+y+Z 
find the value of | ———— |}. 


y 
In any AABC, find the value of 


acot A+bcot B+ccotC 
(r+R) 


SELF ASSESMENT I 


Time : 3 Hrs. 


CH: PROPERTIES OF TRIANGLES 


Give answer of the following questions. 


1. 


2: 


If in a triangle ABC, tan A = 2, tan B = 3/2 and 

c= 2V65 , then find the circumradius of the triangle. 

If in a triangle ABC, cos3A + cos3B + cos3C =1 

then prove that the measure of one of the angles must 
20 


j= 
ae 


Max. Marks : 100. 


3. 


10. 


If in a triangle ABC, the sides a, b, c are in A.P., then 
prove that 


o(4}ro(S)20(2) 


. If ina triangle of ABC, A = 3 B, then prove that 


1 [3b — 
sinb= = . : 
2 b 


. Let A,,A, denote the areas of a triangle and that of 


the incircle . prove that 


A [ A __B S| 
=| cot —.cot —.cot [1 
A, 2 2 2 


. If the ex-radii 7), 72, 7; of a triangle ABC are in H.P, 


then prove that the sides a, b, c are in A.P. 


. The lenghts of the sides of a triangle are three consec- 


utive natural numbers and its largest angle is twice the 
smallest one. Determine the sides of the triangle. 


. Let O be a point in the triangle ABC such that 


ZOAC = ZOCB = ZOBA=a, 
then prove that cota = cot A+ cotB+cotC 


. If in a triangle ABC, two sides are a = 6, b = 3 and 


4 
cos (A — B)= 5° then prove that the area of the 


triangle is 9. 
In a triangle ABC, the angles A, B, C are in A.P., then 
prove that 


at+c 


2eos{ 4=£) 
2 Va’ -act+c? 


(QUESTIONS ASKED IN IIT-JEE 
EXAMS WITH THEIR SOLUTIONS) 


1. 


If P,,P2>P3 are the altitudes of a triangle from the 
vertices A, B, C, respectively and A be the area of a 
triangle, prove that 


fe 2 18 oa 2ab ; (<) 
+—+—= cos : 
yD Ah P (a +b+ c) A 2 


[IIT-JEE-1978] 


. Aquadrilateral ABCD is inscribed in a circle S and A, 


B, C, D are the points of contacts with S of an other 
quadrilateral which is circumscribed about S. If this 
quadrilateral is also cyclic, prove that 


AB? + CD? = BC’ + AD’. [IIT-JEE-1978] 


. If two sides of a triangle and the included angle are 


given by a= (V3 + 1) cm, b=2 cmand C = 60°, find 
the other two angles and the third side. 
[IIT-JEE-1979] 


15 


. If acircle is inscribed in a right angled triangle ABC 


with right angled at B, show that the diameter of the 
circle is equal to AB + BC — AC. 
[IIT-JEE-1979] 


. ABC is a triangle, d is the middle point of BC. If AD 


is perpendicular to AC, prove that 
2 (c? = ) 


3ac 


cos AcosC = [IIT-JEE-1980] 


. Let the angles A, B, C ofa triangle ABC be inA.P. and 


let b:c = V3: V2. Find the angle 4. [IIT-JEE-1981] 


. No questions asked in 1982. 
. The ex-radii 4,%,% of AABC are in H.P. 


Show that the sides a, b, c are in A.P. 
[IIT-JEE-1983] 


. Fora triangle ABC, it is given that 


3 
cos A+cosB+cosC = 37 Prove that thetriangle is 


equilateral. [IIT-JEE-1984] 


. With usual notation, if in a triangle ABC 


b+c cta atb 
= = , prove that 


11 12 13 
cosA cosB  cosC 
= = IIT-JEE-1984 
7 19 25 


. Inatriangle ABC, the median to the side BC is at length 


and it divides the angle a into angles of 
11-6y3 


30° and 45°. Find the length of the side BC. 


[IIT-JEE 1985] 


. Inatriangle ABC, if cot A,cot B,cotC are 


in A.P., then prove that a’,b’,c> are in AP. 


[IIT-JEE-1985] 


. The set of all real numbers a such that 


a +2a,2a+3,a° +3a+8 are the sides of 


A triangle. is ........... [IIT-JEE-1985] 


. The sides of a triangle inscribed in a given circle 


subtends angle a, B&y at the centre. The minimum 
value of the arithmetic mean of 


cos| a += |,cos pee cos] y+ =| i 
a ah Y 5 S... 


[IIT-JEE-1986] 
In a triangle ABC, 
cos A cos B +sinA sinB sinC=1, 


show that a:b:c=1:1: V2 [IIT-JEE-1986] 


16. 


17. 


18. 


19. 


20. 


2 


— 


22; 
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There exists a triangle ABC satisfying the conditions 


(i) bsin A= a, A< 7 
(ii) bsin >a, A>> 
(iii) bsin A>a, A>> 


(iv) bsinA<a, A<*.b>a 


[IIT-JEE-1986] 
In a triangle, the lengths of the two larger sides are 10 
and 9, respectively. If the angles are in A.P., then the 
length of the third side can be 


(a) 5-6 (b) 3V3 


(d) 5+V6 


[IIT-JEE-1987] 
If the angles of a triangle are 30° and 45° and the 


(c) 5 


included side is (v3 + 1) , then the area of the 


triangle is ...... [IIT-JEE-1988] 
ABC is an isosceles triangle inscribed in a circle of 
radius r. If AB = AC and h is the altitude from A to 
BC, then the triangle ABC has perimeter 

y ere and area A=...... and 


[IIT-JEE - 1989] 


In a triangle ABC, a is greater than angle B. If the 
measures of angles A and B satisfy the equation 


3sinx —4sin>? xk =0 , then the measure of 
angle C is 


a TU 
(a) 2 (b) > 


2 =) 
© > ( = 


[IIT-JEE-1990] 


. ABC is a triangle such that 


sin(2A + B)=sin(C - A) =—sin(B+C)= : . 
If A, B and C are in A.P., determine the values of 
A, Band C. [IIT-JEE-1990] 
The sides of a triangle are three consecutive natural 
numbers and its largest angle is twice the smallest one. 
Determine the sides of a triangle . 

[IIT-JEE-1991] 
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24. 


25. 


26. 


27. 


28 


29. 


30. 
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. Ina triangle of base a, the ratio of the other two sides 
is r (< 1). Show that the altitude of the triangle is less 


than or equal to ; = [IIT-JEE-1991] 


2° 


Three circles touch one another externally. 

The tangents at their points of contact meet a point 
whose distance from a point of a contact is 4. Find the 
ratio of the product of the radii to the sum of the radii 
of the circles. [IIT-JEE-1992] 


If in a triangle ABC, 
2cosA 2cosB 2cosC 1 b 
+ + =—+—, 
a b c be ca 


then find the angle A in degrees. [IIT-JEE-1993] 


Let 4,,4),.....4, be the vertices of n sided regular 
polgon such that 
1 1 
= , then find. [ITT-JEE-1994]. 
AA, AA; AA, 


Consider the following statement concerning a 
triangle ABC 
(i) The sides a, b, c and area of A are rational 


2 B C . 
(ii) a,tan a ,tan 5 are rational 


(iii) a,sin A,sin B,sinC are rational 
Then prove that (i) => (ii) = (iii) > (i) 
[IIT-JEE-1994]. 


. Ina AABC, AD is an altitude from A, Given 


b 
then find ZB. 
a —c 


b>c, ZC=23° and AD= 


[IIT-JEE-1994]. 
If the length of the sides of a triangle are 3, 5, 7, then 
the largest angle of the triangle is 


> 
@) 5 b) = 


2 3 
© > Oo 


[IIT-JEE-1994] 


1 1 
In a triangle ABC, ZB = Fi ZC= ms Let D divide 


BC internally in the ratio 1:3, then 

sin(ZBAD) | 
————~ is equal to 
sin(ZCAD) 


1 1 
(a) Ve (b) 3 


1 2 
(c) = (d) fe 
3 3 [IIT-JEE-1995] 


31. Inatriangle ABC, a:b:c =4:5:6. The ratio of the radius 
of the circum-circle to that of in-circle is..... 
[IIT-JEE-1996] 


1 
32. Let ABC be three angles such that 4 = 4 and 


tan(B)tan(C) = p. Find all possible values of p such 

that a, b, c are the angles of atriangle. 
[IIT-JEE-1997]. 
33. Prove that a triangle ABC is equilateral if and only if 
tan(A)+tan(B)+tan(C)=3V3. —_[IIT-JEE-1998] 


34. Ifina triangle POR, sinP, sinQ, sink are in A.P. 
then 
(a) the altitude are in A.P. 
(b) the altitude are in H.P. 
(c) the medians are in G.P. 
(d) the medians are in A.P. [IIT-JEE-1998] 
35. Let ABC be atriangle having O and Jas its circum-cen- 
tre and in-centre, respectively. If R and r are the 
circum-radius and in-radius, respectively, then prove 
that (10y = R* —2Rr . Further show that the triangle 
BIO is a right angled triangle if and only if 5 is the 
arithmetic mean of a and c. [IIT-JEE-1999] 
36. In any triangle ABC, prove that 


o(}e=8 oS) 


37. Let ABC be a triangle with incentre 7 and in-radius r 
Let D, E, F be the feet of the perpendicular from J to 
the sides BC, CA and AB, respectively, If 7,%,% are 
the radii of the circles inscribed in the quadrilaterals 
AFIE, BDIF and CEIF, respectively, 
prove that, 


N I- I 
1 + 2 + 3. 
r-ry 


ADTs 


: (7 —1r)(% —13)(%5 -7) 


[IIT-JEE-2000] 


r-h r—h 


: . {A-B+C 
38. Ina triangle ABC, 2acsin se 


(a) a? +b? -¢? (b) c? +a°-b° 
(c) page =F (d) age? =H 
[IIT-JEE-2000] 
39. Inatriangle ABC, let ZC = e If ris the in-radius 


and R is the circum-radius of the triangle, then 


40. 


41. 


42. 


43 


44. 


45. 


46. 


2(R+r) is equal to 
(a) ath 
(c) c+a 


(b) b+c 

(d) a+tbt+e 
[IIT-JEE-2000] 

If A is the area of a triangle with side lengths a, b and 


1 
c, then show that A < ava +b+c)abe , 


Also show that the equality occurs in the above in- 

equality if and only ifa=b=c [IIT-JEE-2001] 

Which of the following pieces of data does not unique- 

ly determine an acute angled triangle ABC 

(R being the radius of the circum-circle)? 

(a) a, sind, sinB (b) a,b,c 

(c) a, sinB, R (d) a, sind, R 
[IIT-JEE-2002] 

If the angles of a triangle are in the ratio 4:1:1, then 

ratio of the longest side to the perimeter is 


V3 1 

(a) (2+) (b) é 
(c) = (d) z 
(2+3] 3 


[IIT-JEE-2003] 
If J,, is the area of n-sided regular polygon inscribed 
in a circle of unit radius and O,, be the area of the 
polygon circumscribing the given circle, prove that 


O, 20.) 
Ta) ea |, [IIT-JEE-2003] 


n 


The side of a triangle are in the ratio 1: V3:2 , then 
the angles of the triangle are in the ratio is 
(a) 1:3:5 (b) 2:3:4 
(c) 3:2:1 (d) 1:2::3 

[IIT-JEE-2004] 
In an equilateral triangle, three coins of radii 1 unit 
each are kept so that they touch each other and also 
the sides of the triangle. Area of the triangle is 


(a) 442v3 (b) 6+4V3 
(c) 2283) (d) [+28] 


[IIT-JEE-2005] 
Ina triangle ABC, a, b, c are the lengths of its sides and 
A, B, C are the angles of a triangle ABC. The correct 
relation is given by 


(a) (0~<sin{ 25 )- acos{ 


47. 


48. 


49. 


50 
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(b) (b- cjeos{ 4) = asin( 8 5 S| 


=}paenl 3) 
=acos|; — 
3 
2 
[IIT-JEE-2005] 


One angle of an isosceles triangle is 120° and radius 


(c) (o+e)sin[ 2 


(d) (b- cjeos{ 4) =2a sin( 4 us 


of its incircle is V3. Then the area of the triangle in 
Sq. units is 


(a) (7+12,3) 
(c) (12+743) 


(b) (12-783) 


(d) 4x 


[IIT-JEE-2006] 
Ina triangle ABC, internal angle bisector of ZA meets 
side BCin D, DE L AD meets AC in E and AB in F. 
Then 
(a) AE is H.M. of b andc 


2be A 
(b) AD = [oe Joos (4) 
(c) EF = (= <sin( $ 


(d) AAEF is isosceles. 


[IIT-JEE-2006] 
Let ABCD be a quadrilateral with area 18, with side 
AB parallel to the side CD and AB = 2 CD. Let AD 
be perpendicular to AB and CD . If a circle is drawn 
inside the quadrilateral ABCD touching all the sides, 
then its area is 
(a) 3 
(c) 3/2 


(b) 2 
(d) 1 

[IIT-JEE-2007] 
A straight line through the vertex P of a triangle POR 
intersects the side OR at the point S and the cirum-cir- 
cle of the triangle POR at the point 7. If S is not the 
centre of the circum-circle, then 


- ee 
a 
PS ST JOSxSR 


fs at 2 
+ > 
PS ST” JOSxSR 


(b) 


ba” gets 
PS ST OR 
i oe 
PS ST” OR 


(c) 


(d) [IIT-JEE-2008] 
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51. 


52: 


53. 


54. 


53. 


54. 
555 


In a triangle ABC with fixed base BC, the vertex A 


A 
moves such that cos B + cosC = 4sin” @ 


If a, b and c denote the lengths of the sides of the 

triangle opposite to the angles A, B and C respectively, 

then 

(a) b+c=4a 

(c) locus of points A 
is an ellipse 
straight lines 


(b) b+ce=2a 
(d) locus of points 
A isa pair of 


[IIT-JEE-2009] 
Two parallel chords of a circle of radius 2 are at a 


distance (v3 + 1) apart. If the chord subtends angles 
u 20 


E and e at the centre, where k > 0, then find the 


value of [A]., [, ] =G.LF [IIT-JEE-2010] 
Consider a triangle ABC and let a, b, c denote the 
lengths of the sides opposite to vertices A, B, and C, 
respectively. Suppose a = 6, b = 10 and the area of the 
triangle is 15V3 . If ZACB is obtuse and if r denotes 
the radius of the in-circle of the triangle, then find the 


value of 7°. [IIT-JEE-2010] 


1 
Let ABC be a triangle such that ZACB = z and 


let a, b and c denote the lengths of the side opposite 
to A, B and C, respectively. The values of x for which 


a=x°+x4+1b=x"-1 and c=2x4+1 


is (are) 
(a) -(2+83) (b) (1+v3) 
(c) (2+3) (d) 4v3 


[IIT-JEE-2010] 
1 
Let ABC be a triangle such that ZACB = 6 and 


let a, b and c denote the lengths of the side opposite 
to A, B and C, respectively. The values of x for which 


a=x? +x4+1,b=x°-1 and c=2x+1 is (are) 
(a) -(2+48) (b) (1+v3) 
(c) (2+3) (a) 4v3 


[IIT-JEE-2010] 
No questions asked in 2011. 
Let POR be a triangle of area A with a= 2, b= 7/2 and 
c = 5/2, where a, b, c are the lengths of the triangle 
opposite to the angles at P, O, and R 


2sin P—sin2P 


tively. Th 
See ee) ein Pe sin IP 


equals 


45 
(b) 4A 


45) 
(d) (+) 


[IIT-JEE-2012] 


3 
(a) ak 


3 2 
(c) (3) 


56. No questions asked in 2013. 
57. Ina triangle, the sum of two sides is x and the product 
of the same two sides is y. 


Ifx-c’ = y, where c is the third side of the triangle, 
then the ratio of the in-radius to the circum-radius of 
the triangle is 


3y 3y 

@) 2x(x+c) (®) 2c(x+c) 
3y 3y 

() 4x(x+c) @ 4c(x+c) 


[IIT-JEE-2014] 
58. No questions asked in 2015. 


COMPREHENSIVE LINK PASSAGE 
(FOR JEE ADVANCED EXAM ONLY) 


In these questions, a passage (paragraph) has been given 
followed by questions based on each of the passage. You 
have to answer the questions based on the passage given. 


PASSAGE 1 


If p,, Pr, P3 are the altitudes of a triangle ABC, from the 
vertices a, b, c, respectively and A is the area of the triangle 
and ‘s’ is the semi perimeter of the triangle . 

On the basis of the above information, answer the 
following questions. 


1 1 1 1 
1. If —+—+—=-, then the least value of P, P2 P3 
Pi Pro P3 2 
is 
(a) 8 (b) 27 
(c) 125 (d) 216 
cosA cosB cosC . 
2. The value of + is 
P\ P2 P3 
(a) 1 b 1 
Whe 2 ici 
r (b) R 
Go dD 
a+bh’+c 1 
ie Sa Se d pai 
oO. @) 5 
2 
3. The minimum value of Pi + cr + ue is 
Cc a b 
(a) A (b) 2A 
(c) 3A (d) 4A 


1 1 1 
4. The value of > +, +~— Is 
PP P2 P3 
@ 2 oy Ma 
a 
4A? 8A3 
ya’ Ma? 
d 

(c) 4A2 ( ) BAZ 


5. In the triangle ABC, the altitudes are in A.P., then 
(a) a, b,c, are in A.P. 
(b) a, 6, c are in H.P. 
(c) a, b, c are in G.P. 
(d) angles A, B, C are in A.P. 


PASSAGE IT 


ABCD be a cyclic quadrilateral inscribed in a circle of 
radius R. 


a Rb? Ser Sa? 


B= 
Then cos 5 (ab ri cd) 


and the area of the 


1 
quadrilateral = 5 (ab+cd)sinB 


= \(s-a)(s—b)(s—e)(s-d), 
at+b+c+d 
2 
Also, AC”. BD” = (ac + bd) 
ie., AC. BD=AB.CD+BC.AD 


AC 
and R=— 
2sinB 


where, 5 = 


On the basis of the above information, answer the following 
questions. 
1. The side of a quadrilateral which can be inscribed in 
a circle are 6, 6, 8 and 8 cm. 
Then the circum radius is 
(a) 5/2 cm (b) 24/7 cm 
(c) 11/7 cm (d) None. 


2. The sides of a quadrilateral, which can be inscribed in 
a circle are 5, 5, 12 and 12 cm. Then the in-radius is 
(a) 15/17 cm (b) 30/17 cm 
(c) 60/17 cm (d) None. 


3. Ifa quadrilateral with sides a, b, c, d can be inscribed 
in one circle and circumscribed about an other circle, 


then its area is 
(b) ./2(abcd) 


(a) vVabcd 
(c) 2x, (abcd) (d) None. 
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PASSAGE III 


G is the centroid of the triangle ABC. perpendiculars from 
vertices A, B, C meet the sides BC, CA, AB at D, E, F 
respectively. P, QO, R are the feet of perpendiculars from G 
on sides. 

BC, CA, AB respectively, L, M, N are the mid points of 
the sides BC, CA, AB respectively. 

On the basis of the above information, answer the 
following questions. 

1. Length of the side PG is 


(a) SbsinC (b) sesin€ 
Cae DP akg 
(c) ~bsinC (d) zcsinB 
3 3 
2. ar(AGPL):ar(A ALD) is 
(a) 1/3 (b) 1/9 
(c) 2/3 (d) 4/9 


3. Area of APOR is 
1 
(a) 5(@ +b? +c”)sin A.sin B.sinC 
I ee ee eee : : 
(b) ric +b +c )sin A.sin B.sinC 


=(a? Eo aes c? )sin A.sin B.sin C 


(c) 


(d) 


PASSAGE IV 


In a triangle ABC, R be the circum radius such that 


abc . 
R= ae and 7, % &1; are the ex-radii, where 


(2 £ hr c? Jsin A.sin B.sin C 


A A 


HF 


= & r= and r be in-radius such 


s-a sS-a s-a 


A 
that r=—. 
s 
On the basis of above information, answer the following 
questions. 


1. If 7 =r+%m +h, then the triangle is 


(a) equilateral (b) isosceles 
(c) right angled (d) None 


2. The value of cos A + cos B+ cos C is 


r 
(b) a(t + “) 


Slee @ saee 
2. R 4 R 


(a) ies 


410 


3. If ( = at oe ‘| = 2, then the triangle is 


'y r, 


(a) right angled 
(c) isosceles 


(b) equilateral 
(d) None. 


4. The value of 7 +4 +15 —-AR is 


(a) 2r (b) 3r 
(c) r (d) 4r. 
1 114. 
5. The value of —+—+— is 
HHO?” 
1 
(aj (b) — 
r 
6 Pans 
O > @ > 


*,%,4%. 
6. The value of —-+—+— is 
be b 


ca a 
(a) 1 1 b 1 1 
ayo eens 
R () 2r R 
fine Pee 
(°) r 2R (d) r 3R° 
PASSAGE V > 2 2 
: b° +c -a 
In any triangle ABC, cos. A = ——_—_, 
2be 
Ds ot SOS oD Dil, GDS ae! 
at+co nr a +b°-c 
cos B= d cos C = ————_—_ 
2ac ci 2ab ‘ 


where a = BC, b= CA and c = AB, respectively. 
On the basis of the above information, answer the 
following questions. 


1. Ifthe angles A, B, C are in A.P., then 


a+c : 
—— is 
arc? S08 
A-C A-C 
2cos b) 2sin 
(a) [ 5 (b) [ 5 
_ {A-C A-C 
(c) sin (d) cos 5 
1 1 
2. If # = , then 
atc b+c atbte 
(a) ZC=75° (b) ZA=75° 
(c) ZA=60° (d) ZC=60° 
cosA cosB cosC . 
3. The value of + 5 + is 
c 
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(a) Ar te (b) a th Ke 
‘ 2abe abe 

en er a oR ae 

(co: =<. qd) “=... 
abc abc 


4, If ch -2(a? +57)? +a4 +.a°b? +b4 =0, 


then the angle c is 


(a) 60° (b) 30° 
(c) 75° (d) 45° 
cos2A cos2B . 
5. The value of ae eS: 
a b 

1 1 
(a) > te (b) re 

Qi 52) 2 
OS (a 

MATCH MATRIX 


1 
e 
a 


b 


(FOR JEE ADVANCED EXAM ONLY) 


1. Match the following columns: 
In any triangle ABC, then 
Column-I 
(A) bcos C+ccosB 
(B) ccosA+acosC 
(C) acosB+bcosA 
(D) (b+c)cosA+(ct+a)cosB 
+ (a+ b)cosC 
2. Match the following columns: 
In any triangle ABC, the value of 
Column-I 
(A) asin (B—C)+ b sin (C—A) 
+c sin (A —B) is 


a’ (cos” B-cos”* Cc) 


(B) 
+b* (cos” C—cos” A) 


+c? (cos? A-—cos” B) is 


2 2 
ae aay 
a 
+ 
( 


(C) 


2 
2 
= sin2B 
b 

a’ —b? 


2 
+ Jrnac is 
c 
(D) a> cos(B-C)+b* cos(C — A) 


+c* cos(A-B) is 


Column-II 
(P) ¢ 
(Q) b 
(R) a 
(S) atbte 


Column-II 


(P) 3abc 


(Q) abe 


(R) 0 


(S) 2 abc. 


3. Match the following columns: 
In any triangle ABC, the value of 


Column- I Column - II 
(A) tan B cot C is (P) (a +b° +c") 
(a? +b - oa 
(B) 2 (bc cos A+ ca cos B Q) 7 
: bo + 
+ ab cos C) is ( gE 
ee 
cot A+cot B+cotC aap be 


(C) C3 A Te 
cat{ 4 }reot{ Z }+cor{ S (a+b +c) 
2 2 2 


(D) 5 is 
cat{ 4] 
2 


4. Match the following columns: 
In any triangle ABC, if 
Column- I 
(A) cot A, cot B, cot C 
are in A.P., then 


Column - IT 
(P) a, b,c are in A.P. 


(B) cos Acot( 4 (Q) a,b’, c’ are inAP. 


cos B.cot 5 },c08 Cot ) 
2 2 


are in A.P., then 


ees 
(C) sin (4). 
sin? (3). sin? (<) 
2 2 


are in A.P., then 


(D) tan( 2 
tan} — |, tan} — 
2 2 


are in A.P., then 
5. Match the following columns: 


(S) a, 5, c are in G.P. 


In any triangle ABC, if 

Column- I Column - IT 
(A) cotA+cotB+cotC = V3 P 

then A is (P) Isoceles. 


(B) (a? +b? )sin (A-B) (Q) Right angled. 
= (a? = b*)sin(A +B), 
then A is 
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sin B 
sinC’ 


(C) 2cos A= (R) Equilateral. 


then A is 
(D) atanA+btanB 


= (a+b)ran{ 


then A is 


(S) Acute angled. 


*), 


. Match the following columns: 


In any triangle ABC, if 
Column - I 
(A) sinA+sinB 


33 


+sin C = —_, 
2 


Column - II 


then A is (P) Isoceles. 
(B) tanA+tanB \ 
+tanC =3V3 . 
then A is (Q) Right angled. 


(C) 8sin (4) sin (2) 
sin( S =1, 
2 


then A is (R) Equilateral. 
(D) ath tc = 8R°, (S) Obtuse angled. 
then A is 


. Match the following columns: 


In any triangle ABC, if r be the in-radius and 
r,, r2 and r; be the ex-radii of the given 
AABC, then the value of 


Column - I Column - IT 
1 1 1 
(A) —+—+— is (P) 
HOW 
es oe 
is > 
r Hw KR a+b +e 
1 
(C) 4+H+y-A4R is (R) — 
r 
Di. Det < 
h mh rh IL, a +b’ +c 
D + Ss) —~ 
©) Fe ac ba 2R (S) AZ 


. Match the following columns: 


In any triangle ABC, ifr be the inradius and R be the 
circum-radius of the given 
AABC, then the value of 


Column - I Column - IT 
A 
(A) cos A+ cos B + cos C is (P) oon 
r. 


(B) acotA+bcotB+ccotCis (Q) [+=] 
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(C) sin A+ sin B + sin C is 


(D) cos” Gi cos” (3) +cos* (5) 
2 2 2 


r 
(S) [2+4) 


(R) 2(r+R) 


9. Match the following columns: 
In any triangle ABC, if r be the inradius and r,, 7, and 
r; be the ex-radii of the given A ABC, then the value 
of 
Column - I Column - I 
(A) r-H+H+h, is (P) 4RcosC 
(B) r-H+H+h is (Q) 4RcosB 
(C) r-KR+h +h is (R) 4RcosA 
(D) 4+m+H-r is (S) 
10. Match the following columns: 
In any triangle ABC, the minimum value of 
Column - I Column - IT 
(A) cot” A+cot*B+cot*C is (P) 9 
(B) tan? A+tan? B+tan’C is (Q) 1 
A B). 
(C) cosee{ “] + cosee{ $ is (R) 6 
2 2 
(3) 
+ cosec] — 
2 
(D) cos 4+ cos B + cos C is (S) 3 
11. Match the following columns: 
In any triangle ABC, then the maximum value of 
Column - I Column - IT 
(A) cos A+ cos B + cos Cis (P) 1 
(B) cos A .cos B.cos Cis (Q) 3/2 
2( A 2/8 
(C) tan*| — |+tan*| — (R) 1/4 
2 2 
+tan? (<) is 
2 
(D) sin a sin 2 sin a S) 1/8 
5 | at 5 1S ( ; 
ASSERTION AND REASON 
Codes: 


(A) Both A and R are individually true and R is the correct 


explanantion of A. 


(B) Both A and R are individually true and R is not the 


correct explanantion of A. 


(C) A is true and R is false. 
(D) A is false and R is true. 


1. 


Assertion (A) : If A be the area of a triangle and s be 


: . Ss 
the semi - perimeter, then A’< 4 


Reson (R): 4M 2G.M 
(a) A 
(c) C 


(b) B 
(d) D 


. Assertion (A): In a triangle ABC, if cos A +2 cos B+ 


cos C= 2, then a, b, c are in A.P. 
Reason (R): In a triangle ABC, cos A+ cos B+cosC 


_ fA). f(B).(C 
=1+4sin sin .sin 
(5) 5) (5) 


(a) A (b) B 
(c) C (d) D 


. Assertion (A): In a right angled triangle, 


a’ +b? +c? =8R? , where R is the circum-radius 
Reason (R): a’ =b’+¢* 


(a) A 
(c) C 


(b) B 
(d) D 


. Assertion (A): If A, B, C and D are the angles of a 


cyclic quadrilateral, then 

sin A + sin B+ sin C+ sin D=0 

Reason (R): If A, B, C and D are the angles of a cyclic 
quadrilateral, then 

cos A +cos B+ cos C+ cos D=0 

(a) A (b) B 

(c) C (d) D 


. Assertion (A): In any triangle, acos A+ bcos B+c 


cosC $s 


Reason (R): In any triangle, 


_f{A). (B).(C 1 
sin sin sin < 
(5) 5) (5) 8 


(a) A (b) B 
(c) C (d) D 
. Assertion (A): In any triangle ABC, the min value of 
+r 4+ 
E66 
r 
Reason (R): In a triangle ABC, if 
cosA_ cosB_ cosC ie BE 2 
a b o 
(a) A (b) B 
(c) C (d) D 


. Assertion (A): In a triangle ABC, the harmonic mean 


of the ex-radii is three times the in-radius. 

Reason (R): In any triangle, ABC, 7 +%+nm=4R 
(a) A (b) B 

(c) C (d) D 
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8. Assertion (A): IfA, A), A), A; are the areas of in-circle x+yt+z=2(Rt+r) 
and ex-circles of a triangle, then Reason (R): In a triangle ABC, 
1 1 1 1 ; (4) ; (5) (S) 
+ + = r=4R sin .sin .sin 
V4 V4 4, VA 2 2 2 
ae ees (a) A (b):B 
Reason (R): In a triangle, — +—+—=— (c) C (d) D 
ey 11. Assertion (A): Ina triangle ABC, 4 +m +7A-—r=4R 
(a) A (b) B 
(c) C (d) D Reason (R): In a triangle ABC, R= gue 
9. Assertion (A): Ifx, y andz are respectively the distances a 
of the vertices of a triangle ABC from its orthocentre, (a) A (b) B 
OD se abe (c) C (d) D 
X Y 2 XYZ 12. Assertion (A): In any triangle ABC, 
Reason (R): In a triangle ABC, eS Lah A 
tan A +tan B+ tan C=tanA.tanB.tanC a{« ae [S) resin [4))-ate-s 
(a) A (b) B 
(c) C (d) D Reason (R): In any triangle ABC, 
; : : b=ccosA+acosC. 
10. Assertion (A): Ifx, y andz are respectively the distances (a) A (b) B 
of the vertices of a triangle ABC from its orthocentre, (c) C (d) D 
ANSWERS 
EXERCISE 2 INTEGER TYPE QUESTIONS 
6. O<A<4 7. 120°. 1. 8 
21 
EXERCISE 6 3 9 
1. (d) 2. (a) 3. (b) 4. (a) 4 3 
6. (b) 5. 2 
6. 5 
LEVELI 7. 1 
37. 4,5 and 6. 8. 9 
9. 2 
LEVEL II 10. 2 
1. (b) 2. (d) 3. (b) 4. (d) 
5. (c) 6. (c) 7. (a) 8. (d) COMPREHENSIVE LINK PASSAGES: 
9. (a) 10. (a) 11. (b) 12. (c) Passage-I : 1.(d) 2.(b) 3.(d) 4.(c) 5.(b) 
13. (c) 14. (c) 15. (a) 16. (a) Passage-II :1.(d) 2.(a) 3.(b) 
17. (a) 18. (b) 19. (c) 20. (c) Passage-III_ : 
21. (c) 22. (b) 23. (d) 24. (c) Passage-IV : 1.(c) 2.(a) 3.(a) 4.(c) 5.(a) 6.(c) 
25. (b) 26. (c) 27. (c) 28. (b) Passage-V : 1.(a) 2.(d) 3.(a) 4.(a) 5. (b) 
29. (c) 30. (c) 
31. (b) 32. (a) 33. (d) 34. (c) MATCH MATRIX 
35. (d) 36. (b) 37. (c) 38. (c) 1. (A) > (R); (B) 9(Q); (C) 9(P); (D) > (P) 
39. (d) 40. (b) Al. (c) 42. (c) 2. (A) > (R); (B) > (R); (C) > (R); (D) > (P) 
43. (b) 44. (c) 45. (d) 46. (d) 3. (A) > (Q); (B) > (P); (C) > (R); (D) > (S) 
47. (d) 48. (a) 49. (b) 50. (a). 4. (A) > (Q); (B) > (P);(C) > (R); (D) > (P) 
lq) 2.(@) 3.(b+) 4. (a) 5. () 5. (A) > (R); B) > @, Q); (C) > (P);(D) > (P, Q). 
6. (A) > (R); (B) > (R); (C) > (R); (D) > (Q) 
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7. (A) > (R); (B) > (S); ©) > (P); (D) > (R) 
8. (A) > (Q); (B) > (R); (C) > (P); (D) > (S). 
9. (A) > (R); (B) > (Q); (C) > (); (D) > CS) 
10. (A) > (Q); (B) > (P); (©) > (R); (D) > (Q). 
11. (A) > (Q); (B) > (S); (©) > (P); (D) > (S). 


ASSERTION AND REASON 
1. (a) 2. (b) 3. (a) 4. (d) 
5. (a) 6. (b) 7. (c) 8. (a) 
9. (a) 10. (a) 11. (a) 12. (a) 
SELF ASSESMENT TEST 
1. 
7.4556) 
LEVEL Il 


(PROBLEMS FOR JEE ADVANCED) 


cosA+2cosC _ sinB 
cosA4+2cosB sinC 


1. Given 


cosA (sinB — sinC) + (sin2B — sin2C) = 0 
cosA (sinB — sinC) + 2cos(B + C) sin(B — C) = 0 


cosA (sinB — sinC) + 2cos(z + C)sin(B — C) = 0 
cosA (sinB — sinC) — 2cosAsin(B — C) = 0 
cosA [(sinB — sinC) — 2sin(B — C)] = 0 


cosd = 0, [(sinB — sinC) — 2sin(B — C)] = 0 


when cos A = 0 

ZA=90° 

A is right angled. 

When [(sinB — sinC) — 2sin(B — C)] = 0 


[(sinB — sinC) — 2(sinBcosC — cosBsinC)] = 0 


G5 ga PO Sor. rhe ah 1 
| 2ab 2ac : 
r ee ae a ee 
o-0-[! +b°-c¢ Gee b ||-° 

[ a a 


Ge +h ~ctnat 46? |=0 
Les a 


eee -c)|=0 
a 


[a(b — c) —2(b? —c”)] =0 


(b-c)[a—2(6 + c)] =0 
(b-c)=0 
b=c 


A is isosceles. 


. We have 


A+B 
atand + b tanB = (a+ b) tan (+) 
atanA + b tanB =(a+ b) cat ( 


RQ 
S 
i=) 
om 
| 
2 
° 
om 
———™~ 
Na 
wes, 
—— 
ll 
Ss 
—™ 
2 
O° 
oF 
—™~ 
NIA 
eteseey, 
| 
= 
=) 
&S 


5 (5) 

. cos} — cos} — . 

sin A _ 2 =. 2 _ sinB 
(5) cosB 


a = 
cos A fC ; 
sin| — sin 
2 2 


cos Bcos 


pS eS 
NITY 


| 
s}senu(s) 


acos( 4+¢ beos( B+ 


NIA;WI A 


aa IN / 


cos Asin (=) cos Bsin| 


> 

a 

° 

nN 
——™~ 

&S 

+4 

NIA 

uae 


acos( 4+$ 
7 2 


cos A cos B 


sin Acos [4 + S| sin Bcos [s + S| 


cos A cosB 


: C . C 
—2sinA cosB cos| A+ 5 =2sinB cosA cos | B+ 5 
; . C 
—(sin(A + B) + sin(A — B)) cos | A+ > 


=(sin(A + B) — sin(A — B)) cos [s + 5) 


sin(A + B) {eo [s + 5) +Cos [4 + s}| 
C 
= sin(A — By eos{ 45) — cos [B+ [a+S)| 
sin(A +B) {eos 72°" o (45 “\} 
= sin ~ 8) 2sin( 4*F*° in 24) 
Z 2 
sind Bf 2sin( “*2*C )sin( 2=4 =(0 


Z .{A+B+C)\. (B-A 
sin(A — B) = 0, {2sin( 5 Jsin( 5 } =0 


sin(A — B) =0 


(4 —B)=0 
A=B 


Thus, the triangle is isosceles. 


. We have a(rr, + ryr3) 


(- A A A 
=a . + : 
s (s-a) (s—b) (s-c) 


= ah? : + : ) 


s(s—a) (s—b)(s—c) 


0 (s —b)(s—c)+s(s—a) 
s(s —a)(s —b)(s —c) 

2s? -—(at+b+c)s+be 

s(s —a)(s —b)(s —c) 

2s* —25-s+be 
s(s —a)(s —b)(s —c) 
2s? —25? te) 
AZ 


= ah? 


= abc 


Also, b(rr, + r,r3) 
[4 A A A ) 
s (s—b) (s-a) (s-c) 


=oa(t ee ee ) 
s (s—b) (s-a) (s-c) 


B- 
4. Now, (r+7,) tn( 5 
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2 : ) 


s(s—b) (s—a)(s—c) 


— pa2| Sls —0) + 5(s 4) 
s(s — a)(s—c)(s—c) 


2s* —2s-s tac 
s(s — a)(s— c)(s— Cc) 


2s? —2s-s+ac ) 


s(s — a)(s— c)(s—c) 


2s? —2s? +a 
= yao 
ore ee 
= a{ ac 

ie x] 
= abc 


Similarly, c(rr3 + r\r,) = abc 
*] 
Gren) card ed 
= + cot 
s (s—-a) )\b+c 2 
=a(t4 1 (FE) S(s—a) 
s (s—a))\b+c/\(s—b)(s-c) 
=a{Saats (P=) S(s—a) 
~\ s(s—a) Jlb+c)\ (s bis —c) 
=A(2s—- a(? =) : 
b+c/\ s(s—a)(s —b)(s —c) 
=A(a+bt+c- a (= a 
| 
bt+ec 
=(b-c) 
Thus, L.H.S. 


=(b-—c)+(c—a)+(a—b) 
=0. 


Hence, the result. 


=H+ 0 


5. We have 


“2 2) 9 


+ + 
(a-b)(a—c) (b-a)(b-c) (c-ajc—b) 
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(4) (s —b)(s —c) 
tan} — oe, ae 
2) _\_ s(s-a) 
OW (a—b\a—c) (4—-b\a-o 
: A 

~ s(s—a)a—b)\(a—c) 

So, LHS 


N 


aN 1 x 1 
sg (s—a)(a—b)(a-—c) (s—b)(a-—b)\(b-c) 


1 
~ (s—cyle- ame 

z A (b=c) | (c=a) (4-5) 

s(a—b)(b—c)(c—a)| (s—a) (s—b) (s—b) 
_ A ¥(b-c){s* —(b+e)s + bc} 
s(a —b)(b-c)(c-a) (s —a)(s —b)(s —c) 
5 A 
~ s(a—b)\(b—c)(c—a) 


. sv ¥(b-c)-s>(b? -— 0?) +d bc(b-c) 
(s—a)(s —b)(s —c) 


_ A o > be(b - c) 
> s(a—b)\(b—c)\(c—a) | (s—a)(s—b)(s—c) 


A A (a—b)(b-c)(c-a) 
7 s(a—b)(b—c)(c — a) (s—a)(s —b)\(s —c) 
= A 

~ s(a—b)\(b—c)(c—a) 


3 


Hence, the result. 


area of the incircle 


6. Weh 
a area of triangle ABC 


. Let BC=a 


N cot a cot z cot c 
OU egy 2 2 


s(s—a) s(s —b) s(s—C) 


“| (s—b\s—e) (s—ay(s—c) (s—ay(s—b) 


r 3 1/2 
we Ss 
| (s=a(s—b\(s- 5 


r 4 1/2 
= AY 
| s(s—a)(s —b)(s- 5 


r 47/2 
_| s 
M2 


Hence, the area 


T 


“co Son ( 


A 
. We have cos A-cot (4) 


paws 
ey 


Now, a, b, c are in A.P. 
sinA, sinB, sinC are also in A.P. 


A B C 
and cot cot cot e€ ALP. 
[ 2 ) [ 2 ) [ 2 ) 


Thus, their differences are also in A.P. 

c, CA=b=10c and AB=c 
Clearly, a® + 5? = 101c? 

Applying, sine rule, we get, 


sind sinB sinC 


c 10c c 
ind sinB sinC 

sind _sinB _ sinc _ Bias 
c 10c c 


} 


cot C 
cot A+cotB 


’ 


cosC 


___ sinc 
sin(A + B) 
sin Asin B 

cosC 


___ sinc 
sinC 


sin Asin B 


5{c? +100c? —c* |} 10ck 
=k x 
2-ck -10ck ck 
=5x10=50 


9. Do yourself. 
10. We have 


hy 


Area of the triangle A/,L/, 


1 
A X (product of two sides) 
x (sine of included angles) 


= 5x aneos( 2) x(4rcos(S) x sin(90°- 2) 
2 2 2 2 
=8R? x 00s{ 4 Jeos{ ZJeos( £) 

2 2 2 
= 8p? x [9 x eB x 8 

be ca ab 


2 
= oh x sa|s(s —a)(s —b)(s—c) 
abc 


8R*s 
abc 


xA 


Properties of Triangles 417 


2 
-+x(%) x As 
abc 4A 


_ 8abe Ss 
16 A 
_abe 
2r 


11. Clearly, r, +r, +7r;=r+4R 
and rir, + ror3 + 13r| = 8> 
A2 
(s—ay(s—b\(s—c) 
Hence, the required equation is 
(r+ AR)? + sx —1s2=0 


12. Let r be the in-radius and R be the circum radius of 
and equilateral triangle 


A _v3a" 2 a 


Ds=s*r 


and rrr; = 


N == — 
oe 4. 3a 2N3 
aR abc a a 

and R= = = 

4A Ba? V3 
4x —— 
4 
oe 
1 
Thus, = = 2v3 == 
RG 2D 
V3 
Hence, the result. 
13. We have 
Iz - Ip 
B Cc 


Hence, the area 


1 
= X (product of two sides) 
x (sine of including angles) 


“(nfo 
(fehl 
wari xaa(4)o(™) (2) 


418 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced 


14. 


Hence, the circum-radius 
7 11; 
2sinU4/,1;) 


4Rcos @ 

= 2 
2sin (90° - “) 

2 
4Rcos a 
2) 

2cos (=) 
2 


=2R 


. From the figure 


ZIBI,, ZICH, are right angles 


Here, J/, is the diameter of the circum-circle of the 
triangle A BCI, 


Thus, I ae z 
us, 7, = — = 
© sin(ZBQC) (ogo A 
2 
= a 
7 A 
Ccos| — 
(] 


_ 2Rsin A 


(5) 

cos| — 

2 

2R+2sin ce cos ad 
2 2 


= 4Rsin (4) 
2 


_(B 
Similarly, //, = 4R sin (4) : 


I, =4Ksin (5) 


16. 


17. 
18. 


We have a* cos(B — C) 
=a’ k sin A cos(B — C) 
= a’k sin(B + C) cos(B — C) 


ak 


= —~ Psin (B + ©) cos (B- ©) 
a’k 


od > [sin2B + sin2C] 


kB 
= [sin24 sin2B + sin?A sin2C] 


=i [sin?A sinB cosB + sin*A sinC cosC] 
Similarly, b’cos(C — A) 

= ’[sin’B sinC cosC + sin’B sinA cosA] 
and c° cos(A — B) 

=i [sin’C sind cosd + sin’C sinB cosB] 
Adding all we get, 

k[sind sinB(sinA cosB + cosA sinB) 

+ sinB sinC (sinB cosC + cosB sinC) 

+ sinC sind (sinC cosA + cosC sinA)] 
=e [sind sinB sin(A + B) + sinB sinC 
sin(B + C) + sinC sind sin(C + A)] 

=)? [sind sinB sinC' + sind sinB sinC + sind sinB sinC] 
=/°[3sinA sinB sinC] 

= 3(k sin A)(k sin B)(k sin C) 


= 3abc 


Do yourself 
We have c cos(A + 8) + acos (C+ 8) 


=c(cos A cos 8+ sin A sin 6) 
+ a(cos C cos @- sinC sin 6) 
=cos @c cos A + acos C) 

+ sin Ac sin A —a sin C) 


= bcos 0+ sin &k sin C sin A —k sin C sin A) 


=bhcos 0+ sin @x0 


=bcosq 


19. 


20. 
. Clearly, 2s=a+b+e 


Let BC =a, AC=b, AB=c 


A 
al2/ ale 
Cc 
a 
B De es G 
Clearly, (A ABC) = ar(A ABD) + ar(A ACD) 


aS rey are a ea es 2 
2 2 2 2 2 


! . {A _ {A 
be sin A = carsin( 4) +-bassin{ $ 


Similarl ea ee ae 
oes eee 
75 Jal 
And —cos = 
Y 2 


Adding, we get, 


1 A 1 B 1 C 
cos +—cos +—cos 
a 2 B 2 Y 2 
ig ie ae | 1/1 1 15 ae eee 
= +—|+ +—|+ + 
2\a b 2\b ¢ 2\e a 


Do yourself 


As we know that, A.M => G.M 


(s—a)+(s—b)+(s- 
3 


as al(s—ay(s —b\(s —c) 


3s—(a+b+c) >is 


3 — a)(s —b)(s —c) 
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= > (s—ay(s —b\(s—c) 


> 3(s —a)(s —b)\(s—c) 


oy 

3 

(2) 26 —a)(s—b)(s -c) 
s'>27x s(s — a)(s — b)(s —c) 
s'>27xD’ 


s°>3V3 xD 


22. Do yourself. 
23. We have 2@+ 28+ 2y=atbt+c=2s 


a+ Bt+y=s 


a, B=s 


and a@=s 


b, y=s-—c 


--SBI2 \ 
BRB D Y Cc 


oe e s(s —a)(s — bs —c) 


KY s? 
2s (s—a)(s —b)(s —c) 


AY 


_ apy 


a+B+y 
24. In triangle ALM, we have 


x _AM_ AL 


AL=x- 


sn A sinB sinC 
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From the figure, it is clear that 


r= ex —radius of AALM 


seats) (+) 
r= tan 


(s-a) =— 
a 
. . SX Sx 
Similarly, (s — b)=—, (s—c) = 
b c 
Adding, we get 
SX  $X $x 
(s—a)+(s—b)+(s—c) =—+—+ 
a bee 
3s—(at bb +0) == 42 4= 
a bee 


SX SX SX 
+—+ 


a bee 
x x Xx 
a pats —=]1 
abe 


Hence, the result. 
25. Itis given that, x = OD=Rcos A 


26. 


27. 


is =2 tan A 
Hy 


b 
Similarly, — =2 tan B, Se 2 tan C 
y Zz 


As we know that, 
Tan A + tan B+ tan C=tan A tan B tan C 


a boc a be 
+—4+— =—-_- 
2x 2y 2z 2x 2y 2z 


abe abc 
++ 


x yp Z f: Axyz 

Hence, the result. 

Given sind sinB sinC = p 
And cosA cosB cosC = q 
Here, A+B+C=p 

tan (4 + B+ C) =tan(z) =0 


tan 4 +tan B+ tan C= tan A- tan B- tan C= 


as) 


aN 


Also, (1 — tan A tan B — tan B tan C — tan C tan A) 


_ cos(A+B+C) 1 
cos Acos BcosC q 


Thus, tand tanB + tanB tanC + tanC tanA 


-1+1-(24) 
q q 


Hence, the required equation is 


eCaceaCs 


gx’ — px’ + (q+ l)x—p=0 


Let the medians AD, BE and CF meet at O such that 


ZBOC = a, ZAOC = B, ZAOB= g 


Let AD = p,, BE = p», CF =p; 


2 y) 2 
Clearly, OA = 3 Pi OB = 3 Pr OC = 3 P3 


From AAOC, we get, 


008 B= 504.06 
Spins p) i 
=> cos B= ss 5) z 5) 
3713 3 
=> cos B= 4p +4p3 — 96" (1) 


8PiP3 
1 
Also, ar(AAOC) = 5 OA - OC - sinb 


Teel oa OC: sinb 
car 5 sin 


1 12 2 
=> -A=-—p,:—=p,:sin 
3 337 3 3 B 


3A 
=> sin B= —— ...(ii) 
2P1P3 
Dividing (1) by (ii), we get, 
4 Di +4 Ps —9b? 
12A 
Again AD is the median of AABC 


cot B= .. (iii) 


So, AB? + AC? + 2BD* + 2AD* 


2. 
=Pt+c= 2-(2) +2p; 


Di + De? 57 


8 Da 
similarly, p3 = 4 


> 2a7+2b* -c? 
and p3 ne aa 


Now, from (iii), we get, 


Ap; +4p3 =9p7 
12A 


cot B= 


_ (2b? +2c? — a”) + (2a +2? —b*) - 9b" 


12A 
@ Ler 5h" 
12A 


28. 
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Similar] ; be =—Sa7 
; QS 
imilarly, co DA 
d pya Dba = 5c? 
and cot y — iA. 


Now, cota + cotB + coty 


_ _3(a@ +b? +c’) 
12A 


__ @ +h +c’) 
4A 


(a? +b? +c’) 


Al tA+cotB+cot C= 
SO, CO co co 4A 


Hence, 


Cot A+ cot B+ cot C+ cota + cotB + coty=0 


Let AO be the perpendicular from A on BC. When AO 
is produced, it meets the circumscribing circle at D 
such that OD =a 


B Sac eZ Cc 
D 
Since angles in the same segment are equal. 
Thus, ZADB = ZACB = ZC 


and ZADC = ZABC= ZB 


OB 


From ABOD, tan(C) = OD” 


.(i) 
OC 

From ACOD, tan(B) = OD ..--(11) 

Adding (1) and (11), we get 


OB+OC BC _a 
OD OD 


tan B+ tan C= . (it) 


similarly, tan C + tan A = 


...Aiv) 


Dale 


and tan 4 + tan B= ; ..(V) 
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29. 


Adding (iii), (iv) and (v), we get, 


a bec 
aR we = 2(tan A + tan B+ tan C) 


Hence, the result. 


Let H be the othocentre of the triangle ABC such that 


HA =p, HB=q,HC=r 


From the figure, 

ZHBD = ZEBC = 90° —C 

ZHCD = ZFCB = 90° — B 

ZBHC = 180° —- (ZHBD + ZHCD) 
= 180° —- (90° — C + 90° — B) 
=(B+ C)=180°-A 

Similarly, ZAHC = 180° — B 

and ZAHB = 180° -—C 

Now, 


ar(ABHC) + ar(ACHA) + ar(AAHB) = ar(AABC) 


1 1 
= 5 qr sin (ZBHC) + 5 pr sin (ZAHC) 


1 
+ 5 pq sin(ZAHB) = D 


= qr sin (180° — A) + pr sin (180° — B) 
+ pq sin (180° — C) = 2D 


=> qrsinA+rp sin B+ pg sinC=D 


Ss (kay teres (pean eee (acc OR 
an eE ogls Pop ft kop J AR 


= agr + brp + cpq = abc 


b b 
aqr , brp | cpq _ abe 
par par pqr pqr 


=> 


b c_ abe 
+—+4+—=— 
q Yr pqr 


a 
= = 
P 


A 
E E 
A D Cc 
Clear! BD c 
arly, —=— 
ee OP Ee 
eee 
BD c 
DC b b+c 
=> l1=—-+l= 
BD c c 
DC+ BD. be 
BD Cc 
a bte 
>= 
BD c 
BD 
c bte 
Similan = 
imilarly, —- = 
a GED 
: BD- BF -sinB 
ar(ABDPY. v9.7 2" OR 
ow, = 
Pare) 4 csinB 
2 
_ BD BF _ BD BF _ ac 
ac a c (at+b)(b+c) 
ae ar(ACDE) ac 
Similarly, = 
ar(AABC) (a+b)(b+c) 
ar(AAEF) _ bc 
ar(AABC) (b+c)(a+c) 
ADEF 
Thus, OHS EP) 
ar(AABC) 
_ AABC —(ABDF + ACDE + AAEF) 
A ABC 


_ABDF ACDE_AAEF 
AABC AABC AABC 


ac ab 


30. Here, AD is the internal bisector of the angle A 


be 


HEED) CREED) GBGLD 


_ (at+by(bt+cy(c+a)—{ac(a+c)+ab(at+b)+be(b+c)} 


(a+b)(b+c)(c+a) 
_ 2abc 
(a+b\(b+c)(c+a) 
ar(ADEF) e 2abc 
ar(AABC) (at+b)(b+c)(c+a) 
2Aabc 
ae iNe eRe ED) 


Hence, the result. 
31. Since A+ B+C= 180° 


3a+ 3B + 3y= 180° 

a+ B+ y= 60° 

Clearly, ZARB = 180° —(a@+ B) 

Applying sine rule in triangle ARB 
AR _ Cc 

sinB  sin(180°-(@+ B)) 
AR _ Cc 

sinB  sin(a + B) 


es en 

sin(@ + B) 

2Rsin Csin B 

sin(a@ + B) 

_ 2RsinZy)sin B 
sin(a@ + B) 

_ 2RsinGBy)sin B 
sin(60° — vy) 


_ 2Rsin Bsiny(3 —4sin’ 7) 
sin(60° — 7) 


_ 2Rsin Bsiny(3—4sin* y)_cos(30°- 7) 
sin(60° — 7) cos(30° — 7) 


32. 
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_ 4Rsin Bsin (3 — 4sin” y)cos(30° - y) 
2 sin(60° — vy) cos(30° — y) 


_ 4Rsin Bsin yy —4sin” y)cos(30° - y) 
sin(90° — 27) + sin(30°) 


_ 4Rsin Bsin y3 —4sin” y)cos(30° — y) 


1 
2y)+ = 
eosey es 


_ 8Rsin Bsin y(3—4sin” 7) cos(30° — 7) 
2cos(2y) +1 


_ 8Rsin Bsin y(3—4sin* 7) cos(30° — 7) 
2(1—2sin? y) +1 


_ 8Rsin Bsin y(3 —4sin” y)cos(30° — 7) 
(3—4sin’ y) 
= 8R sin B sinyin y(30° — y) 


Hence, the result. 


Since AD is the median, BD = DC = 


A 
Also, ZDAE = ZCAE = 5 


A 


al4 ble 
B al2 D C 


<— al2 ——_> 


m 


Applying cosine rule in triangle ABD, we get, 


(4) AB AD? BD" 
cos = 


3 2AB-AD 
ay 
2,22 [4 
(4) pie (5) 4b? +4c? - a? . 
cos = = wd 
3 2bc 8bc 


Applying cosine rule in triangle ABC, we get, 
b? +c? -a? 
2bc 


ie ee 
4cos'( 2}-300s{ 4) =" ee wees (ii) 


cos A = 
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Subtracting (11) from (1), we get, 


4cos (4) —4cos* (4) 
3 3 


7 4b? +4c?-a? _b +e aa 
8bc 2be 
_ 4b? +.4c? -— a* — 4b? -— 4c? + 4a? 
8bhc 
8bc 


4) 2 (4) 3a" 

cos sin = 

3 3) 32be 
INTEGER TYPE QUESTIONS 


1. As we know that, in a right angled triangle 
a+b’ +c? =8R 


Fy gD yaks? 
[: a Jee-s 


Ktht+K 


2. We have [ 


ansin( 5 fin Jnl 5 


(o(em(8)-m(9) 
(= (8 ml 


3. As we know that 


ie) 


Using, A.M => G.M 


neOmEeM ES 3 
3 ae or eee 


=) 
Sy 
a 


sin? A+sin A+1 
4. We have | ———_—__—___ 


sin A 


22+1=3 


Hence, the minimum value is 3. 
5. We have 
1 
8R? 


= x 16R? 
8R 


{(r? +r +r +r )+(a hP +c’)} 


=2. 


3-1 
6. By m-n theorem cot @= = 


30° 45° 
L 
B al2 D al2 Cc 
So, tan@ : 
o, tand = —=—_ 
(V3 -1) 
i 2 F (V3 -1) 
sing = SS ahd cose = ——— 
V(8-2v3) (8 -2v3) 
From AADC, 
alc AD AD 


sin(45°) sin@n—(0+459) Lg. og 
RB ( ) 


ale | AD 
sin(45°) 


1 
—=(sin@ +cos@ 
2B! 


a AD 
2  (sin@+cos@) 


a_\(8-2v3) 1 


— x 
2 (V3+1) 1-63 
(8-23) 1 


WiI=683 


— 


(4—2N3) 


x 


1 


(8 — 23) 
a=2 


a_ 
>= 
a_\(8-2V3) 
os 


Therefore, the length of the side BC is 2. 
. We have 
(rt r\ry tron tm) =4Rs° 


MH ADVMG AM)G +1) _ 


ae 4=4 


Thus, 


4 
. We have cos (A — B) = 5 


1—tan? (+7) 
2 _4 


10. 
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C=90° 


Hence, the area of the triangle 


1 
5 4 b sin (90°) 


1 


= 5 x6x3 =9 
. We have 
HO 2 ibe 8 ae 
V3 -sin(50°) __sin(70°) 
20. Sob c 


V3 sin(50°) _ sin(70°) 
Now, perimeter 
=10+b+c 


2 2 
= 10+ 20 n(50°) + Ea 


V3 v3 


2 
ee [sin(50°) + sin(70°)] 


V3 


20 
= 10+—= [cos(40°) + cos(20°)] 


V3 


20 
= 10+ 10+ = x2 cos (30°) cos (10°) 


8 
20 V3 


= 10+ 10+——=x2x— x cos (10° 
% 5 (10°) 


= 10+ 20 cos (10°) 
Thus, x = 10, y= 20, z= 10 


sin(70°) 


t+y+ 
Hence, the value of [sets is 2 


We have 


acotA+bcot B+ccotC 
(r+R) 


_ cotAt+cotB+cotC 
(r+R) 


_ 2r+R) 
~ (r+R) 


=2 
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HINTS & SOLUTIONS OF PAST 3. By the law of cosines, 
IfT-JEEQUESTIONS e+e 
ye, Slee Bl Seats ap 
1. We have, A=—ap, =—bp, ==cp; “ 
2 2 2 Pip se 
1 a l b | c > cos(60°) = eee. 
= a 2 = 
Py 2A Po 2A P3 2A 1 a +h? nee 
—- _—-= 
1 1 1 
ee ee 2 2ab 
Pi Po P3 => ab=a’ +b*-c? 
1 ee 
= —(at+b-c => c =a’ +b -ab 
a larb~0 
2_ 2 
_ (atby -e? > c¢ =(1+ ¥3) +2 2(1+ V3) 
2A(a+b+c) =>  ¢ =14+34+2¥3+4-2-2y3 =6 
_ a’ +b? -c’ +2ab a e=/6 
2A(a+b+c) ; sinA sinB sinC 
From sine law, = = 
_ 2abcosC + 2ab a b c 
2(a+btc)A = sin A= —.sinC 
__ab(cosC +1) . 
~ (atb+c)A (8+) Ve S41 
=> sin A= x—= = sin(105°) 
6. 2" Deo 
sis cera 2 x cos” (S) 
(at+b+c)A 2 >  4=105°, B=180-(4+C)=15°,c=V6 
2. Let ZAPD=6,as ZPAO= ZPDO =~ i pies pe 
2 ; , s 2s atbte 
ere ac(a+c—b) 
By the | f cosi = a ADO 
y the law of cosines, (a +e) _ pe 
OA’ + OD? — AD? =2(OA)(OD)cos(zx - 8) ac(a+c—b) 
=> AD* = 2r? +2r? cos a +c? +2ac—b* 
6 1 
AD? = 2r? (1+ cos@) = 4r? cos”| — a ee ear 
r° (1+ cos@) = 4r* cos 5 x late b) (a +c b) 
Since ABCD is a cyclic quadrilateral, so 1 
=> r= —(a +ce- b) 
ZORS =1-6 2 
Thus, BC? =4r? cos? Z—F) = ar? sin?( 2) = 2r =(a+e-b) = AB+BC-AC. 
Hence, the result. 
Therefore, be =a . 
g 6g 5. We have, cos A= >was (i) 
AD* + BC? =4r’| cos” (5) +sin’ (5) = 47? c 
2 2 eRe 
Similarly, we can easily prove that, a: es 9abO (ii) 
AB? + CD? = 4r? AC_ b _ 2b 
2 From AADC, cosC == — = ==... ii) 
Hence, 4B? +CD? = AD? + BC? DC a a 


l 


. We have, 4 = 
ee 


From (ii) and (iii), we get, 


a +b?—c’ 2b 
2ab a 


=> @-c=30 
From (i), we get, 
b?-3b7 2b? 


cos A= = =~ 
2be 2bc 
ab \f_b\_2{c?-a’) 
Thus, cos A.cosC = [ I- = 
a c 3ac 


. Let ZA=ZB-a and ZC=ZB+a 


We have 24+ ZB + ZC =180° 


=> ZB= 60° 
_ oc 
snB sinC 


> sinc = £sin =| 2\(8)-4 


=> C= 45° 


From sine laws, 


Thus, 74 =180°-(B+C) 
= 180° — (60° + 45°) =] 


. No questions asked in 1982. 


Given 4.4%, € H.P 
A A A 
s-a s—b’s-c 
1 1 1 


Es ° 
s-a s-b s-c 


€ H.P 


e€ H.P 


s—a,s—b,s—ceE AP 
—a,—b,-ceé AP 
a,b,ce AP 


Hence, the result. 


. We have, £08 A +008 B +-c08C => 


2 2 


= 2cos ie cos a8 +1-2sin? c Ze 
2. 2 2 2 2 


ol S)o(S 
=> 2sin 2 cos 


=> 2e0s{ £2 )oos{ $54] cos =3 


Properties of Triangles 


if € A-B ~{C 1 
= 2sin| — |] cos —sin| — |;=— 
so S2)-s0(S))-3 
] (+) (4) 1 
— || cos — cos poe 
2 2 2 2 
= 2sin c x 2sin a sin a bh 
2 2 2: 2 
A C 


=> 2sin 


sin =—,sin =—,sin = 
2 2 2 2 2 


Thus, A is equilateral. 
b+c_cta_atb_ 2(at+btc) 
11 12 13 36 


10. We have, 


Thus, @=7/A ,b=6A &c=5A 
eee 
2bc 
360? +2547 4927 1 
2(6A)(5A) 5 


> cos A= 


19 5) 
Similarly, cos B = —,cosC = — 
35 7 


— Sauces = 

5 35 7 
— cos A:cosB:cosC = 7:19:25 
cosA_ cosB_ cosC 


Th 
he 19-25 


Lids, 
12. Given cot A,cot B,cotC € A.P 


A B 
cos A cos cosC _ 4p 


. > . a . 
sinA sinB sinC 


(0? +0 -a’) (c? +a’ —b’| (a? +b? -c’) 


2abc 2abc 2abc 


427 


€ A.P 


(0? +0 +a — 2a”) (c? +a° +b’ — 2b") 


> —_— starr oe 


2abc 2abc 


? 
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(a? phe ee" — 2c?) 


ae e AP 
=> (b? +c? +a” -2a"),(c? +a” +b” - 267), 
(a +h? +c? —2¢*)e AP 
= (-2a”),(-2b"),(-2c?) e 4.P 
= a’,b’,c°? Ee AP 


Hence, the result. 


. Let x=a’+2a,y=2a+3,z=a" +3a+8 


Here, x > 0, y>0andz>0 


since z=a* +3a+8>0 for every ainR 


=> a>0O [v a<-2.a>0 and a>-3) 


Also, z—-x=a+8>0,z-y=a’+at+5>0 
Thus, x+y>zZ 

=> a’ +3a+8<(a? +2a)+(2a+3) 

=> a>5 


> ae (5, ~) 


L ‘m= cos( a+} cos 8+ }+oos{ +3) 
Pree ag 2 2 ex@ 


= ~>(sinar+-sin B +sin7) 


Mwill be least, when (sin a+sinB+sin y) is provid- 
ing us the greatest value. 


Let z=sina+sinB+siny 
= sina + sin B +sin(2-(a + B)) 


= sina + sin B—sin(a +B) 


= asin( S2P loos{ 2) —asin{ S*P )eos( S22 


= 2sin 


28) (Aff) 
= 2sin 
do Sh 4 


= 4sin 


15. 


ae) 


It will be greatest, when 
oP Ay 
2. 2. 2 


20 
Thus, ara win =). 


=oa=p=y 


Therefore, the least value of Mis 


We have cos A cos B +sinA sinB sinC =1 
l—cosAcosB _ . 


=> ——_—— = sinC 
sin Asin B 
oe Lscorzcoss err 
sin Asin B 
=> l1—cosAcosB<sin Asin B 
=> 1<sin AsinB+cosAcosB 
> cos(A—B)>1 
=> cos(A-B)=1 
= cos( 4 — B) = cos(0) 
=> A-B=0 
> A=B 


; 1- AcosB 
Therefore, sinC = ee 
sin Asin B 


_ 1-cosAcosA _ 1—cos” A = sin? A 7 
sin’ A sin? A 


sin Asin A 
=> C=90° 


Hence, 4 = 45°= B,C = 90° 


Now a = L z Ei: 
sinA sinB sinC 
as bb  ¢€ 
sin45° sin45°sin90° 
a b ¢ 
2 rie | 
V2 V2 
a_b_e 
ep 


=> a:b:c=1:1:V2 


Hence, the result. 


. Ans. (a, d) 


b 


sinA sinB 


From sine rule, 


bsinA=asinB 


bsinA=asinB<a, since sinB<1 

1 1 

In this case, B=—,A<— 
2 2 

1 

Also PsA Sait Os Bist Be 


fae FSA pee. 
2 2 


then bsin <a, A<>,b>4 


. Ans. (a, d) 


Let ZA=a-0, ZB=0, ZC =1+0 
since ZA+ ZB+ ZC =7, 0=60° 


Thus, the largest angle of AABC isa and the smallest 
angle is C 

Let x be the smallest side of the triangle . 

x? +10? -9° 


Therefore, cos (60°) = 
2.x.10 


x? +19 =10x 


x? -10x+19=0 


Youd uy 
= 
. 
i 


. Let 2B =30°,ZC = 45° and a=(V3 +1) 


Then 2A = (2 -(2B+ZC)) 
= (a - (30° + 45°)) = 105° 


From sine rule, 


a b c 


snA sinB_ sinC 


en a _ b _ ¢ 
sin(105°) sin(30°) — sin(45°) 
(V3 + 1) b c 

mr = 


sin(105°)  sin(30°) _ sin(45°) 


19. 


20. 
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(V3+1) 5 ¢ 
7 (ey bo a 

22} 2 v2 
yo Soh eauoes 


=> b= V2,c=2 


Thus, the area of the given triangle 


1 
= —xbcexsin A 
2 


(v3 +1) 
22 


= 5xV2x2x 


(4 


aa, sq cm. 


We have, BC = 2BD, AD =h, OD=h-—r, so 


that BC= 2r? -—(h—-r) =22rh—-W? 


Thus, P=2AB+ BC 
=> 2AB=P-—BC 


a 2AB= 2(V2hr ae ee 2h) — 2 2hr —h? 


=> AB = 2hr 

The area of the AABC =A 
= BDx AD 
= hV2hr—h? 


hv 2hr —h? 
Now, Pp = 3 
8(V2ir= i : 2nr | 
_ V2r—h 
3 
8(V2r f+ V2r) 
V2r 1 


Thus, im =| he 
ho0\ P 8x (2V2r) 128r 


Ans. (c) 


The given equation is k =3sinx—4 sin? x = sin 3x 
Thus, 4 =sin34,k =sin3B 
> sin3.4 = sin3B = sin(a— 3B) 


=> 3A =(m-3B) 


429 
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21. 


221 


=> 3(A+B)=a2 
=> (4+B)=— 

3 
Therefore, LC =4-(A+B)=n- 2 == 


Given A, B and C are in A.P. 
> 2B=A+C 
> 3B=A+Bt+C= 


1 
> B= — 
3 


1 
Now, sin (24 + B) = 5 a sin( 


Also, sin(C — A) = 5 = sin( 2) 


=> (c-4)-(2] 


u nT 51 
C=|—+A]=|>+— |=—=75° 
7 [Z (3 4 12 


Thus, 4 = 45°, B =60°,C =75°. 


Let the sides of a triangle area—1,a,a+1, 
where ae J* — {1} 


Let @ is the smallest angle and 2 is the greatest 
angle of the triangle. 
By the sine rule, 


sing _ sin (20) 
a-l atl 
a+l - sin (20) 


> = =2cos0 
a-l sin@ 
atl 
> cos@ = 
2(a-1) 


Again by the cosine rule, 
(a+1) +a? -(a-1) 
2.a.(a+1) 


2 


cos@ = 


23) 


24. 


g= — 
oR AE Ga) Daa) 


atl at+4 


Therefore, 2(a — i) = 2a Fe i 


= (atl) =(a+4)(a-1) 


=> a’ +2at+l=a* +3a—4 

=> A=5 

Hence, the sides of the triangle are 4, 5, 6. 
Let a= BC, b= CA, c= AB and p= AD. 


AABC = Bae re 
2 2 


be. 
> p=-<sinA 
a 
be. 
=> p= <sinA 
a 


abe(sin? B-sin* C 


=> p= sin A 
a’ (sin? B-sin’ c) 
abcsin(B+C)sin(B-C) , 
=> | sin A 
(a - c?)sin? A 
abe sin(B-C) 
> Sy en ed 
(0° - ?| 
ab’r sin (B - C) 
=> P=—>—>>_. where c=br 
(? - 6°) 


25. 


26. 


Consider three circles with centres at A, B and C with 
radil 1,%,%, respectively, which touch each other 
externally at P, Q, R. 

Let the common tangents at P, O, R meet each other 
at O. 

Then OP = OO = OR=4 

Also, OP L AB,OQ L AC,OR 1 BC 

Here, O is the in-centre of the triangle ABC 


For AABC , 


Pe es) EA se ee ee 
2 


and A= ‘Gi +H t+n)Anr 


A 
Now, from the relation r = —, we get, 
KY 
Matntn)ann - 
,+H+Kr 
= TOTS 
Ht+hHt+h 
GUA ! 
> ——++— =16=— 
Kt+tHt+h 1 
> (inn):(R+n+% =16:1 
We have 
2cosA 2cosB 2cosC 1 b 
+ + =—+ 
a b c be ca 
2becosA accosB 2bccosC a? b? 
+ + = + 
abc abc abc abc abc 
=> 2becos A +accosB + 2becosC =a* +b" 
1 
> (b> +c? -a?)4+—(a? +c? - 5") 
2. 
+(a? +b? -c?)=a? +B 
=> 2b" —2a* +c* +a? -b" =0 
=> a=b +c" 


AABC is aright angled triangle at A 


Thus, 74 = 90°. 


Let O be the centre r be the radius of the circle 
passing through A;, where i = 1, 2, 3, .....,” 


20 
Here, 24,OA;,, =——, where i= 1, 2, 3, ....,1 
n 


1 1 1 
Ww, + = 
AA, AA; AA, 


No 


2h 
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a I ce tal % 1 1 -¢9 
sin@ sin2@ sin30’\n 


1 1 1 


=) “gin@. -aing0. Sin20 
sin 30 —sin@ 1 
=> F : ae 
sin 6 sin 30 sin 20 
- 2cos26sinOd 1 
sin 6 sin 30 sin 20 
=> 2sin 20 cos 20= sin 30 
=  sin(40)=sin(36) 
=> sin (40) = sin (a — 36) 
=  (40)=(1-36) 
ee 
7 
qn Tn 
> => 
n 7 
— n=7 


(i) = (ii) 
Suppose a, b, c and area A are rational. 


a+b+c 


Thus, s= = rational 


Si tan( 3 2 
in —|= 
. 2) s(s—b) 


Gat 
and tan} — |=——_~ 
2) s(s—c) 


and A,a,s,s—a,s—b all are rational. 
B C : 
Therefore a, tan 5 , tan a are rational. 
(ii) > (iii) 
: B Cc ; 
Consider a, tan e , tan os are rational. 


2tan(B/2 
sin B= an( (2) 


= = sational 
1+ tan’ (B/2) woe 
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28. 


; 2 tan(C/2) : 
and sinC = ——,— = rational 
1+ tan* (C/2) 
(4) 1 (F5") 
Also, tan] — |= tan] —— 
2 2 2 
Fe") 
= cot 
2. 


1~tan{ 3 Jtan( 5) 
_ 2 Bois 8 
(2) Gg rationa 
tan| — |+ tan} — 
2 2 


Thus, sin A = rational. 
Hence, a, sin A, sin B, sin C are rational. 


(iii) > (i) 
Suppose a, sin A, sin B, sin C are rational 


By the sine rules, 
a Be 


sind sinB sinc 


b, c = rational 
1 : 
Also, A= Pa sin A = rational 


This completes the proof. 
Figure 


From the figure, 4D = bsin (23°) 


abc 


=> ee = bsin (23°) 
a sin (23°) 
=> = 
bac c 
2 a _ sind 
poe a 
2 
=> sin A = 5 
-c¢ 
wey) 
se gee =e 
sin” B-sin* C 
=> sin A =sin? B-sin? C 
=> sin A =sin(B+C)sin(B-C) 
=> sin A = sin(a — A)sin(B-C) 
=> sin A = sin(A)sin(B-C) 
> sin(B-C)=1=sin (90°) 


29. 


30. 


31 


> (B-C)=(90°) 
=> (B- 23°) = (90°) 
=> B=113° 


As we know that, the largest angle is the opposite to 


the largest side. 
Leta =BC=3, b=CA=5,c=AB=7 


a eo aa Cae 


Th C= =-—=- 
vite 23.5 30.2 
1 20 
cosC =——=cos| — 
pee 2 (2 
20 
= C=— 
3 


Let 2B =" ,£C = 7, ZBAD =0,ZCAD = 9 


By the sine rule, 
sinO _ sin(7/3) 


BD AD 
Pere yes) 
=> sin 8 = —,— 
2 AD 
sing _ sin(z/4) 
and =—_+ 
DC AD 
DC 


> sin Q = a ; AD 
sinZBAD  sin@ 

OW, — = 
sinZCAD sing 


_ x3 BD j5 AD 


2 AD’ DC 


- 2) 
Dc \2 


32. 


R_abe_s 
Now, ae veer 
abcs 
~ 4A? 
S abcs 
4s(s—a)(s—b)(s—c) 
= abc 
4(s—a)(s—b)(s—c) 
(4k) (5k) (6k) 
ae )a24) 
16 


nan 32 
H B+C=n-—=— 
ere, A 


=> tan(B+C)=tan( 37) ——1 


tanB+tanC _ 
1—tan BtanC 


> tanB+tanC =—1+tan BtanC =-1+ p 


Let tan B and tan C are the roots, then 
x’ —(tan B+ tanC)x + tan B.tanC =0 

= x -(p-l)x+p=0 

It has real roots. 

So, D20 

= (p-l) -4p20 

p’ —2p+1-4p20 

p’-6p+120 

(p-3) -8>0 

(p-3)° -(2V2) 20 

=  (p-3+2V2)(p-3-2y2)20 

=  ps(3-2V2), p=(3+2v2) 


= pe(-», (3-2V2))U((3+2V2), ) 


Y Jb yY gv 


Properties of Triangles 


33. Let ABC be an equilateral triangle 


Then ZA=7 = £B= LC 


Therefore, tan. A + tan B + tan C 


= tan{ %)+tan( ©) +-tan( =) 
-m() 


Conversely, let tan A+ tan B+tan C= 33 
Here, 4+ B+C=2 

=> A+B=n-C 

=> tan(4+ B) =tan(z-—C)=-tanC 


tan A+tanB 
=> ——_—— =-tanC 
1-—tan A.tan B 


=> tan 4+ tan B =—tanC + tan A.tan B.tanC 


=> tan 4+ tan B+ tanC = tan A.tan B.tanC 
Thus, 
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=> tan 4+ tan B + tan C = tan A.tan B. tan C = 3V3 


1 
It is possible only when, A= B=C= 3" 


Thus, the triangle is equilateral. 


34. Ans. (b) 


H A Lis x Ee x by x 
T == =— =—-xXr 
ere, 2 PXP ) qX P2 ) P3 


From sine rule of a triangle, 
snP sinQ_ sinR 
P q r 


Given sin P,sinQ, sinR are in AP. 


=> Dp.g,r € AP 
2A 2A 2A 

=> — ee AaP 
Pi Po P3 


=> —,—,— EAP 


= P>P2>P3 © HP 
Thus, the altitudes are in H.P. 
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35. 


Let O be the circumcentre and OF be 
perpendicular to AB. 

Let J be the in-centre and JE perpendicular to AC. 
Then ZOAF =90°-C 

ZOAI = ZIAF — ZOAF 


A 
=—-—(90°-C 
=~ (90°-C) 
~4,¢_AtB+e 
2 2 
C=8 
Oe 
TE r 
Al= 
Also, A 


= arsin( S)sin( S) 
2 2 
ee B\oe (eG: BC 
= 1-—8sin| — |sin} — |} cos} —+— 
2 2 2 2 
= 1-8sin{ 3 sin S)sin{ 4) 
2. 2 2 
=> OI= R,j1-8sin o sin c sin a 
2, 2 2 
Also, OI? 
= R*—-2Rx 4Rsin A sin z sin a 
2 2, 2, 


= RR 


=> OI =\R? —2Rr 


Hence, the result. 
36. We have, 4+ B+C=a2 


37. 


pistes F A B C 
Dividing both sides by tanl 5 }an{ 5 J an{ 5 : 


we get, 


=> + 


Figure 

Here, HE =JK= 7, 
But JE =r 

So, J/H=r-"7 


na A 
In aright triangle JHJ, ZJIH = (= - ) 


2 , cot [ <) = 3 é 
rly 2 rt, 
In a triangle ABC, we have 


o( so Srols)-alS(2(5 


h Ir r: h r r; 

= Dg Sc Sg TO ee, A 
r-h "rh r-hkh r-hKr-hHr-rn 
H r r. Hh! 

= Sih od ang San, Se 123 
r-h ""-h rr (r-7,)(r—7)(r-n) 


[IIT-JEE-2000] 
. ( A-B+C 
38. We have, 2acsin — = 


.{A+C B 
= 2acsin -= 
2 2. 
. {a B B 
= 2acsin| —-—-— 
2 2 4 
= 2acsin a) 
= 2accosB 
ee ae 
= 2a 8 +c —b 
2ac 
= (a? +c? -b’) 
39. Ans. (a) 


As ABC be a right angled triangle, circum radius of 
this triangle is half of its hypotemuse. 


Thus, R= ava? +b° 
Also, r=(s—c) tal) =(s- can © =(s-c) 


Now, 2 (R + r) 


= Ja’ +b’ +2s—2c 
= c+2s—2c 
= 2s-—c 


=atb+c-c 


40. 
41. 


42. 
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=atb 


By the sine rule, 
a b c 


sin A 7 sin B 2 sin C 
eS c 
sinA sinB sin (x —(A+ B)) 


( c 
sind sinB sin(A+B) 


Here, we can easily find out b. c and C, 

if we know a, sinA, sin B. 

Also, we can find the values of A, B and C by using 
the half angle formulae, if we know the values of a, b 
and c. 

a bc | 
snA sinB_ sinC 
We can find, 7B, ZC and the sides a, b and c, 
if we know a, sinB and R 


We cannot find 7B,ZC and the sides b and c, 


if we just know a,sin 4, R,, since 


By using, 2R 


a b c 


= = =2R gi 
sind sinB sinc ii 


b 

: ; from which we cannot obtain 
sinB sin 
b,c, ZB &ZC., 


Let the angles of the triangle ABC are 40, @ and 0 


Also 40+6+6=180° 
=> 60 = 180° 
180° 
> 0= = 30° 
6 


By sine rules, 


a b c 


snA sinB_ sinC 


Js ne © 

sin(120°) sin(30°) — sin(30°) 
a b c 

> : = =o 
sin (60°) sin (30°) — sin (30°) 
se ie 

= goed 
“ex 2D 
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43. 


44. 


> “= 
af 1 
Hence, the required ratio is 


a 8 
at+b+c PONE) 
From figure (1), 


i n-3-(04,).(04,)sin( 2) 


on 
T (=) 
= —sin| — 
2 n 


From figure (11) 


b c 
1 


B,By =2(B,L) = 2(0L)tan{ = 


— 21.tan{ = 
n 
= 2tan (=) 
n 


tis, 0, =9(4(8.8,)(01))=nin( =) 


[,, 
Now, —— 
/2)sin(20 
ECO) yeh 
ntan@ n 
2tan@ 1 


: (1 + tan? g) 2tané 
= cos’ @ 


= 5 (200s? @) 
= 141460826) 

2 

2 

sf (24) 

2 n 

2 
eB (2) | 
2 n 


Ans. (d) 
Let the sides of the triangle be 4, V3A,2A 


By the cosine rule, 


(V3a) +(2a)-(ayY gg? 8 


cos A= = = 
2.(V3A).(22) 4/30? 2 
1 
A=— 
na 6 
1 1 
Similarly, B= —,C =— 
imilarly, 3 5 
A:B:C=30°:60°:90° =1:2:3 


45. 


BD 
We h — =cot (30°) = 3 
e have, 55 (30°) = V3 


BD=~3PD 
DE =PO=PR+RO=2 


BC =BD+ DE+EC = 3+2+3 =2(V3 +1) 


Area of AABC 


V3 


- ~~ x (BC) 
= B a(S) 


= V3(3+1) 

= ¥3(3+14+2N3) 
= ¥3(4+2N3) 
= (6+ 4,3] 


b-c 


46. We have, 


sin B—sinC 


sin A 
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2eos( °° in 2=€) = SEY: 
_ 2 2 4 

_{A A 

asin SJoos( 5] = By a(24 48) 

ma A)\.(B-C 
Be eS sin 5 = (7443) 

sin( 4 Jeos( 4) = (12 +73] 

2 2 
A B-C B-C 48. Ans. (a, 5, c) 
sin] — |sin} ——— sin r 
_ n(n 255) sin 25) 
o(s}(3) (3) 
sin} — |cos} — cos| — 
2 2 
B-C 

= sin[ B 3 C 

Thus, aia): 
cos| — 
2 F 
(6~)eos( 4] =asin{ 2=€) Let AD = p 
2 2, 


ar (AABC) =ar (AABD) + (A4DC) 
47. We have, from sine rule, 


GS SE sbesin A= 2 bpsin( 4) +.epsin( S] 
sind sinB_ sinC 
A 
a _ b oe > bcsin A= p(o-e)sin( 5) 
sin(120°) sin(30°) — sin(30°) 
ee eee => be 2sin z cos a = p(b+c)sin zs 
ae ee cos{ 4) 
a be A ) (b+c) 2 
=> eS ee say 
v3 LA AD= ene cos( 3] 
~ A besinA  besinA (b+c) 2 
r= — — 
a s 2s (at+b+c) AD A 
Also, dno 3 
2 a 2b 2 
B 2 AE = ADsec{ - ae 
ee a ee D) bee El 
(V3 +1+1)a ee 
Thus, AE is the H.M. of b and c 
V3 
=  3(2+v3)=/~=]a DE. (A\ FD — A 
2 Again, =sin ; =sin 
AD 2) AD 2, 


=> A= 2(2 Hels ) 
Thus, the area of the AABC 


1 
= —.bc.sin A in SE cos A sin 2 
2 bt+e 2 2 


5 A.A.sin(120°) 


EF = DE+ FD=2AD sin( 4) 
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= BOO ig 
b+e 


49. Ans. (b) 


50. 


Given AB||CD, CD=2 AB. 


Let AB = a, CD = 2a 
and the radius of the circle be r. 


Let the circle touches at P, BC at O, AD at R 


and CD at S. 

Then AR = AP =r, BP=BO=a-r, 
DR = DS =r and CQ = CS = 2a-r 
In triangle BEC, BC’ = BE* + EC” 


=> (a-r+2a-r) =(2r) +a’ 


(3a - 2r)yr = (2r) Rar 


3 
a=—r 


2 
Also, ar (Quad. ABCD) = 18 


=> 
=> 9a? +4r? —12ar = 4r? +a? 
=> 


= ar (Quad. ABED) + ar (ABCE) = 18 


=> a.2r+ sar =18 
=> 3ar =18 
= Sei ete 
2 
=> r=4 
= r=2 


Thus, the radius is r= 2. 
Ans. (b, d) 


/ 


Here, PS x ST = QS x SR 
Now, 4M>GM 
ahd 
PSST geld 
2 PS ST 
1 1 2 
+ 
PS ST JOSxSR 


Atso. 2" > SR. JOSXSR 
1 2 
=> ee ee 
JOSxSR OR 
(he A 
PS ST OR 


.2f A 
51. We have, cosB+cosC = Asin? (4) 


=> 2eos{ 2 © Jeos{ 2=€)— asin? 4) 
2 2 2 
A 


=> 


Yu 


B-C _ {A 
cos} ——— |=2sin] — 
5} 2s 3] 
B-C ._ {am B+e 
cos} ——— ]=2sin| —— 
7 
B-C B+C 
cos} ——— |=2cos 
5} =2e0o( 255] 
_—\ 2 )_2 
axe) | 
cos 
2 
B-C B+cC 
cos +cos 
2 ( 2 ie 
a=e) Gana 
cos — cos 5 


2s =3a 
a+b+c=3a 
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=> b+c=2a = 100+36+ 60 
Hence, the result. = 196. 
. We have 2e0s{ =|+200s{ F) = V3+1 as c= 14 
S BY all Now, 2s =a+b+c=6+10+14=30 
=> cos{ =} cos{ =) = 5 => s=15 
A 15v3 
1 ES oe 2 
= “G) wes where 779 Therefore, r= es =V3 
_ 341 => p33 
=> 2cos”| — |-1+4 cos a 
2 53. Ans. (b) 
sa! Je (2 \ gett ate fe eS We have a* +b? —c? 
=> 
2 2 
a 2 = (x? +x+1] +(x? -1) —(2x+1) 
V3 +3 0 
=> 2t HP = Op wiere £208 55 = xo 447 4$142x° + 2x7 42444-20741 
2 
-14,/1+4(3+ 3] —1+(2V3 +1) Seat 
age Ae ri x ri = 2x4 +2x° -3x?- 2x41 
, PINE 8 = (x=1)(x+1)(2x? +2x-1) 
’ < N cos{ 2] = =O 
ys ae alas 0 2ab 
2 
2 2 
meee : B_( —1)(2x? + 2x-1) 
= ale 2) 2 Sane 6 2 2(x? +x+1)(x* -1) 
=> (F)-(2] => V3 (x? +.x+1)=2(2x? + 2x-1) 
; = (Ni +(2-vi)e (te) 
> o-(2 
3 => x=—(2+ 3), (v3 +1) 
xn (i 
> = (2 =>k=3 Thus, x=(V3 +1). 
1 ; 54. Ans. (c) 
. We have, ar(A4BC) = —absinC 2sin P—sin2P 
2 We have ——————_—— 
1 2sinP+sin2P 
= — 15y3 =; .6.10.sinC _ 2sin P—2sin Peos P 
2sin P+2sin PcosP 
. 3. (2 
> sinc = =sin( 2), _ 1-cosP 
: : 1+cosP 
since C is obtuse. . 
on _ 2sin (P/2) 
es ne (=) 2cos” (P/2) 


Also, c? =a’ +b? —2abcosC 


tan? (=) 
2 


=107+6° -2.10.6.00s{ = 
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(s—b)(s—c) 


s(s—a) 


, wheres = 4 


57. Ans. (b) 
Given at+b=x,ab=y 


Also, x -c= y 


> (a+b) -c? =ab 


1 2 
a( absin 120°] 


x+C 


YC 


CHAPTER 


The Heights and Distances 


8.1 INTRODUCTION 


In this chapter we shall study how to measure the height 
of the object and distance the points with the help of 
trigonometric relations. 


8.2 ANGLE OF ELEVATION, ANGLE OF 
DEPRESSION AND THE LINE OF 
SIGHT 


Angle of elevation 
>A 


Let the point O is the observer and the point P is the object 
under observation. 

The line OP is called the line of sight of the point P. 

Let OA be the horizontal line in the same vertical plane 
with OP. 

The acute angle ZAOP, between the line of sight and 
the horizontal line known as the angle of elevation. 


>A 
Angle of depression 


The acute angle ZAOP, between the line of sight and 
the horizontal line known as the angle of depression, where 
the object P below the horizontal line OA. 


8.3 BEARING OF ALINE 


The bearing of a horizontal line, i.e. a line in a horizontal 
plane is the positive acute angle made by this line with the 
north - south line in the same horizontal plane. 

If a line is said to bear 20° west of north, we mean that 
it is inclined to the north direction at angle of 20°, this angle 
is measured from the north towards the west. 


Here, the bearings of the lines OA, OB, OC and OD are, 
respectively, N40°E ,S35°,S75°W and N15°W 


N 
A P (NE) 
45° Q (ENE) 
45° 
‘i 30% 
~< > 
5 E 
Y 
iS 


North East means equally inclined to north and east. 
South - East means equally inclined to south and east. E-N-E 
means equally inclined to east and north east. 
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8.4 SOME SOLVED EXAMPLES 


Ex-1. 


Soln. 


Ex-2. 


Soln. 


A chimney of 20 m high standing vertically on the 
fl 
top of a building, subtends an angle of tan ia 


at a distance of 70 m from the foot of the building. 
Find the height of the building. 
Let OR be the chimney, PQ be the vertical tower 
and O be the point of observation. 
1 
We have OP = 70, OR = 20 and tan@ = é 
R 


Let ZPOQ=a and ZQOR=6 and PO=h 
h+20 
Th tan(@+a@)= 
en ( ) a 

= tan@+tana  h+20 

1—tan@ tana 70 

Be. h 

670. _h+20 
edd, 70 

6 70 

es 70+6h  h+20 

420-h 70 
> 4900 + 420h = 420h —h* +8400 — 20h 
= h? + 20h =3500 
=> (h +10)” =3500 +100 = 3600 
=> h+10=60 
=> h=50 


Hence, the height of the building is 50 m. 
If a flag stuff on 6 m high, placed on the top of a 


tower costs a shadow of 2V3 m along the ground, 
then find the angle of elevation of the sun. 

Let PQ be the flag staff placed on the top 

of a vertcal tower OR. 


Ex-3. 


Soln. 


Ex-4. 


Let the angle of elevation of the sun be 0. 
Then it shadow on the ground OA = BO 


Given OA =2V3= BO, PO =6 


23. A 
So, tan 9 = —— = — 
6 3 
=> tand=tan( 2) 
6 
1 
0=— 
ai 6 


Hence, the angle of elevation is 30°. 
The angle of elevation of the top of a tower at any 


F . A . 
point on the ground is 6 and after moving 20 m 
: 1 
towards the tower it becomes a8 


Find the height of the tower. 

Let PQ be the vertical tower of height / and A and 
B are the point of observations. 

We have AB = 20 m 


P 
h 
Va a 
A B Q 
Let BO=xm 
1 h 
In APBO, tan( = = 
3 x 
= BERR | laa (i) 
In AP4 al b 
mae P| 5 bGag 
yg oigaa 
is. 204% 
me 20+ x=hV3 
=> 20+ x=(xv3)V3 
=> 20+x=3x 
= 2x = 20 
= x=10 


Hence, the height of the vertical tower = 10V3 . 


When the suns altitude increases from 30° to 60°, 
the length of the shadow of a tower decrease by 5 m. 
Find the height of the tower. 


Soln. 


Ex-5. 


Soln. 


Let PR be the height of the tower when the angle of 
elevation is (x — 5), the length of the shadow is OR 
= x (say) 


Q 5 § 


When the angle of elevation is 60°, then the length 
of the shadow 1s (x — 5). 


In APRO, tan(30°) = a 
x 


1 oA 
> eae 
V3 x 
= x=hvV3 (i) 
h 
In APRS, tan (60°) = 
x-5 
h 
=> V3= 
x-5 
2 oh 
hv3-5 
=> 3h —5V3 =h 
zs 2h=5V3 
pion 
2 


5V3 
Hence, the height of the tower is ag ‘ 


A tree is broken by wind, its upper part touches the 

ground at a point 10 m from the foot of the tree and 
1 

makes an angle — with the ground. Find the whole 


length of the tree. 
Let PQ be the whole length of the tree and PM its 


broken part, which touches the ground at R 
P 


ml4 


Ex-6. 


Soln. 
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We have OR =10 and ZMRO = "i 


Fs 
In AMRQ, tan| — |=—— 
4 10 
=> ee 
10 
=> QM =10 
Also, cos( =] = Bue 
4) RM 
1 10 
> 2 RM 
= RM =10V2 
+s PM =10V2 
Thus, PQO=QM+PM 


=10+10¥2 =10(V2 +1) 


Aperson standing on the bank ofa river observes that 
the angle subtended by a tree on the opposite bank 


is a , when he retreats back 40 m from the bank he 


find that the angle to be S . Then find the breadth 
of the river. 6 


Let PO be the tree of height / and M, N be the point 
of observations. 
We have MN = 40 m 


P 
m/6 m!/3 
M 40m N Q 
Let the breadth of the river be ON =x 
P. 
In aPow, tan{ =) = Q = 2 
6 x+40 x+40 
be eed 
3 x+40 
x+40 (i) 
> =e i 
V3 
na) h 
In APON, tn{ =) =o 
3 x 
h 
s 168 
x 
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Ex-7. 


Soln. 


= R=XN3 hase (ii) 
From (i) and (ii), we get, 
x+40 
xv3 = a5 
=> 3x=x+40 
=> 2x = 40 
=> x= 20 


Hence, the breadth of the river is 20 m. 

Let the angle of elevation of the top of a hill observed 
from the top and bottom of a building of height / 
are ocand , respectively. Then find the height of the 
hill. 

Let AB be the hill, B being its top and CD be the 


building of height h. 
Thus, CD = h and consider BM = x 
B 
x 
D M 
h 
Cc p A 
In ABDM, tan(a) = ame 
DM 
x 
=> aa) cot (a) ....... (i) 
x+h 
t = — 
In ABCA, tan() ae 
x _ xth 
tan (B) 
xth 
DM =——- ii 
=> be (8) eee (ii) 
From (i) and (ii), we get, 
x = xth 
tan(a) tan() 
Ee x x oA 
tan(a~) tanB  tan(f) 
e . Ds silt Ne 
tan(a) tanB)} tan(B) 
> x(cota@ —cot B)=hcot B 
a ie hcot B 


(cot a — cot B) 


Ex-8. 


Soln. 


Hence, the height of the hill 
= (x+h) 
hcot B 
cota —cot B 


= heota 
(cot a — cot B) 


A ladder rests against a vertical wall an angle @ to 
the horizontal. Its foot is pulled away from the wall 
through a distance ‘a’ so that it slides a distance ‘b’ 
down the wall making an angle £ with the horizontal. 


+ 
Prove that a= bran 2*F) ’ 


Let AC represents the ladder of length / 

After being pulled through a distance ‘a’ away from 
the wall, the new position of the ladder is A’C‘. 

A 


Cc Cc’ B 
Clearly, AC = A'C'=/ and CC'=a, AA'=b 
ZACB =a and ZA'C'B = B 
Thus, a= BC'- BC 


= Icos B-1cosa@=1(cos B — cosa) 


and b= AB-A'B' 
= /sina—/sin B =/(sina —sin B) 
l — COS O 
Therefore, _ (ay = ) 
b  1(sina—sin B) 
a (cosB—cosa) 
> hs : 
b (sina —sin B) 
2sin pee sin i 
2 2 
oe m 


| 2e0s{2*F) sin( 2=F 
is 2 tn{ £8) 


=> a=bran{ 2*F) 


Hence, the result. 


Ex-9. 


Soln. 


Ex-10. 


At the foot of a mountain the elevation of its summit 
is 45°, after ascending | km towards the mountain 
upon an incline of 30°, the elevation changes to 60°. 
Find the height of the mountain. 

Let C be the foot and A be the top of the mountain. 
and AB=h 


A 


Now, DE = BF = BC or= 1-2 


1 
and AF = AB — BE = AB— DF= ae 


From AAED, tan (60°) = = 


=> 
p03 
2 
= Bia =o 
= (J3-1)h=2-4=1 
1 (v3 +1) 
ed _ : 


(v3 +1) 


km. 


Hence, the height of the mountain is 


Two stations due south of a tower, which leans 
towards north are at a distances a and b from its 
foot. If o and f are the elevations of the top of the 
tower from these stations, prove that its inclination 
0 to the horizontal is given by 


Soln. 


, B a \e 


Ex-11. 


Soln. 
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_ beota—acot B 
b-a 
Let A and B be two stations due south of the 
tower OP which leans towards north. 
P 


cot (8) 


> 
op abo Ao ee or Se 


Let AC=a, BC=b and CO=x 


h 
Clearly, tana~= 
at 


and 


From (i) and (ii), we get, 
bcot(a@)-acot(B) 
_ ab+bx abtax _ (b-a)x 
h h h 


x bceota—acot B 
h (b-a) 


_ beota—acot B 


(b-a) 


=> cot (8) 
Hence, the result. 
From an aeroplane vertically over a straight road the 
angles of depression of two consecutive kilometer 
stones on the same side are 45° and 60°. Find the 
height of the aeroplane. 
Let B and C be two consecutive kilometer stones. 
Then BC = 1 km and A be the position of the plane 
at a certain time. 

x, A 

45 


60° 


45° 60° 
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Ex-12. 


Soln. 


Let AD=h and CD=x 


h 
In AABD, tan(45°) = —— 
l+x 
xtl=h 
x=h-1 


=> 
=> 


h 
In AACD, tan(60°) = — 
x 


=> 
= a5 
= (v3 -1)n=3 
al V3 (v3 +1) 
> h= = 


ay 


Hence, the height of the plane is 228 jam 


A bird is perched on the top of a tree 20 m high and 


its elevation from a point on the ground 
off horizontally straight away from the 
in one second the elevation of the bird 
30°. Find its speed. 


is 45°. It flies 
observer and 
is reduced to 


Let the bird alight at B, the top of the tree BD and O 


be the observer, where BD = 20 m 


B M 
20m 
4\ \45° 
O D N 
Thus, BD = MN=20m 
20 
In ABOD, tan(45°) = — 
n , tan(45°) ain 
=> OD = 20 
MN 20 
In AMON, tan(30°) = —— = ———— 
> tan0") = On = 204 DN 
sf 2 ae a 
20+DN 3 
= 20+ DN = 203 
= DN= 20(V3 2 1) 
distance 
Thus, speed = — 
time 


Ve 


= 20(V/3 -1) m/sec 


LEVEL I 
(PROBLEMS BASED ON FUNDAMENTALS) 


1. 


A tower subtends an angle @ at a point A in the plane 
of its base. The angle of depression of the foot of the 
tower at a point ‘h’ m just above ‘A’ is a. Find the 
height of the tower. 


. The angle of elevation of the top of an incomplete 


vertical pillar at a horizontal distance of 100 m from 
t 
its base is a" If the angle of elevation of the top of 
1 
the complete pillar at the same point is to be 3 such 


that the height of the pillar is increased by 4 m, then 
find A. 


. Aperson walking along a straight road observes that 


at two points 1000 m apart, then angle of elevation of 


p ; : r S70. 
a vertical tower in front of him are 2 and DD . Find 
the height of the tower. 


. Aman in a boat rowing uniformly away from a cliff 


150 m high takes 2 minutes to change the angle of 


a 
elevation of the top of the hill from 5 to ig Find the 
speed of the boat. 


. A flagstaff of 5 m high stands on a building of 25 m 


high. The flagstaff and the building subtends equal 
angles at a point P, 30 m high above the ground. Find 
the distance of P from the top of flagstaff. 


. AB isa vertical tower ‘A’ being its foot standing on a 


horizontal ground. ‘C’” is the mid-point of AB. Portion 
CB subtends an angle @ at the point P on the ground. 
If AP = 2AB, then find tan(6). 


. At the foot of a mountain the elevation of its peak is 


1 : 
found to be as after ascending 10 m toward the 
TU os tis: «y's ; 
mountain up a slope of e inclination, the elevation 


1 
is found to be 3: Find the height of the mountain. 


. Aman finds that at a point due south of a vertical 


t 
tower the angle of elevation of the tower is cS He 
then walks due west 10V6 m on the horizontal plane 

t 
and find the angle of elevation of the tower to be ra 


Find the original distance of the man from the tower. 


. The angle of elevation of the top of vertical tower 


from a point A on the horizontal ground is found to 


t 
be ri From ‘A’ a man walks 10 m up a path sloping 


at an angle 7/6. After this the slope becomes steeper 
and after walking up another 10 m, the man reaches 
the top of the tower. Find the distance of ‘A’ from the 
foot of the tower. 


. A vertical tower erected at the focus of the parabola 


1 
y* =40x subtends an angle a at the vertex of the 


t 
parabola. If the tower subtends an angle 6 at a point 
P lying on the parabola. 
Then find the possible co-ordinates of point P. 


LEVEL IT 
(MIXED PROBLEMS) 


1. 


On level ground the angle of elevation of the top of 
the tower is 30°. On moving 20 meters near then the 
angle of elevation is 60°. The height of the tower is 


(a) 20V3m (b) 103m 
(c) 10(V3-1)m 


(d) None 


. From the top of a light house 60 meters high with its 


base at sea level, the angle of depression is 15°. The 
distance of the boat from the foot of the light house is 


v3-1 V34+1 
(a) sox =n (b) son tn 


(d) None 


. Three poles whose feet A, B, C lie on a circle subtend 


angles a, B, y and respectively, at the centre of the 
circle. If the height of the poles are in A.P, then 
cot(a), cot(B),cot(y) are in 

(a) A.P (b) G.P 

(c) H.P (d) None 


. Aladder 20 ft long reaches a point 20 ft below the top 


of a flag. The angle of elevation of the top of the flag 
at the foot of the ladder is 60°. Then the height of the 
flag is 

(a) 25 ft 
(c) 35 ft 


(b) 30ft 
(d) 40 ft 


. From an aeroplane vertically over a straight horizontal 


road, the angles of depression of two consecutive mile- 
stones on opposite sides of the aeroplane are observed 
to 45° and 60°. Then the height in miles of aeroplane 
above the road is 

V3 


V3 
(a) Sai (b) Bat 
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ol 
J3=1 


3-1 
V3 #4 


(c) (d) 


LEVEL I 
(PROBLEMS FOR JEE MAIN) 


1. 


10. 


A man on a cliff observes a ship at an angle of de- 
pression 30° approaching the shore just beneath him. 
Three minutes later the angle of depression of the ship 
is 60°. How soon will it reach the shore? 


. Avertical tower subtends an angle of 60° at a point on 


the same level as the foot of the tower. On moving 100 
m further from the first point in line with the tower, it 
subtends an angle of 30° at the point. Find the height 
of the tower. 


. Find the height of a tower when it is found that on 


walking 80 m towards it along a horizontal line through 
its base, the angular elevation of its top changes from 
30° and 60°. 


. Avertical pole on one side of a street subtends a right 


angle at a window exactly on the opposite side. If the 
angle of elevation of the window from the base of the 
pole be 60° and the width of the street be 30 m, find 
the heights of the window and top of the pole. 


. An object is observed from three points A, B, C lying 


in a horizontal straight line which passes directly un- 
derneath the object. The angular elevation at B is twice 
that at A and at C three times at A. If AB =a, BC=b, 
find the height of the object. 


. Aman notices two objects ina striaght line due west of 


him. After walking a distance c due north he observes 
that the objects subtend an angle aat his eye and after 
walking a further distance c due north, an angle f. Find 
the distance between the objects. 


. The angle of elevation of an aeroplane from a point 200 


meters above a lake is 45° and the angle of depression 
of its replection is 75°. Find the height of the aeroplane 
above the surface of the lake. 


. From the bottom of a pole of height h, the angle of 


elevation of the top of a tower is a. The pole subtends 
an angle f at the top of the tower. Find the height of 
the tower. 


. The angle of elevation of a cloud from a point x feet 


above a lake is 6 and the angle of depression of its 
reflection in the lake is @. Find its height. 

A train is moving at a constant speed at an angle 6 East 
of North. Observations of the train are made from a fixed 
point. It is due north at some instant. Ten minutes earlier 
its bearing was & West of North, where as 10 minutes 
afterwards its bearing is 6 East of North. Find tan(6). 
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ANSWERS 
LEVEL I LEVEL Ill 
1. htan@cota 
1. =min 
2, h=100(V3—1)m 2 
2. 50V3m 
3, 250(/3 +1) 
3. 40/3 m 
4. 25(3—J/3) m/min 
( ) 4. 30V3m,40V3m 
5. sx F a,/(a+b)(3b—a) 
3 aR 
6. 2/9 : mi 
7. 5(V3 +1) * 2cot B-cota 
8. 53 m 7, 200V3 m 
. 5(V3-+1) 8. hsinacos(a— B)cosec B 
: xsin(@ +0) 
10. (20,2042) “sin (p 8) 
LEVEL II 10, 2sinesin B 
1. (b) 2.(b+) 3.) 4 () 5. (a ' sin(a@- B) 


